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PREFACE 

Driven by the request for increased productivity, flexibility, and competitiveness, 
increasingly modem civilization has created high-performance discrete event 
dynamic systems (DEDS's). These systems exhibit concurrent, sequential, 
competitive activities among their components. They are often complex and 
large in scale, and necessarily flexible and thus highly capital-intensive. 
Examples of systems are manufacturing systems, communication networks, 
traffic and logistic systems, and military command and control systems. 
Modeling and performance evaluation play a vital role in the design and 
operation of such high performance DEDS's and thus have received widespread 
attention of researchers in the past two decades. One methodology resulting from 
this effort is based on timed Petri nets and related graphical and mathematical 
tools. 

The popUlarity that Petri nets have been gaining in modeling of DEDS' s is 
due to their powerful representational ability of concurrency and 
synchronization, while these properties of DEDS' s can not be expressed easily in 
traditional formalisms developed for analysis of "classical" systems with 
sequential behaviors. 

By cooperating time variables into Petri nets, timed Petri nets further allow 
us to derive production cycle time, identify bottleneck workstations, verify 
timing constraints, and so on, in and for modeled DEDS's when the time 
variables are deterministic. They can also be used to obtain production rates, 
throughput, average delays, critical resource utilization, reliability measures, and 
so on, for the modeled DEDS's when the time variables are random. 

There are a large number of papers dedicated to the theories and applications 
of timed Petri nets, but they are scattered on hundreds of journals or conference 
proceedings, and often lack of unity in concepts, notations, and terminologies. 
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This makes it very difficult for new researchers and practicing engineers to 
understand the potential applications of timed Petri nets due to mathematical 
complexity and the various interpretations presented by different authors. This 
book aims at introducing the theories and applications of timed Petri nets 
systematically. Moreover, this book also presents many practical applications in 
addition to theoretical developments. It presents the latest research results and 
industrial applications of timed Petri nets. 

Book Layout 

Chapter 1 first examines the characteristics and available performance 
models of and for DEDS's, then presents the merits of timed Petri nets for the 
modeling and analysis of DEDS's, and gives the classification of various types 
of timed Petri net models in common use. 

Chapter 2 introduces the fundamentals of Petri nets, including the definition, 
basic terminologies, transition firing rules, representational power, properties, 
and analysis methods of Petri nets. The basic concepts given in this chapter are 
used throughout the book. 

Chapter 3 focuses on the definition, analysis method, and application of 
deterministic timed transition Petri nets. It also gives a brief introduction to 
deterministic timed places Petri nets and deterministic timed arcs Petri nets. 

Chapter 4 addresses time Petri nets. The enumerative analysis technique and 
a set of reduction rules for time Petri nets are presented; the compositional time 
Petri net models and their applications to command and control systems and 
flexible manufacturing systems are also given. 

Chapter 5 first discusses the definition, firing policies, memory properties, 
and the corresponding stochastic processes of stochastic timed Petri nets. After a 
brief review of continuous time Markov chain and queuing networks, it then 
introduces stochastic Petri nets and analysis techniques. 

Chapter 6 pays attention to generalized stochastic Petri nets. Three kinds of 
analysis methods for GSPN models, the net-level aggregation technique, and the 
hierarchical time-scale decomposition approach for a class of GSPN models are 
addressed. The application to the protocol of Ethernet is also presented. 

Chapter 7 describes the theory and application of two types of high-level 
stochastic Petri nets: colored stochastic Petri nets, and stochastic high-level Petri 
nets. 

Chapter 8 addresses two types of semi-Markovian SPN models: extended 
stochastic Petri nets and deterministic-stochastic Petri nets. 

Chapter 9 explores the analysis technique of arbitrary stochastic Petri net. It 
gives a detailed description of the hybrid state analysis method. 
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Audience 

The book serves two natural groups: 

1. faculty, staff, and graduate students who are interested in research and 
teaching in (timed) Petri nets and performance models for discrete event 
dynamic systems; and 

2. performance modeling engineers and managers responsible for the 
design and efficient operation of automated production systems, flexible 
manufacturing cells, flexible assembly station, and computer integrated 
systems and networks. 
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1 
INTRODUCTION 

Timed Petri nets are one of the most powerful performance modeling tool for 
discrete event dynamic systems. A large number of research results in this area 
have been presented in the last two decades. What is a discrete event dynamic 
system? Which performance models for these systems are available? Why are 
timed Petri nets so competitive to the modeling and evaluation of discrete event 
systems? As an introduction to the book, we answer these questions in this 
chapter. 

1.1 Discrete Event Dynamic Systems 

Modern technology has increasingly created dynamic systems which are not 
easily described by ordinary or partial differential equations. Examples of these 
systems are, but not limited to manufacturing systems, communication networks, 
traffic and logistic systems, military command and control systems, and other 
operational entities crucial to modern civilization. The evolution of the systems 
in time depends on the complex interactions of the timing of various discrete 
events, such as the arrival or departure of a job, the completion of a task or 
message. The state of such dynamic systems changes only at these discrete 
instants of time instead of continuously. We call such man-made systems 
discrete event dynamic systems (DEDS's) as opposed to the more familiar 
continuous variable dynamic systems in the physical world that are described by 
differential equations [H087]. 

To help get ideas for DEDS's, let us consider a flexible manufacturing 
system (FMS) with several workstations each consisting of one or more identical 
machines. These stations are attended by operators and/or inspectors. Parts 
belonging to different classes arrive at these stations via computer control 
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2 INTRODUCTION CHAPT.l 

following some routing plan. They queue up in the buffers according to some 
priority discipline until a machine and an operator are available to work on them. 
Stations are connected by some kind of material handing system or automatic 
guided vehicles (AGV) which transport parts from station to station until they 
finish processing and leave the system. Typical performance criteria of interest 
for such an FMS are average throughput, flow or waiting time, and work in 
process. Note that with some simple changes in terminology from parts to 
messages, work station to nodes, routes to virtual circuits, material handing 
system to communication links, AGV to packets, fixtures to tokens, etc., the 
above description could be for a communication network which moves and 
processes information packets rather than material parts. 

Although there exist many different types of DEDS's, they share some 
common characteristics, which include: 

Event-driven. A DEDS may be viewed as a sequence of events. The 
completion of an activity may initiate one or more new activities. Moreover, the 
order of occurrence of events is not necessarily unique. 

Concurrent. Many activities may take place simultaneously. For example, in 
an FMS, several workstations may process raw parts at the same time. 

Asynchronous. The evolution of system events is aperiodic. This may be due 
to variable processing routines and processing times. 

Deadlock. When a DEDS reaches a particular state, the evolution of the 
system stops. A well-designed system should be able to detect and resolute 
deadlock state. 

Conflict. This may happen when two or more processes require a common 
resource at the same time. For example, in a client-server system, two or more 
clients require a specific server. 

1.2 Performance Models for Discrete Event Dynamic Systems 

Modeling and performance evaluation play a vital role in the planning, design, 
and operation of a DEDS. In the life cycle of a DEDS, decision making is 
involved at various stages of planning, design, and operation. The role of 
performance modeling is to aid this decision making in effective way. As an 
example, we consider FMS's. Typical decisions during the planning and decision 
stages include number and type of machines, number of material-handing 
devices, number of buffers, size of pallet pool and number of fixtures, best 
possible layout, tool storage capacity, evaluate candidate FMS configurations, 
part type selection, machine grouping, batching and balancing decisions, and 
scheduling policies. 

During the operation phase of an FMS, performance modeling can help in 
making decisions related to finding the best routes in the event of breakdowns, 
predicting the effect of adding or withdrawing resources and parts, obtaining 
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optimal schedules in the event of machine failures or sudden changes in part mix 
or demands, and in avoiding unusable situation, such as deadlocks. 

Performance modeling can also be used to answer basic design issues such 
as central storage versus local storage, push production versus pull production, 
shared resources versus distributed resources, the effect of flexibility, etc. 
Performance predictions obtained using faithful models can substantially 
enhance the confidence of potential customers. Also, modeling tools provide the 
designers and operators of FMS better insight into the system. This will help in 
designing better control strategies. 

Performance models for DEDS's can be partitioned into two fields: one is 
simulation models, and the other is analytical models. 

In the case of simulation models, models are "run" rather than "solved"; that 
is, an artificial history of the system is generated based on the model 
assumptions, and observations are collected to be analyzed and to estimate the 
true system performance measures. A simulation model can be built as accurate 
as one desires, limited only by cost and time. However, by simulation the model 
validation is quite difficult [BC85]. 

Analytical models employ the deductive reasoning of mathematics to solve 
the model. 

Great attempts have been made in the past with varying degree of success to 
model analytically DEDS's. The most basic model is Markov chains [She83]. If 
the state, input, and output set are finite or countable, then the state transition and 
output map can be modeled by finite or countably infinite matrix of transition 
probabilities. In this way, Markov chains allow to describe theoretically very 
complex DEDS architectures. This is perfectly general. However, Markov chains 
suffers some drawbacks. The first is that the number of states in a typical DEDS 
can be combinational large. Secondly, in such a finite state approach, all 
structural information about the system is lost. The states are completely one
dimensionalized in the sense of being listed one after another with no particular 
distinctions. Moreover, constructing models at the Markov chain level is 
generally difficult, mainly due to the need of choosing an appropriate state 
definition. 

Queuing networks preserve the structure information and solve the 
computational problem [CS61, coon, Kle75, ABC86]. In a queuing network, a 
customer arrives in a queue, waits for a service, receives a service and enters 
other queue or leaves the network. So at a given time several customers are 
served in parallel in several queues. In the simplest cases, we take the "state" as 
the vector with each component representing the number of task's waiting and 
being served at each processing unit. The theory then strives to develop a 
description for the equilibrium probability distribution of the state vector. This is 
indeed possible for the so-called "production form" class of networks. For many 
rough cut analysis, this approach is eminently reasonable and practical. Its main 
limitation is its generality. Features, such as, finite queue limit, state-dependent 
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routing, and synchronization, are difficult for the theory to handle. 

For a class of systems which are totally deterministic and exhibit periodic 
behavior, minimax algebra offers an elegant solution for modeling [CDQV85]. 
Unfortunately, the critical applicable conditions of this model determine that it is 
less useful. 

Timed Petri nets come into play in this environment, where they offer a 
much greater descriptive power. 

1.3 Timed Petri Nets: A Powerful Tool 

Petri nets were named after Carl A. Petri who defined a general purpose 
mathematical tool for describing relations existing between conditions and 
events [Pet62]. This work was done in the years 1960-1962. Since then, Petri 
nets have resulted in considerable research due to the fact that they can be used 
to model properties such as process synchronization, asynchronous events, 
sequential operations, concurrent operations, and conflicts or resource sharing 
[Pet91, Rei85, Mur89]. These properties characterize DEDS's. This, and other 
factors, make Petri nets a promising tool and technology for the application to 
various types of DEDS's. Examples can be found for manufacturing systems in 
[ZFR92, ZMP93 , SV94, Zub95 , ZWD95, ZZ94, WD98b], communication 
networks in [Gre85, Mo182, ZD88], traffic control systems in [MM96], military 
command and control systems in [ZL95, ZL97 , WZ97, WD98a]. For overviews 
of Petri net applications, see [Mur89, DA94, DA95, ZZ95]. 

As a graphical tool, Petri nets provide a powerful communication medium 
between the user, typically requirements engineer, and the customer. Complex 
requirements specifications, instead of using ambiguous textual descriptions or 
mathematical notation difficult to understand by the customer, can be represented 
graphically using Petri nets. This combined with the existence of computer tools 
allowing for interactive graphical simulation of Petri nets, puts in hand of the 
development engineers a powerful tool assisting in the development process of 
complex engineering systems. 

The graphical representation also makes Petri nets intuitively very appealing. 
They are extremely easy to understand and grasp - even for people who are not 
very familiar with the details of Petri nets. This is due to the fact that Petri net 
diagrams resemble many of the informal drawings which designers and 
engineers make while they construct and analyse a system. 

As a mathematical tool, a Petri net model can be described by a set of linear 
algebraic equations, or other mathematical models reflecting the behavior of the 
system. This opens a possibility for the formal analysis of the model. This allows 
one to perform a formal check of the properties related to the behavior of the 
underlying system, e.g., precedence relations amongst events, concurrent 
operations, appropriate synchronization, free from deadlock, repetitive activities, 
and mutual exclusion of shared resources, to mention some. The simulation-
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based model validation can only produce a limited set of states of the model 
system, and thus can only show presence (but not absence) of the real-time 
safety-critical automated systems. 

Basic Petri nets, however, are not complete enough for the study of system 
performance since no assumption is made on the duration of system activities. 
Responding the need for the temporal performance analysis of DEDS's, several 
extended Petri nets with "time" have been proposed by assigning firing times to 
the nodes of Petri nets. We call Petri nets augmented with times Timed Petri 
Nets. 

Timed Petri nets provide a uniform environment for modeling, design, and 
performance analysis of discrete event systems. Timed Petri nets offer the 
following advantages as a DEDS modeling tool [Zub8S, Zub91 , Wa183, RP84]: 

1. Timed Petri nets provide a convenient framework for correctly and 
faithfully describing a DEDS and for generating the underlying stochastic 
processes. Timed Petri nets have a well-defined semantics which unambiguously 
defines the behavior of each net. The presence of the semantics makes it possible 
to implement simulators for timed Petri nets, and it also forms the foundation for 
the formal analysis methods. 

2. Timed Petri nets have very few, but powerful, primitives. The definition 
of timed Petri nets is rather short and it builds upon standard concepts which 
many system modelers already know from mathematics and programming 
languages. This means that it is relatively easy to learn to use timed Petri nets. 
Moreover, the small number of primitives also means that it is easy to develop 
strong analysis methods. 

3. The analysis of timed Petri nets can be automated and several software 
tools are available for this purpose. 

4. Timed Petri nets can exactly model non-product form features, such as 
priorities, synchronization, forking, blocking, and multiple resource holding. 

5. Timed Petri nets can be used as both logical and quantitative models. 
They allow one to use the same modeling language for the specification! 
validation of functional/logical properties (such as absence of deadlocks) and 
performance properties (such as average waiting times). 

6. When a state explosion problem arises, or the underlying stochastic 
models are not amenable for tractable mathematical analysis, timed Petri nets 
serve as a ready simulation model. Simulation may be conducted for the analysis 
of both logical and quantitative properties. The discrete event simulation can be 
driven form the model, sometimes using complex algorithmic strategies 
responding real-time scheduling and control policies for DEDS's. 

Timed Petri nets can be divided into two classes: Deterministic Timed Petri 
Nets (DTPN's), in which each transition or place or directed arc is associated 
with deterministic firing time or time interval, and Stochastic Timed Petri Nets 
(STPN's), in which each transition is associated with random firing time. 
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In the family of deterministic timed Petri nets, we have Deterministic Timed 
Transitions Petri Nets (DTTPN's) in which each transition is associated with 
deterministic firing time, Deterministic Timed Places Petri Nets (DTPPN's) in 
which each place is associated with deterministic firing time, Deterministic 
Timed Arcs Petri Nets (DTAPN's) in which each directed arc is associated with 
deterministic firing time, and Time Petri Nets (TPN's) in which each transition is 
associated with deterministic firing time interval. 

In the family of stochastic timed Petri nets, we have Stochastic Petri Nets 
(SPN's) in which each transition is associated with an exponentially distributed 
firing time, Generalized Stochastic Petri Nets (GSPN's) in which exponentially 
distributed firing times coexist with firing delays that are deterministically equal 
to zero, Extended Stochastic Petri Nets (ESPN's) in which exponentially 
distributed firing times coexist with arbitrarily distributed firing times under 
some conditions, Deterministic-Stochastic Petri Nets (DSPN's) in which 
exponentially distributed firing times coexist with deterministic firing times 
under some conditions, and Arbitrary Stochastic Petri Nets in which all 
transitions are associated with arbitrarily distributed firing times. In addition, as 
compact stochastic Petri net models, two types of high-level stochastic Petri nets 
are developed, namely Colored Stochastic Petri Nets (CSPN's) and Stochastic 
High-Level Petri Nets (SHLPN's). 

Figure 1.1 shows the classification of various types of timed Petri nets in 
common use. 

Both deterministic and stochastic timed Petri nets have gained a wide 
application in performance evaluation of DEDS's. Specifically, deterministic 
timed Petri nets can be used to derive production cycle time, identify bottleneck 
workstations, verify timing constraints, and so on, in and for modeled DEDS's 
[Ram74, RHSO, CRS3, ZDSS, BD91, DWS9S]; stochastic timed Petri nets can be 
used to obtain production rates, throughput, average delays, critical resource 
utilization, reliability measures, and so on, for the modeled DEDS's [AHLS7, 
FFN91, MoIS5, MoIS7, ZubS6, Zub91, Ajm90, WJ95]. 
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Timed Petri Nets 

Deterministic Timed Petri Nets 

Deterministic Timed Transitions Petri Nets 

Deterministic Timed Places Petri Nets 

Deterministic Timed Arcs Petri Nets 

Time Petri Nets 

Stochastic Timed Petri Nets 

Stochastic Petri Nets 

Generalized Stochastic Petri Nets 

High-Level Stochastic Petri Nets 

Colored Stochastic Petri Nets 

Stochastic High-Level Petri Nets 

Semi-Markovian Stochastic Petri Nets 

Extended Stochastic Petri Nets 

Deterministic-Stochastic Petri Nets 

Arbitrary Stochastic Petri Nets 

Figure 1.1. Classification of timed Petri nets. 



2 
PETRI NETS 

A Petri nets may be identified as a particular kind of bipartite directed graphs 
populated by three types of objects. These objects are places, transitions, and 
directed arcs connecting places to transitions and transitions to places. 
Pictorially, places are depicted by circles, and transitions are depicted by bars or 
boxes. In its simplest form, a Petri net may be represented by a transition 
together with its input and output places. This elementary net may be used to 
represent various aspects of the modeled systems. In order to study dynamic 
behavior of the modeled system, in terms of its states and their changes, each 
place may potentially hold either none or a positive number of tokens, pictured 
by small solid dots. The presence or absence of a token in a place can indicate 
whether a condition associated with this place is true or false, for instance. 

In this chapter, we introduce the fundamentals of Petri nets, including the 
definition, basic terminologies, transition firing rules, representational power, 
properties, and analysis methods of Petri nets. The basic concepts given in this 
chapter are used throughout the book. 

2.1 Preliminary Definitions 

Formally, a Petri net can be defined as follows: 

Definition 2.1: A Petri net is a 5-tuple N = (P, T, 1,0, M 0)' where 
(I) P = {PI, P2, ... , Pm} is a finite set of places; 

(2) T = {tJ, t2, ... , tn } is a finite set of transitions, P v T", 0, and P n T = 
0; 

(3) I: (P x T) ~ N is an input function that defines directed arcs from 
places to transitions, where N is a set of nonnegative integers; 

J. Wang, Timed Petri Nets

© Kluwer Academic Publishers 1998
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(4) 0: (P x T) ~ N is an output function that defines directed arcs from 
transitions to places; and 

(5) Mo: P ~ N is the initial marking. 

A marking is an assignment of tokens to the places of a Petri net. A token is 
a primitive concept for Petri nets (like places and transitions). Tokens are 
assigned to, and can be thought to reside in, the places of a Petri net. The number 
and position of tokens may change during the execution of a Petri net. The 
tokens are used to define the execution of a Petri net. 

Some typical interpretations of transitions and their input places and output 
places are shown in Table 2.1. 

Table 2.1. Some typical interpretations of transitions and places. [Mur89] 

Input Places Transitions Output Places 

Preconditions Event Postconditions 

Input data Computation step Output data 

Input signals Signal processor Output signals 

Resource needed Task or job Resources release 

Conditions Clause in logic Conclusion( s) 

Buffers Processor Buffer 

Most theoretical work on Petri nets is based on the formal definition of Petri 
net structures given above. However, a graphical representation of a Petri net 
structure is much more useful for illustrating the concepts of Petri net theory. A 
Petri net graph is a Petri net structure as a bipartite directed multigraph. 
Corresponding to the definition of Petri nets, a Petri net graph has two types of 
nodes. A circle represents a place; a bar or a box represents a transition. Directed 
arcs (arrows) connect the places and the transitions, with some arcs directed from 
the places to transitions and other arcs directed from transitions to places. An arc 
directed from a place Pj to a transition ti defines Pj to be an input place of ti, 
denoted by J(ti' Pj) = 1. An arc directed from a transition ti to a place Pj defines Pj 
to be an output place of ti, denoted by O(ti' Pj) = 1. If J(ti, Pj) = k (or O(ti, Pj) = 
k), then there exist k directed (parallel) arcs connecting place Pj to transition ti ( 
or connecting transition ti to place Pj)' Usually, in the graphical representation, 
parallel arcs connecting a place (transition) to a transition (place) are represented 
by a single directed arc labeled with its multiplicity, or weight k. A circle 
contains a dot represents a place contains a token. 

Example 2.1: 

Figure 2.1 shows a simple Petri net. In this Petri net, we have 

P = {PI. P2.. ... , P7}; 
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T= {tJ, tz, ... , t5}; 

J(t1. PI) = 2, J(t1. Pi) = 0 for i = 2,3, ... ,7; 

J(t2' P2) = 1, /(t2' P7) = 1, /(t2' Pi) = 0 for i = 1, 3,4,5,6; 

O(t1. P2) = 1, OCt1. P3) = 2, O(tt. Pi) = 0 for i = 1,4,5,6, 7; 

0(t2' P4) = 1, 0(t2' Pi) = 0 for i = 1,2,3,5,6,7; 

Figure 2.1. A simple Petri net. 

2.2 Transition Firing 

11 

o 

The execution of a Petri net is controlled by the number and distribution of 
tokens in the Petri net. Tokens reside in the places and control the execution of 
the transitions of the net. By changing distribution of tokens in places, which 
may reflect the occurrence of events or execution of operations, for instance, one 
can study the dynamic behavior of the modeled system. A Petri net executes by 
firing transitions. We now introduce the enabling rule and firing rule of a 
transition, which govern the flow of tokens [ZZ95]: 

(1) Enabling Rule: A transition t is said to be enabled if each input place P 
of t contains at least the number of tokens equal to the weight of the 
directed arc connectingp to t, i.e., M(P) ~ J(t,p) for any pin P. 

(2) Firing Rule: 

(a) An enabled transition t mayor may not fire depending on the 
additional interpretation, and 

(b) A firing of an enabled transition t removes from each input place P 
the number of tokens equal to the weight of the directed arc 
connecting P to t. It also deposits in each output place P the number 
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of tokens equal to the weight of the directed arc connecting t to p. 
Mathematically, firing tat M yields a new marking 

M'(P) = M(P) - let, p) + OCt, p) for any pin P. (2.1) 

Notice that since only enabled transitions may fire, the number of tokens in 
each place always remains non-negative when a transition is fired. Firing 
transition can never try to remove a token that is not there. 

A transition without any input place is called a source transition, and one 
without any output place is called a sink transition. Note that a source transition 
is unconditionally enabled, and that the firing of a sink transition consumes 
tokens, but doesn't produce tokens. 

A pair of a place p and a transition t is called a self-loop, if p is both an input 
place and an output place of t. A Petri net is said to be pure if it has no self
loops. 

Example 2.2: 

Consider the simple Petri net shown in Figure 2.1. Under the initial marking, 
Mo= (2 00000 ll, only tl is enabled. Firing of tl results in a new marking, say 
MI. According to the firing rule, we obtain 

MI = (012000 l)T. 

The new token distribution of this Petri net is shown in Figure 2.2. Again, in 
marking M I , both transitions of t2 and t3 are enabled. If t2 fires, the new marking, 
say M 2, is: 

M 2= (002100 O)T. 

If t3 fires, the new marking, say M3, is: 

M3 = (0 1 1 0 lOll. o 

P6 

Figure 2.2. Firing of tl of the Petri net of Example 2.1. 
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2.3 Representational Power 

The typical characteristics exhibited by the activIties in a DEDS, such as 
concurrency, decision making, synchronization, and priorities, can be modeled 
effectively by Petri nets. Below are Petri net structures for representing 
characteristics of DEDS activities. Figure 2.3 shows these structures. 

1. Sequential Execution. In Figure 2.3(a), transition t2 can fire only after the 

firing of t I' This imposes the precedence constraint " t 2 after t I ." Such 
precedence constraints are typical of the execution of the parts in a DEDS. Also, 
this Petri net construct models the causal relationship among activities. 

2. Conflict. Transitions tl and t2 are in conflict in Figure 2.3(b). Both are 
enabled but the firing of any transition leads to the disabling of the another 
transition. Such a situation will arise, for example, when a machine has to choose 
among part types or a part has to choose among several machines. The resulting 
conflict may be resolved in a purely non-deterministic way or in a probabilistic 
way, by assigning appropriate probabilities to the conflicting transitions. 

3. Concurrency. In Figure 2.3(c), the transitions t l , and t2 are concurrent. 
Concurrency is an important attribute of DEDS interactions. Note that a 
necessary condition for transitions to be concurrent is the existence of a forking 
transition that deposits a token in two or more output places. 

4. Synchronization. Often, parts in a DEDS wait for resources and resources 
wait for appropriate parts or message to arrive (as in an assembly line or a 
information fusion system). The resulting synchronization of activities can be 
captured by transitions of the type shown in Figure 2.3(d). Here, tl is enabled 
only when each of PI and P2 receives a token. The arrival of a token into each of 
the two places could be the result a possibly complex sequence of operations 
elsewhere in the rest of the Petri net model. Essentially, transition t I models the 
joining operation. 

5. Merging. When parts from several streams arrive for service at the same 
machine, the resulting situation can be depicted as in Figure 2.3(e). Another 
example is the arrival of several parts from several sources to a centralized 
warehouse. 

6. Confusion. Confusion is a situation where concurrency and conflicts co
exist. An example is depicted in Figure 2.3(f). Both tl and t3 are concurrent 

while t1 and t2 are in conflict, and t2 and t3 are also in conflict. 

7. Mutually exclusive. Two processes are mutually exclusive if they cannot 
be performed at the same time due to constraints on the usage of shared 
resources. Figure 2.3(g) shows this structure. For example, a robot may be shared 
by two machines for loading and unloading. Two such structures are parallel 
mutual exclusion and sequential mutual exclusion. 
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1\ PI tl t2 P3 

@ ~I ~O ~I ~O 
tl t2 

(a) Sequential (b) Conflict 

PI tl 

~J-.o tl 

PlO 

(c) Concurrent (d) Synchronization 

(e) Merging (t) Confusion 

(g) Mutual exclusive (h) Priority 

Figure 2.3. Petri net primitives to represent system features. 
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8. Priorities. The classical Petri nets discussed so far have no mechanism to 
represent priorities. Such a modeling power can be achieved by introducing an 
inhibitor arc. The inhibitor arc connects an input place to a transition, and is 
pictorially represented by an arc terminated with a small circle. The presence of 
an inhibitor arc connecting an input place to a transition changes the transition 
enabling conditions. In the presence of the inhibitor arc, a transition is regarded 
as enabled if each input place, connected to the transition by a normal arc (an arc 
terminated with an arrow), contains at least the number of tokens equal to the 
weight of the arc, and no tokens are present on each input place connected to the 
transition by the inhibitor arc. The transition firing rule is the same for normally 
connected places. The firing, however, does not change the marking in the 
inhibitor arc connected places. A Petri net with an inhibitor arc is shown in 
Figure 2.3(h). tl is enabled if PI contains a token, while t2 is enabled if P2 
contains a token and PI has no token. This gives priority to tl over t 2. 

2.4 Properties of Petri Nets 

As a mathematical tool, Petri nets possess a number of properties. These 
properties, when interpreted in the context of the modeled system, allow the 
system designer to identify the presence or absence of the application domain 
specific functional properties of the system under design. Two types of 
properties can be distinguished, behavioral and structural ones. The behavioral 
properties are these which depend on the initial state or marking of a Petri net. 
The structural properties, on the other hand, do not depend on the initial marking 
of a Petri net. They depend on the topology, or net structure, of a Petri net. Here 
we provide an overview of some of the most important, from the practical point 
of view, behavioral properties. They are reachability, boundedness, 
conservativeness, and liveness. 

2.4.1 Reachability 

An important issue in designing DEDS's is whether a system can reach a specific 
state, or exhibit a particular functional behavior. In general, the question is 
whether the system modeled with a Petri net exhibits all desirable properties, as 
specified in the requirement specification, and no undesirable ones. 

In order to find out whether the modeled system can reach a specific state as 
a result of a required functional behavior, it is necessary to find such a sequence 
of firings of transitions which would transform a marking M 0 to Mi, where Mi 
represents the specific state, and the sequence of firings represents the required 
functional behavior. It should be noted that a real system may reach a given state 
as a result of exhibiting different permissible patterns of functional behavior, 
which would transform M 0 to the required Mi' The existence in the Petri net 
model of additional sequences of transition firings which transform M 0 to Mi 
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indicates that the Petri net model may not exactly reflect the structure and 
dynamics of the underlying system. This may also indicate the presence of 
unanticipated facets of the functional behavior of the real system, provided that 
the Petri net model accurately reflects the underlying system requirement 
specification. A marking Mi is said to be reachable from a marking M 0 if there 
exists a sequence of transitions firings which transforms a marking M 0 to Mi' A 
marking M I is said to be immediately reachable from M 0 if firing an enabled 
transition in M 0 results in MI' 

Example 2.3: 

Consider a simple manufacturing system, which is composed of two 
machines, namely MA and MB • Two types of workpieces, namely type A and B, 
are processed by MA and then assembled by MB• The Petri net model of such a 
simple system is shown in Figure 2.4. The meanings of places and transitions are 
given in Table 2.2. 

Ps 

Figure 2.4. A simple manufacturing system. 

The initial marking of this Petri net model is Mo = (1 1 1 0 0 0 0 ot The 
marking in which a workpiece of type A is waiting for processing at MA, MA is 
processing workpiece of type B, and MB is idle is represented by Mi = (1 0 0 0 1 
000) T. M; can be reached from the initial marking by firing t2' The marking (1 
00000 1 0)\ which indicates the state that a workpiece of type A is waiting for 
processing at MA, MA is idle, and a workpiece of type B is waiting for assemble 
at MB, is immediately reached by firing t4' 0 

The set of all possible markings reachable from a given initial marking is 
called reachable set, and denoted by R(Mo). The set of all possible firing 
sequences from Mo is denoted by L(Mo). Let aE L(Mo). Denote by Mo [a> Mi 
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Table 2.2. Legend for Figure 2.4. 

Place Description 

PI W orkpieces of type A available 

P2 W orkpieces of type B available 

P3 MA available 

P4 MA processing workpiece of type A 

P5 MA processing workpiece of type B 

P6 Workpieces of type A available for assemble 

P7 W orkpieces of type B available for assemble 

Ps Pallet ready 

Transitions Description 

tl MA starts processing workpiece of type A 

t2 MA starts processing workpiece of type B 

t3 MA ends processing workpiece of type A 

t4 MA ends processing workpiece of type B 

t5 MB assembles 

t6 Pallet loads workpieces 

the case that the net reaches marking Mi from the initial marking Mo by firing a. 
Formally, we have 

Definition 2.2: For a given Petri net N = (P, T,/ ,0, M 0)' if there is a (j E 

L(Mo) such that Mo [(j> Mi, then Mi is said to be reachable from Mo. 

2.4.2 Boundedness and Safeness 

In a Petri net, places are often used to represent information storage areas in 
communication and computer systems, product and tool storage areas in 
manufacturing systems, etc. It is important to be able to determine whether 
proposed control strategies prevent from the overflows of these storage areas. 
The Petri net property which helps to identify the existence of overflows in the 
modeled system is the concept of boundedness. 

Definition 2.3: A place P is said to be k-bounded if the number of tokens in P is 
always less or equal to k (k is a nonnegative integer number) for every marking 
M reachable from the initial marking M 0' i.e., M E R( M 0)' It is safe if it is 1-
bounded. 

Definition 2.4: A Petri net N = (P, T,/ ,0, M 0) is k-bounded (safe) if each 
place in P is k-bounded (safe). 
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Example 2.4: 

The Petri net in Example 2.1 is 2-bounded, and the Petri net in Example 2.3 
is I-bounded, i.e., safe. 0 

2.4.3 Conservativeness 

Tokens in a Petri net may represent resources. The number of which in a real 
system is typically fixed, then the number of tokens in a Petri net model of this 
system should remain unchanged irrespective of the marking the net takes on. 
When Petri nets are used to represent resource allocation systems, conservation 
is an important property. 

Definition 2.5: A Petri net N = (P, T, I , 0, M 0) is strict conservative if for all 
ME R(Mo), 

LM(p;) = const. (2.2) 
PieP 

Strict conservation is a strong relationship. It indicates there is exactly the 
same number of tokens in every reachable marking of a Petri net. From the net 
structural point of view, this can only happen when the number of input arcs to 
each transition is equal to the number of output arcs. However, in real systems 
resources are frequently combined together so that certain task can be executed. 
Then they are separated after the task is completed. In order to overcome this 
problem, weights may be associated with places allowing for the weighted sum 
of tokens in a net to be constant. This results in a broader definition of 
conservation: 

Definition 2.6: A Petri net N = (P, T, I ,0, M 0) is said to be conservative if 
there exists a vector w = (w), W2, ••• , wm) where m is the number of places, and Wi 

> 0 for each Pi E P, such that 
m 

L w;M (p;) = const. (2.3) 
;=1 

Example 2.5: 

Figure 2.5 shows the Petri net model of another simple manufacturing 
system: a machine processes two types of wokpieces, namely, type A and type B. 
In this Petri net model, PI represents that the machine is available. P2 and P3 
represent that workpieces of type A and B are available, respectively. P4 and Ps 
represent that workpieces of type A and B are under processing, respectively. 
This Petri net is not strict conservative, because there are three tokens in the 
initial marking, but in the marking followed by firing either tl or t3 (the machine 
starts processing workpiece of type A or workpiece of type B), there are only two 
tokens (since the resources of machine and workpiece are combined into one). 
However, it is conservative with respect to w = (1 1 1 2 2). 0 
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Figure 2.5 A manufacturing system's Petri net model which is not 
conservati ve. 

2.4.4 Liveness 

19 

The concept of liveness is closely related to the deadlock situation, which has 
been situated extensively in the context of computer operating systems. 

A Petri net modeling a deadlock-free system must be live. This implies that 
for any reachable marking M, it is ultimately possible to fire any transition in the 
net by progressing through some firing sequence. This requirement, however, 
might be too strict to represent some real systems or scenarios that exhibit 
deadlock-free behavior. For instance, the initialization of a system can be 
modeled by a transition (or a set of transitions) which fire a finite number of 
times. After initialization, the system may exhibit a deadlock-free behavior, 
although the Petri net representing this system is no longer live as specified 
above. For this reason, different levels of liveness for transition t, and marking 
Mo, were introduced [Comn, Lau75]. 

Definition 2.7: A transition t in a Petri net N = (P, T, I , 0, M 0) is said to be: 

(1) LO-live (or dead) if there is no firing sequence in L( M 0) in which t can 
fire. 

(2) Ll-live (potentially firable) if t can be fired at least once in some firing 
sequence in L( M 0). 

(3) L2-live if t can be fired at least k times in some firing sequence in 
L( M 0) given any positive integer k. 

(4) L3-live if t can be fired infinitely often in some firing sequence in 
L(Mo)· 

(5) L4-live (or live) if t is Ll-live (potentially firable) in every marking in 
L(Mo)· 
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Definition 2.8: A Petri net N = (P,T,I,O,Mo) is said to be Lk-live, for 
marking M 0, if every transition in the net is Lk-live, k = 0, 1,2,3,4. 

Example 2.6: 

The Petri net shown in Figure 2.6 is strictly LI-live since each transition can 
be fired exactly once in the order of t2, t4, t5, t1 and t3. The transitions tlo t2, t3 and 
t4 in Figure 2.7 are LO-live (dead), LI-live, L2-live and L3-live, respectively. 

t5 

Figure 2.6. A nonlive Petri net. But it is strictly Ll-live [Mur89]. 

Figure 2.7. Transitions t1, t2, t3 and t4 are dead (LO-live), Ll-live, 
L2-live, and L3-live, respectively [Mur89]. 

2.5 Analysis Methods of Petri Nets 

o 

We have introduced the modeling power of Petri nets in the previous sections. 
However, modeling by itself is of little use. It is necessary to analyze the 
modeled system. This analysis will hopefully lead to important insights into the 
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behavior of the modeled system. 

Methods of analysis for Petri nets may be classified into the following three 
groups: 1) the coverability tree method, 2) the matrix-equation approach, 3) 
reduction or decomposition techniques, and 4) simulation. The first method 
involves essentially the enumeration of all reachable markings or their coverable 
markings. It should be able to apply to all classes of nets, but is limited to 
"small" nets due to the complexity of the state-space explosion. On the other 
hand, matrix equations and reduction techniques are powerful but in many cases 
they are applicable only to a special subclasses of Petri nets or special situations. 
For complex Petri net models, discrete-event simulation is another way to check 
the system properties. 

2.S.1 The Coverability Tree 

Given a Perti net N, from its initial marking M 0' we can obtain as many "new" 
markings as the number of the enabled transitions. From each new marking, we 
can again reach more markings. Repeating the procedure over and over results in 
a tree representation of the markings. Nodes represent markings generated from 
M 0 and its successors, and each arc represents a transition firing, which 
transforms one marking to another. 

The above tree representation, however, will grow infinitely large if the net 
is unbounded. To keep the tree finite, we introduce a special symbol lV, which 
can be thought of as "infinity". It has the properties that for each integer n, lV > 
n, tV ± n = tV and tV ~ tV • 

The coverability tree for a Petri net N is constructed by the following 
algorithm [Mur89]. 

1. Label the initial marking M 0 as the root and tag it "new". 

2. While "new" markings exist, do the following: 

2.1 Select a new marking M. 

2.2 If M is identical to a marking on the path from the root to M, then 
tag M "old" and go to another new marking. 

2.3 Ifno transitions are enable at M, tag M "dead-end". 

2.4 While there exist enabled transitions at M, do the following for each 
enabled transition t at M: 

2.4.1 Obtain the marking M'that results from firing tat M. 

2.4.2 On the path from the root to M if there exists a marking M" such 

that M'(P) ;;:: M"(P) for each place p and M' * M': i.e. M" is 
coverable, then replace M' (P) by aJ for each p such that M' (P) > 
M"(P). 

2.4.3 Introduce M' as a node, draw an arc with label t from M to M: 
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and tag M' "new". 

Example 2.7: 

Consider the Petri net shown in Figure 2.8(a). For the initial marking Mo = 
(1 00 O)T, two transitions tl and t2 are enabled. Firing tl transforms Mo to MI = (0 
I 0 O)T, which enables t3. Firing t3 in MI results in M3 = (0 2 0 O)T, which covers 
MI = (0 1 0 O)T. Therefore, the new marking is M3 = (0 OJ 0 O)T. Now, firing t2 in 
Mo results in M2 = (0 0 1 O)T, which enables t4' Again, firing t4 in M2 results in 
M 4 = (000 ll, which is a dead-end node, since no transitions are enabled in M4 . 

The coverabilty tree of this Petri net is shown in Figure 2.8(b). 0 

Mo= (100 O)T 

t3 ~ ~4 
M3=(OroOO)T M4 =(OOO I? 

t3 ~ (dead-end) 

M3=(OroOO)T (old) 

(a) (b) 

Figure 2.8. A simple Petri net and its coverability tree. 

Example 2.8: 

The coverability tree of the Petri net in Example 2.4 is shown Figure 2.9. 
o 

Some of the properties that can be studied by using the coverability tree TR 
for a Petri Net N are the following: 

(1) A net N is bounded and, thus R(Mo) is finite if and only if QJ does not 
appear in any node labels in TR. 

(2) A net N is safe if and only if only 0' s and l' s appear in each node. 

(3) A transition t is dead if and only if it does not appear as an arc label in 
TR. 

(4) If M is reachable from M 0' then there exists a node labeled M' such 
that M =:;; M'. 
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Mo=(11100000)T 

Y ~ 
M\=(O 101 OOOO)T M2 =(1 0 00 1 OOO)T 

t3~ ~ 4 

M3 =(01100100)T M4 =(10100010l 

t2~ ~ t\ 
Ms = (0 0 0 0 1 1 0 ol Mt; = (0 0 0 1 0 0 1 0) T 

~~ 
M7 =(00 1 0000 I)T 

~ ts 
M8= (1110000 O)T 

~~ 
Mo=(11100000)T 

(old) 

Figure 2.9. The coverability tree of the Petri net model of the 
manufacturing system in Eaxmple 2.4. 
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For a bounded Petri net, the coverability tree is also called the rechability 
tree since it contains all possible reachable markings. In this case, all the analysis 
problems discussed in section 2.4 can be solved by the use of the reachability 
tree. The disadvantage is that this is an exhaustive method. However, in general, 
because of the information lost by the use of the symbol OJ (which may represent 
only even or odd numbers increasing or decreasing numbers, etc.), the 
reachability and liveness problems cannot be solved by the coverability tree 
method alone. 

Example 2.9: 

The two different Petri nets shown in Figure 2.1O(a) and (b) [pet81] have the 
same coverability tree shown in Figure 2.1O(c). Yet, the net shown in Figure 
2.10(a) is a live Petri net, while the net shown in Figure 2.1O(b) is not live, since 
no transitions are enabled after firing t 1, t2 and t3. 0 

The coverability graph of a Petri net is a labeled directed graph G = (V, E ). 

Its node set V is the set of all distinct labeled nodes in the coverability tree, and 
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(a) A live Petri net. (b) A non-live Petri net 

Mo= (100) 

! 
M, = (1000) 

/~ 
M, = (1 0 00) M2 = (0 1 00) 

(old) / ~ 
M2 = (0100) 

(old) 

M, = (l Oro) 

(old) 

(c) The same coverability tree. 

Figure 2.10. Two different Petri nets having the same coverability tree. 

its arc set E is the set of arcs labeled with single transition t k representing all 

possible single transition firings such that M; [tk> M j' where M; and M j 

are in V. For example, the coverability graph for the Petri net model of the 
manufacturing system given in Example 2.3 is shown as Figure 2.11. (The reader 
can easily list all the 9 markings) For a bounded Petri net the coverability graph 
is referred to as the reachability graph, because the vertex set V becomes the 
same as the reachability set R( M 0). Therefore, the coverability graph shown in 
Figure 2.11 is also a reachability graph. 

2.5.2 Incidence Matrix and State Equation 

The dynamic behavior of many systems studied in engineering can be described 
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Figure 2.11. The coverability (reachability) graph of the Petri net 
model of the manufacturing system in Eaxmple 2.3. 
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by differential equations or algebraic equations. It would be nice if we could 
describe and analyze completely the dynamic behavior of Petri nets by some 
equations. In this spirit, we present matrix equations that govern the dynamic 
behavior of concurrent systems modeled by Petri nets. However, the solvability 
of these equations is somewhat limited, partly because of the non-deterministic 
nature inherent in Petri net models and because of the constraint that solutions 
must be found as non-negative integers. Whenever matrix equations are 
discussed in this book, it is assumed that Petri net is pure. (A non-pure Petri net 
can be made pure by adding a dummy pair of a transition and a place as 
discussed in [Mur89]). 

Incidence Matrix: For a Petri net N with n transitions and m places, the 
incidence matrix A = [aij] is an n X m matrix of integers and its typical entry is 

given by 

(2.4) 

where a; = O(ti, Pj) is the weight of the arc from transition i to its output place j 
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and aij = [(ti, Pj) is the weight of the arc to transition i from its input place j. 

It is easy to see from the transition firing rule described in Section 2.2 that 
aij, a;, and aij' respectively, represent the number of tokens removed, added, 

and changed in place Pj when transition ti fires once. Transition ti is enabled at a 
marking M if and only if 

aij ~ M(Pj),j = 1,2, "', m. (2.5) 

State Equation In writing matrix equations, we write a marking M k as a 

m x 1 column vector. The j-th entry of M k denotes the number of tokens in 
place j immediately after the k-th firing in some firing sequence. The k-th firing 
or control vector Uk is an n X 1 column vector of n -1 0' s and one nonzero 

entry, a 1 in the i-th position indicating that transition i fires at the k-th firing. 
Since the i-th row of the incidence matrix A denotes the change of the marking 
as the result of firing transition i , we can write the following state equation for a 
Petri net [Mur77]: 

(2.6) 

Necessary Reachability Condition Suppose that a destination marking M d 

is reachable from Mo through a firing sequence {up u2 ,"', ud }. Writing the 

state equation (2.6) for k = 1,2, ... , d and summing them, we obtain 
d 

Md = Mo + ATIuk 

k=1 

which can be rewritten as 

ATX=1lM 

(2.7) 

(2.8) 

where 1lM= Md -Mo and x= ",d Uk' Here x is a nxl column vector of 
""'k=\ 

nonnegative integers and is called the firing count vector. The i-th entry of x 
denotes the number of times that transition i must fire to transform M 0 to Md' 

It is well known that a set of linear algebraic equations (2.8) has a solution x if 
and only if IlM is orthogonal to every solution y of its homogeneous system, 

Ay=O. (2.9) 

Let r be the rank of A, and partition A in the following form: 

m-r r 

~2]r 
~2 n-r 

(2.10) 

where A12 is a nonsingular square matrix of order r. A set of (m-r) linearly 
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independent solutions y for (2.9) can be given as the (m-r)rows of the 

following (m - r) X m matrix B/ 

B f = [Ip : -Al~ (Al~ t] (2.11) 

where I JJ is the identity matrix of order J1 = m - r . Note that AB; = O. That is, 

the vector space spanned by the row vectors of A is orthogonal to the vector 
space spanned by the row vectors of Bf . The matrix Bf corresponds to the 
fundamental circuit matrix [JM82] in the case of a marked graph. Now, the 
condition that IlM is orthogonal to every solution for Ay = 0 is equivalent to 
the following condition: 

BftlM =0 (2.12) 

Thus, if Md is reachable from Mo, then the corresponding firing count vector x 
must exist and (2.12) must hold. Therefore, we have the following necessary 
condition for reachability in an unrestricted Petri net [Mur77]. 

Theorem 2.1: If Md is reachable from Mo in a Petri net N, then BfllM = 0, 

where IlM = Md - Mo and Bf is given by (2.11). 

The contrapositive of Theorem 2.1 provides the following sufficient 
condition for non-reachability. 

Corollary 2.1: In a Petri net N, a marking Md is not reachable from 

M 0 (:;t: M d) if their difference is a linear combination of the row vectors of B f ' 

that is, 

IlM = BJz (2.13) 

where z is a nonzero J1 x 1 column vector. 

Proof: If (2.13) holds, then BftlM = BfB;z:;t: 0, since z:;t: 0 and BfB; is a 

11 x J1 nonsingular matrix (because the rank of B f is J1 = m - r ). Therefore, by 

Theorem 2.1, M d is not reachable from Mo' 

Example 2.10: 

For the Petri net model of the manufacturing system of Example 2.3, the 
state equation (2.3) is illustrated below, where the transition tl fires to result in 

the marking Ml = (0 1 0 1 000 O)T from Mo = (1 1 1 0000 O)T: 
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0 1 -1 0 0 0 0 1 
1 1 0 -1 0 0 0 1 1 
0 1 -1 -1 1 1 0 0 0 

1 0 1 0 -1 0 0 0 0 
= + 

0 0 0 1 0 -1 0 0 0 

0 0 0 0 1 0 -1 0 0 

0 0 0 0 0 1 -1 0 0 

0 0 0 0 0 0 1 -1 

The incidence matrix A is of rank 5 and can be partitioned in the from of (2.7), 

where 

-1 0 -1 1 0 0 0 0 

0 -1 -1 0 1 0 0 0 

A= 
0 0 1 -1 0 1 0 0 

0 0 1 0 -1 0 1 0 

0 0 0 0 0 -1 -1 1 

1 1 0 0 0 0 0 -1 

-1 0 -1 1 0 0 0 0 

0 -1 -1 0 1 0 0 0 

All = 0 0 1 , 
~2= -1 0 1 0 0 ' and 

0 0 0 0 -1 0 1 0 

0 0 0 0 0 -1 -1 1 

1 0 1 0 1 
0 1 0 1 1 

(ATI2rl = 0 0 1 0 1 

0 0 0 1 1 
0 0 0 0 1 

Thus, the matrix B f can be found by (2.8): 
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Bf ~[~ 
0 0 1 0 1 

1 0 0 1 0 

0 1 1 1 0 

o 
1 

1 

~11 
1 . 

It is easy to verify that B f!lM = 0 holds for 

!lM=M1 -Mo=(-1 0 -1 1 0 0 0 oy. 

2.5.3 Invariant Analysis 

29 

o 

In a Petri net, arcs describe the relationships among places and transitions. They 
are represented by two matrices I and O. By examining the linear equations 
based on the execution rule and the matrices, one can find subsets of places over 
which the sum of the tokens remains unchanged. One may also find a transition 
firing sequence brings the marking back to the same one. 

Definition 2.9: An integer solution x of the homogeneous equation 

ATX=O (2.14) 

is called aT-invariant. 

The non-zero entries in a T-invariant represent the firing counts of the 
corresponding transitions which belongs to a firing sequence transforming a 
marking Mo back to Mo. Although a T-invariant states the transitions comprising 
the firing sequence transforming a marking Mo back to Mo, and the number of 
times these transitions appear in this sequence, it doesn't specify the order of the 
transition firings. 

Definition 2.10: An integer solution y of the transported homogeneous equation 

Ay = 0 (2.15) 

is called an S-invariant. 
The non-zero entries in a S-invariant represent weights associated with the 

corresponding places so that the weighted sum of tokens on these places is 
constant for all markings reachable from an initial marking. These places are said 
to be covered by an S-invariant. 

Invariant findings may help in analysis for some Petri net properties. For 
example, if each place in a net is covered by a S-invariant, then it is bounded. 
However, this approach is of limited use since invariant analysis does not include 
all the information of a general Petri net. 

Theorem 2.2: An n-vector x ~ 0 is a T-invariant if and only if there exists a 
marking M and a firing sequence a from M back to M with its firing count 
vector a/equal to x. 

The set of places (transitions) corresponding to nonzero entries in an S
invariant y ~ 0 (T-invariant x ~ 0) is called the support of an invariant and is 
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denoted by ILxIl (lIylI). A support is said to be minimal if there is no other invariant 
YI such that YI(P) :s;; yep) for all p. Given a minimal support of an invariant, there 
is a unique minimal invariant corresponding to the minimal support. We call 
such an invariant a minimal-support invariant. The set of all possible minimal
support invariants can serve as a generator of invariants. That is, any invariant 
can be written as a linear combination of minimal-support invariants [MR80]. 

Example 2.11: 

Figure 2.12. lllustration of minimal-support T-invariants. 

For the Petri net shown in Figure 2.12, Xl = (1 1 1 ol and X2 = (1 lOll are 
all possible minimal-support T-invariants, where ILxIIl = Itt. t2, t3} and ILx211 = Itt. 
t2, t4} are corresponding minimal supports. All other T-invariants such as X3 = (2 
2 1 II and X4 = (3 3 1 2l can be expressed as linear combinations of Xl and X2. 

That is X3 = Xl + X2 and X4 = Xl +2x2• Note that there are many T-invariants such as 
X3, X4, etc., corresponding to a nonminimal support Itt. t2, t3, t4}' 0 

P5 

Figure 2.13. A simple manufacturing system with a single machine 
and a buffer. 
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Example 2.12: 

Figure 2.13 shows a simple manufacturing system with a single machine and 
a buffer. The capacity of the buffer is 1. A raw part can enter the buffer only 
when it is empty, otherwise it is rejected. As soon as the part residing in the 
buffer it gets processed, the buffer is released and can accept another coming 
part. Fault may occur in the machine when it is processing a part. After being 
repaired, the machine continues process the uncompleted part. A description of 
the elements of this Petri net is given in Table 2.3. 

Table 2.3. Legend for Figure 2.13. 

Place Description 

PI The buffer available 

P2 A part in the buffer 

P3 The machine available 

P4 The machine processing a part 

P5 The machine failed 

Transition Description 

tl A part arrives 

t2 The machine starts processing a part 

t3 The machine ends processing a part 

4 The machine fails 

t5 Repair the machine 

We will find the S-invariants of the net and use them to see how this simple 
manufacturing system works. First we obtain the incidence matrix directly from 
the model: 

-1 1 0 0 0 

1 -1 -1 1 0 

A= 0 0 0 1 -1 
0 0 0 -1 1 
0 0 1 -1 0 

Then, by solving Ay = 0 we get two minimal-support S-invariants, YI = (1 1 0 0 

O)T and Y2 = (0 0 1 1 Il where lIyllI = {Pi> P2} and IIY211 = {P3, P4, P4} are 
corresponding minimal supports. Since the initial marking is Mo = (1 0 1 OO)T, 
then MoTYl = 1 and this leads to the fact that 

M(PI) + M(P2) = 1. 
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It shows that the buffer is either free or busy. Similarly, then Mo TY2 = 1 and so 

M(P3) + M(P4) + M(P5) = 1. 

It shows how the machine spends its time. It is either up and waiting, or up and 
working, or down. 0 

2.5.4 Simple Reduction Rules for Analysis 

A severe limitation to Petri net modeling is in the large size of resulting nets, 
especially when dealing with real system at a detailed level. Therefore, it is 
helpful to reduce the system model to a simple one, while preserving the system 
properties to be analyzed. 

Datta [Dat86] suggested a bottom-up design approach to the synthesis of 
dead-lock free control structures. This was based on modules of regular nets, 
with input and output places and transitions. In addition, he presented some 
reduction rules that preserve liveness and boundedness, and result in a net where 
each module was represented by its input and output elements only. 

Suzuhi and Murata [SM82, SM83] presented a method of stepwise 
refinement of transitions and places into subnets, or vise versa. They present a 
sufficient condition (well-formed or well-behaved) that such subnets must 
satisfy, which are dependent on the structure and initial marking of the net. The 
resulting nets has the same liveness and boundedness properties as that of the 
original net. 

The refinement process above has to be carried out every time the initial 
marking is changed. This makes automating the refinement procedure difficult. 
To overcome this difficult, Berthelot [Ber86] presented several transformations 
that depend only on the structure of the net. The reduced net has the same 
properties of liveness and boundedness as that of the original model. 

The transformations developed by Berthlot involve cutting arcs in the net 
and replacing them by subnets. Hence, it is not possible to reconstruct any 
intermediate net, if needed. Lee-Kwang et al. [LFB87] proposed a method for the 
reduction of generalized Petri nets using macrotransitions, macroplaces, or both 
and following a hierarchical decomposition. This reduction process preserves 
liveness, boundedness, and proper termination. It depends on the topological 
structure of the net with the possibility of reconstructing any intermediate net. 
Hence, a complex Petri net model can be analyzed using the reduced Petri net. 

The application of the above technique to capacity-designated Petri net 
models, which are nets with an upper bound on the number of tokens in a place, 
is rather troublesome. Murata and Komoda [MK87] presented three reduction 
rules that apply to these nets. They also provided some heuristic algorithms 
needed to apply these rules. The resulting model preserves the liveness property. 

In this section, we present some simplest transformations, which can be used 
for analyzing liveness, safeness, and boundedness. In Chapter 4, we will see the 
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(a) Transformation I (b) Transformation II 

(c) Transformation III (d) Transformation IV 

(e) Transformation V (f) Transformation VI 

Figure 2.14. Six transformations preserving liveness, safeness, and boundedness. 

profiles of some of Berthelot's reduction rules; their application to the analysis of 
Ada programs can be found in [TSM90]. 

It is not difficult to see that the following six operations [Mur89] preserve 
the properties of livenees, safeness, and boundedness. That is, let (N, Mo) and 

(N I, M ~) be the Petri nets before and after one of the following transformations. 

Then (N I, M ~) is live, safe, or bounded if and only if (N, M 0) is live, safe, or 
bounded, respectively. 

I. Fusion of Series Places (FSP) as depicted in Figure 2.14(a). 

II. Fusion of Series Transitions (FST) as depicted in Figure 2.14(b). 

III. Fusion of Parallel Places (FPP) as depicted in Figure 2.14( c). 
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IV. Fusion of Parallel Transitions (FPT) as depicted in Figure 2.14( d). 

V. Elimination of Self-loop Places (ESP) as depicted in Figure 2.14( e). 

VI. Elimination of Self-loop Transitions (EST) as depicted in Figure 2.14(f). 

Example 2.13: 

By applying the transformation operations I, II, V, III and I in tum, the Petri 
net shown in Figure 2.15(a) is reduced to the very simple one shown in Figure 
2.15(f). It is easy to see that all the five reduced nets shown in Figure 2.15(b)
(f) are bounded and non-live. 0 

(I) 

~ 

(a) (b) 

(c) (d) 

(I) 

~ 
(e) (f) 

Figure 2.15. lllustration of reduction rules. By applying the 
transformation operations I, II, V, III and I in tum, the Petri 
net shown in (a) is reduced to the simple one shown in (f). 

2.5.5 Simulation 

For complex Petri net models, discrete-event simulation is another way to check 
the system properties. The idea is simple, i.e, using the execution algorithm to 
run the net. Simulation is an expensive and time-consuming technique. It can 
show the presence of undesirable properties but cannot prove the correctness of 
the model in general case. Despite this, Petri net simulation is indeed a 
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convenient and straightforward yet effective approach for engineers to validate 
the desired properties of a discrete event system [Mit9l, ZM93 , ZZ95]. The 
algorithm is given as follows: 

(1) Initialization: decide the initial marking and the set of all enabled 
transitions in the marking; 

(2) If the number of preset simulation steps or certain stopping criteria are 
met, stop. Otherwise, if there is no transition enabled, report a deadlock 
marking and either stop or go to Step (1). 

(3) Randomly pick a transition to fire. Remove the same number of tokens 
from each of its input places as the number of arcs from that places to 
the transition and deposit the same number of tokens to each of its 
output places as the number of arcs from the transition to that place. 

(4) Remove enabled transitions which are modified at the new marking by 
checking the output transitions of the input places used in Step (3). If the 
output transitions of the output places in Step (3) become enabled, add 
those enabled ones. Go to Step (2). 

The above algorithm can be modified to simulate extended Petri nets such as 
timed ones. The advantage of the simulation methods is to allow one to derive 
the temporal performance for a system under very realistic assumptions. 



3 
DETERMINISTIC TIMED PETRI NETS 

The need for including timing variables in various types of modeled DEDS's is 
apparent since the modeled systems are real time in nature. In the real world, 
almost every event is time related. When a Petri net contains a time variable, it 
becomes a Timed Petri Net. The definition of a timed Petri net consists of three 
specifications: 

• The topological structure, 

• The labeling of the structure, and 

• Firing rules. 
The topological structure of a timed Petri net generally takes the form that is 

used in a conventional Petri net. 

The labeling of a timed Petri net consists of assigning numerical values to 
one or more of the following things: 

• Transitions, 

• Places, and 

• Arcs connecting the places and transitions. 

The firing rules are defined differently depending on the way the Petri net is 
labeled with time variables. The firing rules defined for a timed Petri net control 
the process of moving the tokens around. 

The introduction of deterministic time labels into Petri nets was first 
attempted by Ramchandani [Ram74]. In his approach, the time labels were 
placed at each transition, denoting the fact that transitions are often used to 
represent actions, and actions take time to complete. The obtained extended Petri 
nets are called Deterministic Timed Transitions Petri Nets (DTTPNs for short). 
Ramamoorthy and Ho [RH80] used such an extended model to analyze system 

J. Wang, Timed Petri Nets

© Kluwer Academic Publishers 1998
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performance. The method is applicable to a restricted class of systems called 
decision-free nets. This class of nets involves neither decisions nor non
determinism. In structural terms, each place is connected to the input of no more 
than one transition, and to the output of no more than one transition. 

Merlin [MF76] proposed another way to introduce time labels into Petri nets. 
Two time values are defined for each transition, d and f3 s, where d is the 
minimum time the transition must wait for after it is enabled and before it is 
fired, and f3s is the maximum time the transition can wait for before firing if it is 
still enabled. The obtained extended Petri nets are called Time Petri Nets (TPN's 
for short). Merlin's approach has been used in protocol and real-time system 
modeling and verification [Wal83]. 

Another way of posting the deterministic time labels was proposed by 
Coolahan and Roussopoulos [CR83]. In their approach the time labels are posted 
at the places in a Petri net, recognizing the fact that places in their model are 
mostly used to represent processes that consume time. The obtained extended 
Petri nets are called Deterministic Timed Places Petri Nets (DTPPN's for short). 
This timed Petri net was used to analyze the time dependence of all the places in 
the class of "time-driven" systems. Wong et al. also discussed timed place Petri 
nets with stochastic representation of place time [WDF85]. 

Zhu and Denton [ZD88] developed a different way of labeling a 
conventional Petri net in which the arcs are labeled instead of places and 
transitions. In their approach, the time labels are marked beside each input arc 
and inhibitor arc to a transition and each output arc from a transition, If an arc is 
not labeled, it is assumed that it takes the default value O. It has been shown that 
such a timed Petri net takes a more general form than other types of timed Petri 
nets. Since this timed Petri net is more general, it can be used to model complex 
systems. We call such an extended Petri net Deterministic Timed Arcs Petri Nets 
(DTAPN's for short). 

In this chapter, we focus on introducing DTTPN's. We also give a brief 
introduction to DTPPN's and DTACN's. TPN's will be presented in the next 
chapter. 

3.1 Deterministic Timed Transitions Petri Nets 

Definition 3.1: A deterministic timed transitions Petri net (DTTPN) is a 6-tuples 
(P, T, I, 0, Mo, 'D, where (P, T, I, 0, Mo) is a Petri net, 'r: T ~ R+ is a function 
that associates transitions with deterministic time delays. 

For a DTTPN, the transition firing rules for ordinary Petri nets are expanded 
to include the following: 

A transition ti in a DTAPN can fire at time 'rif and only if 
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(I) for any input place p of this transition, there have been the number of 
tokens equal to the weight of the directed arc connecting p to tj in the 
input place continuously for the time interval [1" -'Xi, t), where 'Xi is the 
associated firing time of transition tj~ 

(2) for any input place connected by an inhibitor arc of this transition, no 
token has resided in the input place continuously for the time interval [1" 
-'Xi, t); and 

(3) After the transition fires, each of its output places, p, will receive the 
number of tokens equal to the weight of the directed arc connecting tj to 
p at time 1: 

Example 3.1: A two-machine production line. 

The production line consists of two machines (MI and M2), two robot arms 
(RI and R2), and two conveyors. Each machine is served by a dedicated robot 
that performs loading and unloading tasks. One conveyor is used to transport 
workpieces, a maximum of two each time. The other conveyor is used to 
transport empty pallets. There are three pallets available in the system. Each 
workpiece is machined on Ml and then M2. The machine on Ml (M2) takes 10 
(20) time units. The loading and unloading tasks require 1 time unit. The 
conveyors' transportation time is negligible. The DTfPN model of this system is 
shown in Figure 3.1. The legends of transitions and places and timing 
information are given in Table 3.1. In the initial marking 

Mo= (3 00000 12111)T, 

transition t1 is enabled and begins firing. It completes firing after 1 time unit 
delay. Then the net reaches a new marking M1: 

M1 = (2 1 000002 10 l)T. 

In Mlo transition t2 is enabled and begins firing. It completes firing after 10 time 
unit delay. Then the net reaches a new marking M 2: 

M2 =(20 1 000 121 oil. 
In this way the operation of the net goes on. 

Figure 3.1. The DTTPN model of a two-machine production line. 
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Table 3.1. Legend for Figure 3.1. 

Place Description 

~l Workpieces and pallets abailable 

P2 M 1 processing a workpiece 

P3 A workpiece ready_ for unloading from M 1 

P4 Workpicee available for processing.at M2 

Ps M2 processing a workpiece 

P6 A workpiece ready for unloading from M2 

P7 Ml available 

Ps Conveyor slots available 

_1'9 M2 available 

PIO Rl available 

Pu R2 available 

Transition Description Time Delay 

tl R 1 moves a workpiece to M 1 1 

t2 M 1 ends the processing of a workpiece 10 

t3 Rl moves a workpiece from Ml to a conveyor 1 

4 R2 moves a workpiece to M2 1 

ts M2 ends the processing of a workpiece 20 

~ R2 moves a final workpiece from M2 1 

3.2 Performance Evaluation 

In this section, we describe Ramamoortby and Ho's analysis method to DTTPN 
models [RH80]. We first introduce some definitions which will be used later in 
this chapter. 

Definition 3.2: In a Petri net, a sequence of places and transitions, PlttP2t2" .Pk, 
is a directed path from to if transition ti is both an output transition of place Pi 
and input transition of place Pi+l for 1 ~ i ~ k-1. 

Definition 3.3: In a Petri net, a sequence of places and transitions, PlttP2t2 ... Pk, 
is a directed circuit if PltlP2t2 ... Pk is a directed path and PI equals Pk . 

Definition 3.4: A Petri net is strongly connected if every pair of places is 
contained in a directed circuit. 

Example 3.2: 

In the Petri net shown in Figure 3.1, the sequence 

PlttP2t'lP3t3P4f4[JStSP6 
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is a directed path; the sequence 

PlttP2t1P3t3P44PstSP6t6/Jl 
is a directed circuit. Also, the net is strongly connected. 

41 

a 
Below, we discuss performance evaluation technique for strongly connected 

deterministic timed transitions Petri nets. 

3.2.1 Consistent Petri Nets 

Definition 3.5: A Petri net is consistent if and only if there exists a nonzero 
integer assignment to its transitions such that at every place, the sum of integers 
assigned to its input transitions equals the sum of integers assigned to its output 
transitions, i.e., 3 x > 0, such that 

ATx=O 

Otherwise, the Petri net is inconsistent. 
A system is a consistent (inconsistent) system if its Petri net model is 

consistent (inconsistent). 

Example 3.3 [RH80]: 

Figure 3.2(a) is an inconsistent system and Figure 3.2(b) is a consistent 
system. In Figure 3.2(a), there does not exist an integer assignment to its 
transitions to satisfy the consistent condition. This can be verified by assigning 
three integer variables nit n2 and n3 to transitions tlo t2 and t3, respectively, and 
getting a contradiction in trying to solve the simultaneous equations provided by 
the consistent condition: 

(a) (b) 

Figure 3.2 (a) An inconsistent Petri net. (b) A consistent Petri net. 
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for place PI: nl + n2 = n3 

for place P2: nl = n3 

for place P3:· n2 = n3 

(C2) + (C3): nl + n2 = 2n3 

and therefore (C4) contradicts (Cl). 
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(Cl) 

(C2) 

(C3) 

(C4) 

Figure 3.2(b) is a consistent Petri net. If each transition is assigned an integer 
of value 1, the consistent condition is satisfied. 0 

The practical implication behind this system classification is that the integer 
assigned to a transition is the relative number of executions of that transition in a 
cycle. If a system is live and consistent, the system goes back to its initial state 
after each cycle and then repeats itself. If a system is inconsistent, either it 
produces an infinite number of tokens (Le., it needs infinite resources) or 
consumes tokens and eventually comes to a stop. Most real-world systems which 
function continuously with finite amount of resources fall into the class of 
consistent systems. For the rest of this section, we focus our discussion on 
consistent systems and further subclassify them into decision-free systems, 
persistent systems, and general systems. Performance analysis techniques for the 
first two subclasses are discussed in the following subsections. The last case is 
included in [RH80]. 

3.2.2 Decision-Free Petri Nets 

Definition 3.6 A Petri net is decision-free if and only if for each place in the net, 
there is exactly one input arc and exactly one output arc. 

A system is a decision-free system if its Petri net model is a decision-free 
Petri net. A decision-free Petri net is also well known as marked graph [Com71, 
Mur77]. In a decision-free Petri net, tokens at a given place are generated by a 
predefined transition (its only input transition) and consumed by a predefined 
transition (its only output transition). 

Figure 3.3 Petri net model of a communication protocol between two processes. 
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Example 3.4: 

The Petri net shown in Figure 3.1 is a decision-free Petri net. o 
Example 3.5: A communication protocol. 

Consider the communication protocol between two processes, one indicated 
as the sender, and the other as the receiver. The sender sends messages to a 
buffer, while the receiver picks up message form the buffer. When it gets a 
message, the receiver sends an ACK back to the buffer. After receiving the ACK 
from the receiver, the sender begins processing and sending a new message. 
Suppose that the sender takes 1 time unit to send a message to the buffer, 1 time 
unit to receiver the ACK, and 3 time unit to process a new message. The receiver 
takes 1 time unit to get the messages from the buffer, 1 time unit to send back an 
ACK to the buffer, and 4 time unit to process a received message. The DTTPN 
model of this protocol is shown in Figure 3.3. Table 3.2 shows the legends of 
places and transitions and timing properties. It is easy to know that this model is 
also decision-free. 0 

Table 3.2. Legend for Figure 3.3. 

Place Description 

PI The sender ready 

1>2 Message in the buffer 

JlJ The sender waiting for ACK 

P4 Message received 

P5 The receiver ready 

P6 ACKsent 

P7 ACK in the buffer 

Ps ACK received 

Transition Description Time Delay 

tl The sender sends a message to the buffer 1 

t2 The receiver gets the messages from the buffer 1 

t3 The receiver sends back an ACK to the buffer 1 

t4 The receiver processes the message 3 

t5 The sender receivers the ACK 1 

~ The sender processes a new message 4 

3.2.3 Performance evaluation 

Theorem 3.1: For a decision-free Petri net, the number of tokens in a circuit 
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remains the same after any firing sequence. 

Proof: Without loss of generality, a circuit containing 4 places and 4 transitions 
in a decision-free Petri net is shown in Figure 3.4. Tokens in the circuit can only 
be produced or consumed by transitions in the circuit. When a transition 
consumes a token, it produces one back into the circuit; therefore, the number of 
tokens in a circuit remains the same after any firing sequence. Q 

Figure 3.4 A circuit contains 4 transitions and 4 places. 

Definition 3.7: Let Sj(n) be the time at which transition tj initiates its njth 

execution. The cycle time Cj of transition tj is defined as 

C. = lim Sj(nj ). 
I 

nj-+OO n; 

Theorem 3.2: All transitions in a decision-free Petri net have the same cycle 
time. 

Proof: For any two transitions tj and t j in a decision-free Petri net, choose a 

circuit that contains both transitions. Such a circuit must exist because the net is 
strongly connected. Let 

Pltl" .p/Jj Pk+I'" Pnt;PI 

be such a circuit. Without loss of generality, assume that there are M (pj) tokens 
k n 

in place Pj in the initial marking. Let ma = LM(pj) and mb = LM(p). At 
j=1 j=k+1 

time Sj (nj ), we have 

nj - mb ~ number of initiations of transition t j ~ n j - ma ' i.e., 

Since ma and mb are finite, as nj ~ 00, the left- and right-hand side 
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expressions approach C j , i.e., 

Cj~Cj ~Cj 

Cj=Cj 

4S 

Therefore, all transitions in a decision-free Petri net have the same cycle time 
C 0 
Theorem 3.3: For a decision-free Petri net, the minimum cycle time (maximum 
performance) C is given by 

T. 
C = max{-k :k = 1,2 .. ~·,q} 

Nk 

such that S.(n.) = a. + Cn. where 
" I I 

Tk = L T j = sum of the execution times of the transitions in circuit k; 
tier. 

Nk = LM (pj) = total number of tokens in the places in circuit k; 

q = number of circuits in the net; 

a j = constant associated with transition tj ; 

Lk = loop (circuit) k. 

Proof: The proof is in two parts: 

(a) Minimum cycle time 

C ~ max{Tk/Nk,k = 1,2 .. ··,q}. 

(b) For C = max{~/ Nk,k = 1,2, ... , q} there exists ai' such that Sj(nj) = aj 

+ en j and the firing rules are not violated. 

Proof of (a): 

It follows from Theorem 3.1 that the number of transitions that are enabled 
simultaneously is less than or equal to the number of tokens in circuit (= N k ). 

Also we know that the processing time required by circuit k per cycle 
(= ~ = L T j ) is less than or equal to the maximum processing power of the 

tieL,. 

circuit per cycle time (= CN k). Therefore, 

Tk ::;; CN k for every circuit, 

and 

Lemma: For C = max{~/Nk,k = 1,2 .. ··,q} 
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Tk - CNk ~ 0 for all circuit k. 

Proof of the Lemma: 

From (a) we know that 

C~ Tk k 1 2 = , , ... ,q, 
Nk 

therefore, 

Tk -CNk ~O. 

Proof of (b): Let 

T. 
C = max{-k k = 1 2 ... q} N' ", 

k 

tj M(Pij) tj M(Pjk) 

~S ~I ~ 
Sj(nj ) Sj(n j ) 

= a j +Cnj =aj +Cnj 

tk 

~I 

Sk(nk ) 

= ak +Cnk 

In order not to violate the firing rules, the finish time of the nj th execution of 

transition tj must be less than or equal to initiation time of the (nj + M (Pij» th 

execution of transition t ., i.e., 
J 

Sj(n)+'Zj ~ Sj(nj +M(pjj» ' 

aj +Cnj +'Zj ~aj +C(nj +M(Pij»' 

aj-CM(Pij)+'Zj ~aj . 

Similarly, 

a j - CM (p jk) + 'Z j ~ ak • 

(3.1) + (3.2): 

aj - C(M (Pjj) + M (Pjk» +'Zj +'Z j ~ ak • 

In general, 

aj-C LM(puv)+ L'Z"w~as' 
(u,v)eR MER 

(3.1) 

(3.2) 

(3.3) 

where R is a path from transition i to transition s. In order not to violate the 
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firing rules, we have to find a j 's such that (3.3) is satisfied. 

Procedure for assigning ai's such that (3.3) holds: 

(1) Define the distance from transition tj to transition t j (tj adjacent to t) 

to be 'i -CM(Pij): 

(2) Find a transition t s ' which is enabled initially and assign 0 to as' 

(3) Assign au to each transition tu such that au is the greatest distance from 

ts to tu' i.e., au =max{:L 'fw -C :LM(PuJ} where R is a path from 
MER (u,v)eR 

ts to tu' 
Such an assignment of a j 's exists because by the lemma Tk - CN k S; 0, the 

greatest distance between any two nodes is finite and the corresponding path 
would never contain a loop. 0 

Example 3.6: 

Consider the Petri net model of the two machine production line given in 
Example 3.1. According to Theorem 3.3, for 

· . Tk 1+10 
CIrcUIt P7tlP2t2P7 :-=--=11. 

Nk 1 

ir 't . Tk _1+10+1_ 
C CUI P2t2Pl3Plot1P2'-- -12, 

Nk 1 

· . Tk 1+1 
CIrCUIt Pst3P4t4PS :'N=T=1. 

k 

circuit PstsP6t6Pl1t4PS :~ = 1 + 20+ 1 = 22, 
Nk 1 

· . . Tk _1+10+1+1+20+1_ 
CIrCUIt PltlP2t2P3t3Pl4PStSP6t6Pl .-- -11.3. 

Nk 3 

By enumerating all circuits in the net, we know the minimum cycle time of the 
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production line is 22. a 
Example 3.7: 

Consider the Petri net model of the communication protocol between two 
processes given in Example 3.5. According to Theorem 3.3, for 

· . . ~ _1+1+3 
ClfCUlt PltlP3tsPgt6Pl . - - = 5 , 

Nl 1 

· . . T2 _1+1+1+1+4_8 
CircUlt plIP2t2P4t3Plspgt6PI .- - - , 

N2 1 

· . T3 1+1+4 
CircUlt PSt2P4t3P6t4PS :-= = 6. 

N3 1 

By enumerating all circuits in the net, we know the minimum cycle time of the 
protocol between two processes is 8. a 

A drawback of the above approach is that all circuits in the net must be 
enumerated; this can be very tedious. In the design of computer systems, the 
required performance is usually given. With this information, the performance of 
a system can be verified very efficiently. By the lemma, the performance 
requirement (expressed in cycle time C) can be satisfied if and only if 
eN k - ~ ~ 0 for all circuits. This can be verified by the following procedure. 

A Procedure for Verifying System Performance: 
1. Express the token loading in an m X m matrix PM, where m is the number 

of places in the Petri net model of the system. Entry (A, B) in the matrix equals x 
if there are x tokens in place A, and place A is connected directly to place B by a 
transition; otherwise (A, B) equals O. Matrix PM of the Petri net model of the 
communication protocol in Figure 3.3 is shown below: 

PI 0 1 1 0 0 0 0 0 

P2 0 0 0 0 0 0 0 0 

P3 0 0 0 0 0 0 0 0 

P 00000000 D _ 4 
'M -

Ps 0 0 0 1 0 0 0 0 

P6 0 0 0 0 0 0 0 0 

P7 0 0 0 0 0 0 0 0 

Pg 0 0 0 0 0 0 0 0 

2. Express transition time in an m X m matrix Q. Entry (A, B) in the matrix 

equals to 'Xi (deterministic execution time of transition ti ) if A is an input place 
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of transition ti and B is one of its output places. Entry (A, B) contains the 

symbol "w" if A and B are not connected directly as described above. Matrix Q 
for the protocol model is 

PI w 1 1 w w w w W 

P2 W W w 1 w w w W 

P3 W W W W W W w 1 

P4 W W W W w 1 1 w 
Q= 

P5 W W w 1 w w w W 

P6 W W W w 4 w w W 

P7 W W W W W W w 1 

Pg 3 w w w w w w w 

3. Compute matrix CP - Q (with n - w = 00 for n EN), then use Floyd's 
algorithm [Flo62] to compute the shortest distance between every pair of nodes 
using matrix CP - Q as the distance matrix. The result is stored in matrix S. 
There are three cases. 

(a) All diagonal entries of matrix S are positive (i.e., CN k - Tk > 0 for all 
circuits) the system performance is higher than the given requirement. 

(b) Some diagonal entries of matrix S are zero's and the rest are positive 
(i.e., CN k - Tk = 0 for some circuits and CN k - T" > 0 for the other 
circuits) the system performance just meets the given requirement. 

(c) Some diagonal entries of matrix S are negative (i.e., CN k - T" < 0 for 
some circuits) the system performance is lower than the given 
requirement. 

In the protocol model, for C = 7, CP - Q is 

PI 00 6 6 00 00 00 00 00 

P2 00 00 00 -1 00 00 00 00 

P3 00 00 00 00 00 00 00 -1 

P4 00 00 00 00 00 -1 -1 00 

CP-Q= 
P5 00 00 00 6 00 00 00 00 

P6 00 00 00 00 -4 00 00 00 

P7 00 00 00 00 00 00 00 -1 

Pg -3 00 00 00 00 00 00 00 

After applying Floyd's algorithm [Flo62] to find the shortest distance 
between every pair of places, we have 
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PI 2 6 6 5 0 4 4 3 

P2 -6 0 0 -1 -5 -2 -2 -3 

P3 -4 2 2 1 1 0 0 -1 

s= P4 -5 1 1 0 0 -1 -1 -2 

Ps 1 7 7 6 1 6 5 4 

P6 -3 3 3 2 -4 1 -2 -3 

P7 -4 2 2 1 1 0 0 -1 

Pg -3 3 2 1 1 0 0 0 

From matrix S we know the diagonal entries are nonnegative, thus the 
performance requirement of C = 7 is satisfied. Moreover, since entries (P2, P2), 
(P4, P4), (P7, P7), and (Pg, P8) are zero's, C = 7 is optimal (i.e., it is the minimum 
cycle time). In addition, when a decision-free system runs at its highest speed, 
CN k equals to Tk for the bottleneck circuit. This implies that the places that are 

in the bottleneck circuit will have zero diagonal entries in matrix S. In this 
example, the bottleneck circuit is 

P1tl P2t2P 4t3P7tSP8t6Pl 

With this information, the system performance can be improved by either 
reducing the execution times of some transitions in the circuit (by using faster 
facilities) or by introducing more concurrency in the circuit (by introducing more 
tokens in the circuit). 

The above procedure can be executed quite fast. The formulation of matrix P 
and Q takes O( n 2 ) steps. The Floyd algorithm takes O( n 3 ) steps. As a whole, the 
procedure can be executed in O(n 3 ) steps. Therefore, the performance 
requirement of a decision-free system can be verified quite efficiently. 

3.2.4 Safe Persistent Petri Nets 

Definition 3.8: A Petri net is safe persistent if and only if 

(1) it is safe, and 

(2) for all reachable markings, a transition is disabled only by firing the 
transition. 

A safe persistent Petri net differs from a decision-free Petri net in that it may 
have more than one input (output) arcs to (from) a place. However, like a 
decision-free Petri net, if a token enables a transition, it will be consumed by that 
transition only. In other words, a token will never enable two or more transitions 
simultaneously. Therefore, a safe persistent Petri net can always be transformed 
into a decision-free Petri net. Then we can use the algorithm discussed in Section 
3.2.3 to analyze the modeled system's performance. 
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Example 3.8: A 3-channel analog-to-digital converting (ADC) system. 

The operation of the system is described as following: the system samples 
the analog input of channell first, then channel 2 and then channel 3. Each time 
the analog input is sampled, the system converts it into a digital number and then 
stores it into the memory. After the three channels are sampled, the system starts 
next round sampling and converting. The Petri net model the system is shown in 
Figure 3.5. Table 3.3 shows the description of places and transitions. 

P5 

Figure 3.5 The Petri net model of a ADC system. 

The Petri net model shown in Figure 3.5 is not decision-free, since place PI 
is connected to three output transitions. However, it is safe persistent, since only 
one transition is enabled at any given marking. In order to compute the 
performance of the system, we need to transform its Petri net into a decision-free 
one. By tracing the execution of the model of Figure 3.5, we obtain an equivalent 
and decision-free Petri net model of the system, which is shown in Figure 3.6. As 
we see, the Petri net in Figure 3.6 is decision-free. Based on this model and with 
all transitions' firing times given, we can use the algorithm discussed in Section 
3.2.3 to analyze the performance of the sampling system. 0 
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Table 3.3. Legend for Figure 3.5. 

Places Description 

PI The system ready for sampling 

P2 Channel 1 available 

P3 Channel 2 available 

P4 Channel 3 available 

ps The system ready for converting and storing the sam~led data 

Transition Description 

tl The system samples the analog input of channel 1 

h The system samples the analog input of channel 2 

t3 The system samples the analog injJut of channel 3 

4 The system converts and stores the sampled data 

PS3 

Figure 3.6 The equivalent Petri net model of the ADC system. 
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Table 3.4. Legend for Figure 3.6. 

Places Description 

~ll The system ready for sampling channel I 

_P12 The system ready for sampling channel 2 

~13 The system ready for sampling channel 3 

P2 Channel 1 available 

P3 Channel 2 available 

P4 Channel 3 available 

P51 The system ready for converting the sampled data from channel I 

P52 The system ready for converting the sampled data from channel 2 

P53 The system ready for converting the sampled data from channel 3 

Transition Description 

tl The system samples the analog input of channel 1 

t2 The system samples the analog input of channel 2 

t3 The system samples the analog input of channel 3 

41 The system converts and stores the sampled data from channell 

42 The system converts and stores the sampled data from channel 2 

43 The system converts and stores the sampled data from channel 3 

3.3 Other Types of Deterministic Timed Petri Nets 

In this section, we briefly introduce two other kinds of deterministic timed Petri 
nets: one associates time labels with places, and the other associates time labels 
with directed arcs. 

3.3.1 Deterministic Timed Places Petri Nets 

Definition 3.9: A deterministic timed places Petri net (DTPPN) is a 6-tuples (P, 
T, I, 0, Mo, 'l), where (P, T, 1,0, Mo) is a Petri net, 1: P ---t R+ is a function that 
associates places with deterministic time delays. 

In a DTPPN, a token in a place, with an associated delay time, can be 
available or not-available to enable its output transition. A token deposited in a 
place becomes available only after the period of the delay time. Therefore, for a 
DTPPN, the transition firing rules take the following: 

(1) At any time instance, a transition t becomes enabled if each input place p 
contains the number of available tokens equal to the weight of the 
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directed arc connecting p to t; 

(2) Once transition t is enabled, it fires immediately by removing from each 
input pace p the number of tokens equal to the weight of the directed arc 
connecting p to t, and depositing in each output place p the number of 
tokens equal to the weight of the directed arc connecting t to p. 

Example 3.9: 

Consider the two-machine production line given in Example 3.1 again. If we 
only care the machine time on Ml and M2 (10 and 20 time units, respectively) 
while ignore the time requirements of other activities, then we can build a 
DTPPN model of the system. This model is shown in Figure 3.7, and its legends 
of places and transitions and time properties are given in Table 3.5. 0 

Figure 3.7 The DTPPN model of a two-machine production line. 

The performance analysis of a DTPPN model can be conducted using the 
similar approach to the one used for DTIPN. Below we are going to show how 
to use minimax algebra for the analysis of DTPPN's. In minimax algebra 
[CDQV85], the following conventions are adopted: 

Va,be R, aEBb=max(a,b), (3.4) 

a·b=a+b. (3.5) 

For all matrices A = {aij} and B = {bij }, 

(AEBB)ij =aij EBbij = max(aij,bij) , (3.6) 

(A· B)ij = m:x(aik +bkj)' (3.7) 

Figure 3.8 shows three basic constructs that may be found in any DTPPN 
model. It is easy to know that 

S2(n)='Z\ +S\(n), 
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Table 3.5. Legend for Figure 3.7. 

Place Description Time Delay 

PI Workpieces and pallets abailable 0 

P2 Ml processing a workpiece 10 

P3 Workpicee available for processing at M2 0 

P4 M2 processing a workpiece 20 

Ps Ml available 0 

P6 Conveyor slots available 0 

P7 M2 available 0 
pg Rl available 0 

P9 R2 available 0 

Transition Description 

tl RI moves a workpiece to Ml 

t2 RI moves a workpiece from MI to a conveyor 

t3 R2 moves a workpiece to M2 

4 Rl moves a workpiece from MI to a conveyor 

S4(n) =13 +S3(n-I), 

Sg(n) = max{13 +Ss(n), 14 + S6(n-l), 15 + S7(n - 2)}. 

These are recursive equations representing the firing time of the transitions. 
In order to obtain a "linear" system-theoretic description of the system, the Petri 
net model must be a marked graph or decision-free: each place must have at most 
one incoming arc (if not, the min operation is needed, resulting in "nonlinear" 
equations) and at most one outgoing arc (if not, conflict occurs and must be 
resolved). Notice that linearity is over the minmax algebra described by the 
additional and max operations. 

ts 

Figure 3.8. Three basic constructs in a DTPPN. 



56 DETERMINISTIC TIMED PETRI NETS CHAP. 3 

Example 3.10: 

Consider again the Petri net model of the communication protocol given in 
Example 3.5. Now we associate time delay to places, and let 

'Z"t = 1, "Xi = 1, "Z3 = 1, 'Z"4 = 1, 

'Z"5 = 1, 16 = 3, 17 = 1, 'Z"8 = 4. 

Obviously such a DTPPN model possesses the same timing property as the 
DTIPN given in Example 3.5. Following the above concepts, the resulting 
equations are 

St(n)='Zt +S6(n-l) 

S2(n) = max{'Z2 +S\ (n), 'Z5 + S4(n -I)} 

S3(n)='Z4 +S2(n) 

S4(n)='Z6+ S3(n) 

S5(n) = max{'Z3 +S\(n), 'Z7 +S3(n)} 

t6(n) = 'Z8 +S5(n) 

with n ~ 1 and S4(0) = S6(0) = o. 
To obtain a state-space representation, we will express these equations in 

terms of S4(n - 1) and S6(n - 1), and replace the delays by their values. This 
results in 

or 

S\(n)=I+S6(n-l), 

S2(n) = max{2 +S6 (n-l), 1 + S4(n -I)}, 

S3(n) = max{3+ S6(n-l), 2+ S4(n-l)}, 

S4(n) = max{6+ S6(n -1), 5 + S4(n -I)}, 

S5(n) = max{4+ S6(n -1), 3 + S4(n -I)}, 

S6(n) = max{8+ S6(n-l), 7 + S4(n-l)}, 

S\(n) E E E E E 1 S\ (n -1) 

S2(n) E E E 1 E 2 S2(n-l) 

S3(n) E E E 2 E 3 S3(n -1) 
= E9 

S4(n) E E E 5 E 6 S4(n-l) 

Ss(n) E E E 3 E 6 Ss(n-l) 

S6(n) E E E 7 E 8 S6(n-l) 
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where erepresents-oo. 

Note that for this system, the actual dimension is 2, depending only on the 
number of transitions indicating past fIring counts, namely S4(n-l) and S6(n-l). 
Hence, by solving the firing times of these transitions, all other firing times can 
be computed. In fact, the order of such state-space representations is equal to the 
total number of initial tokens in the system. This is a clear divergence from 
traditional linear control theory where the initial conditions have no effect on the 
dimension of the system. 

The initial fIring times of transitions tl to t6 are (1, 2, 3, 6, 6, 8), respectively. 
Because transitions in a marked graph have the same firing period and S4(1), 
S6(1) represent a full cycle for the initial tokens in P4 and P6, the minimum cycle 
time of this system can be computed as follows: 

Cm = max{S4(1), S6(1)} = 8. 

This result is the same as the one got in Example 3.5. Subsequent firings are 
described by 

Sj(n) = Cm + Sj(n - 1), i = 1, 2, ... , 6. 0 

3.3.2 Deterministic Timed Arcs Petri Nets 

Definition 3.10: A deterministic timed arcs Petri net (DTAPN) is a 6-tuples (P, 
T, I, 0, Mo, ~, where (P, T, I, 0, Mo) is a Petri net, 'i: A (= I u 0) ~ It" is a 
function that associates arcs with time delays. 

A transition t in a DTAPN can fIre at time 'iif and only if 

(1) for any input place P connected by an arc labeled 'Zi of this transition, 
there have been the number of tokens equal to the weight of the directed 
arc connecting P to t in the input place continuously for the time interval 
['i- 'Zi, 1]; 

(2) for any input place connected by an inhibitor arc labeled 'Zi of this 
transition, no token has resided in the input place continuously for the 
time interval ['i - 'Zi, 1]; and 

(3) After the transition fires, each of its output places, p, will receive the 
number of tokens equal to the weight of the directed arc connecting t to 
p at time 'i + 'ik, where 'ik is the time label for the arc leading from t to p. 

To visualize the fIring rules stated above, Zhu and Denton proposed an 
excellent imagery in [ZD88]. Consider all the input arcs to the transition tj as 
tunnels to be dug while the output arcs are tunnels tokens have to travel through 
when the work for all the input tunnels is done. Once a place receives a token it 
begins to dig a tunnel leading to its output transitions, and the time spent digging 
the tunnel is 'Zi, which is the time label for the arc leading from a place to the 
transition tj (for places connected by inhibitor arcs, the digging starts at the time a 
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token is removed from it or at the time the Petri net begins to be used). However, 
the work of digging the tunnels must be continuous. If the work is interrupted 
before the tunnel is completed (tokens are removed from the input places of ti 
connected by arcs, or tokens are deposited in the input places of ti connected by 
inhibitor arcs), then the digging process has to be started all over again. If a 
tunnel is finished, it remains open as long as there is a token in its input place for 
arc connection and no token for inhibitor arc connection. A transition fires only if 
all the tunnels leading to it have been finished. 

Example 3.11: A communication protocol [ZD88]. 

A communication protocol is used here to demonstrate an application of the 
DTAPN model. The protocol is specified as: 

(1) Two nodes, sender and receiver are involved transmitting data packets. 
(2) Sender will wait after sending a packet. 
(3) Receiver will send an ACK after receiving a correct packet. If the Cyclic 

Redundancy Check (CRC) indicates an error, an NAK will be sent. 
(4) Sender will retransmit the packet if ACK is not received within 'ZO time 

units or NAK is received. 
(5) Sender will transmit a new packet if ACK is received within 'ZO time 

units. 

The Petri net model for this protocol is given in Figure 3.9. 
The operation of this Petri net starts with multiple tokens deposited in place 

PI (the input queue) and a token in place Ps (ready to get a new packet). The 
firing of tl deposits a token in P2 (ready to send) and causes t2 to fire. Three things 
happen with the firing of t3: a token in P3 indicates the packet is on the 
transmission line; a token in place P7 starts the timer; and a token in P9 sets the 
waiting-for-retransmission condition. 

"I is the transmission delay. The use of RND( 'Z2) makes it possible to model 
the lost packets. When a token arrives in P3, a random number is generated for "Xi, 
'Z2 may follow any probability distribution provided the probability of "Xi being 
smaller than "I is CJ, i.e., P( 'Z2 < 'Xi) = CJ, where CI is the probability of losing 
packets, and CI is known for a communication link. 

When t4 fires a token to P5, the situation indicates that the receiver has 
received a packet. Two things may happen: one being no CRC error, the other 
being CRC error. This is controlled by the choice of "3 and RND( "4). "3 is the 
time spent checking CRC. "4 is a random number such that P( 'Z2 < "I) = C2, where 
C2 is the probability of having CRC error. If tokens reach PII and P12, packet is 
correctly received and ACK is ready to be transmitted. If however, the token is 
deposited in place Pl3, then NAK is ready to be transmitted. 

"5 and RND( "6) control the transmission of ACK; "7 and RND( "8) control the 
transmission of NAK. When a token reaches P15, ACK is received; when a token 
reaches Pl7, NAK is received. 
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SENDER 

P19 

tu 

Ps 

RECEIVER 

Figure 3.9. DTAPN model of a communication protocol. 
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If ACK is received before the timer times out, t\2 will fire, depositing tokens 
in P6 and Ps and resetting the timer. The token in P6 and the token in P9 will enable 
t17 to fire, indicating a successful packet transmission. P9 is now empty, signifying 
the case that no more retransmission is needed. 

If NAK is received and the timer has not timed out, t11 will fire and PI9 will 
receive the token while the timer is reset. The tokens in PI9 and P9 will start 
another retransmission. 

If the timer times out before ACK or NAK is received, tl4 will fire. A 
returned token in place PI4 and the removal of the token in place P7 will make 
sure the timer is reset after tl4 is fired. The firing of tl4 will start another 
retransmission. The amount of delay 'l9 is used to guarantee the timer is reset 
before retransmission starts. 

Table 3.6. Legend for Figure 3.9. 

Place Description 

PI Input queue 

P2 Packet waiting to be transmitted 

P3 Packet is in on line 

P4 Transmission error indication 

P5 Received packet ready 

P6 ACKok 

P7 Timer input 

Ps ACK ok, ready to send a new packet 

P9 Waiting for retransmission 

PIO Packet transmission ok 

P11 Packet received ok 

P\2 Ready for sending ACK 

P13 CRC error 

PI4 Timer output 

PI5 ACK received 

PI6 ACK lost 

P17 NAK received 

PIS NAKlost 

PI9 NAK retransmission 



TIMED PETRI NETS: THEORY AND APPLICATION 61 

Table 3.6. (continued) 

Transition Description 

t1 The sender gets a new packet 

t2 The sender starts transmitting a packet 

t3 Transmission error occurs 

t4 Packet gets through 

t5 Successful CRC check 

1() CRC indicates error 

t7 ACK gets through 

t8 ACK gets lost 

t9 NAK gets through 

tlO NAK gets lost 

tl1 Set transmission condition 

t12 ACK received 

t13 Retransmission 

t14 Retransmission 

t15 Successful transmission count 

Time Label Description 

'lO Time out parameter 

ti Forward transmission delay 

12 Random number to model the lost packets in transmission 

1'3 CRC processing time 

1'4 Random number to model CRC error 

1'5 Backward transmission delay 

1'6 Random number to model the lost packets in transmission 

1'7 Backward transmission delay 

1'8 Random number to model the lost packets in transmission 

19 Delay to ensure proper timer operation 



4 
TIME PETRI NETS 

Time Petri nets (TPN's) are first introduced by Merlin and Farber [MF76]. In a 
TPN, two time values are defined for each transition, d and j3s, where d is the 
minimum time the transition must wait for after it is enabled and before it is 
fired, and j3s is the maximum time the transition can wait for before firing if it is 
still enabled. Times d and j3 s, for transition t, are relative to the moment at 
which transition t is enabled. Assuming that transition t has been enabled at time 
'Z , then t, even if it continuously enabled, cannot fire before time 'Z + d and 
must fire before or at time 'Z + j3s, unless it is disabled before its firing by the 
firing of another transition. 

TPN's have been proved very convenient for those constraints are difficult to 
express only in terms of firing durations. Using TPN's, action synchronization is 
represented in terms of a set of pre- and post-conditions associated with each 
individual action of the system under discussed, and timing constraints are 
expressed in terms of minimum and maximum times elapsing between the 
enabling and the execution of each action. This facilitates model specification by 
permitting a compact representation of the state space and an explicit modeling 
of concurrency and parallelism. Therefore, TPN's have gained increasingly 
application to the modeling and verification of real time concurrent systems 
[BM95, DWS98a, DWS98b, TYC95]. 

This chapter is arranged as follows: Section 4.1 introduces the formal 
definition of TPN's and the firing rules. Section 4.2 proposes for TPN's an 
enumerative analysis technique which allows one to simultaneously model the 
behavior and analyze the properties of timed systems. This technique is related to 
the reachability analysis method for usual Petri nets. A set of TPN reduction 
rules are given in Section 4.3, which help conquer the complexity of the analysis 

J. Wang, Timed Petri Nets

© Kluwer Academic Publishers 1998
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of TPN models. A modularly structural TPN model, compositional time Petri net 
model, is presented in Section 4.4. Two application examples of the 
compositional TPN model are given in Section 4.5. 

4.1 Time Petri Nets 

In this section, we will give a formal definition of time Petri nets [BM83, BD91]; 
in order to discuss behavioral analysis problems for TPN's, we will also 
introduce the notion of TPN state and propose the firing rule of transitions in 
TPN's. 

4.1.1 Time Petri Nets 

Definition 4.1: A time Petri net (TPN) is a 6-tuple (P, T, I, 0, Mo. Sf) where: 

• (P, T, I, 0, Mo) is a Petri net; 

• SI is a mapping called static interval 

SI : T ~ Q* x (0* u 00 ), 

where Q* is the set of positive rational numbers. 

As it will be seen, analyzing TPN's needs to differentiate static intervals and 
dynamic intervals associated with transitions. Merlin's times are defined here as 
constrained static rational values satisfying the following constraints for each 
transition t: 

SI(t) = (d, PS) 

where d and ps are rationales such that 

0::; d::; 0, 

° ::; ps ::; 0, 

d ::; ps if ps "* 00 or 

d < ps if ps = 00. 

Let us assume that SI(tj) = (a/, P/) for some transition t j . Then: 

• the interval of numbers (a/, P/) is called the static firing interval of 
transition tj; 

• the left bound a/ is called the static earliest firing time (state EFf for 
short); and 

• the right bound P/ is called the static latest firing time (static LFf for 
short ). 

In the general case, in states other than the initial state, firing intervals in the 
firing domain will be different from the static firing intervals; their lower bounds 
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are called EFf and their upper bounds LFf, written as ~ and f3i' respectively. 

Times ~s and f3/, and times ~ and f3i' for transition ti are relative to the 

moment at which transition ti is enabled. Assuming that transition tj is enabled 

at an absolute time I'abs, then ti may not fire, while being continuously enabled, 

before time I'abs + ~s or I'abs + ~ and must fire before or at the latest at time I'abs 

+ f3/ or I'abs + f3i. If transition ti ends to be continuously enabled, this means that 
another transition tm has been fired; firing tm leads to a new marking, at a 
different absolute time r'abs' 

In a TPN model, firing a transition takes no time to complete: firing a 
transition at time I' leads to a new state defined at the same time I'. When writing 
specifications, this means that the time needed to fire a transition is equal to O. 
Thus the actual duration of the firing of any transition represented in the model 
either must be null or must have an actual value which is negligible with respect 
to all related time values defining the time Petri net. If this firing time is of 
importance and cannot be neglected, then its value must appear as a time label 
associated with at least one timed transition. 

Furthermore, if a pair (d, f3 S) is not defined, then it is implicitly assumed 
that the corresponding transition is a classical Petri net transition and so the pair 

(d = 0, f3s = 00) 

associated with it. TPN's are timed restorations of Petri nets. 

Example 4.1: A simple production-consumption system. 

The system consists of two nodes, a producer and a consumer. The producer 
takes 2 to 6 time units to produce a product, then takes 2 to 4 time units to output 
it to the consumer, and then repeat the production process. The consumer takes 1 
to 4 time units to input the product, 1 to 5 time units to consume it, and then 
waits for a new product. Figure 4.1 shows the TPN model of the simple 
production-consumption system. Table 4.1 gives the description of places, 
transitions and time delays in the figure. 0 

~ .0 
h p3 h P4 t3 ps 14 

Figure 4.1 TPN model of a simple production-consumption system. 
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Table 4.1. Legend for Figure 4.1. 

Place Description 

PI The producer available 

P2 The consumer available 

P3 The producer processing product 

P4 Product available for the consumer 

Ps The consumer consuming product 

Transition Description Time Delay 

tl The producer produces product [2,6] 

t2 The producer outputs product [2,4] 

t3 The consumer inputs product [1,4] 

4 The consumer consumes product [1,5] 

4.1.2 States in a Time Petri Net 

Suppose that the TPN's under discussion are such that none of the transitions 
may become enabled more than once "simultaneously". That is, for any marking 
M, it holds for any enabled transition tj: (3p )(M (p) < 21 (tp p)). This 

nonessential restriction is for simplification and will be discussed in Section 
4.1.5. 

A general form for a state S of a TPN can be defined as pair S = (M , I) , 
where 

• M is a marking; 

• 1 is a set with entries of inequalities, each entry of which describes the 
upper bound and lower bound of the firing time of an enabled transition. 
The number of entries of 1 is given in the number of the transitions 
enabled by marking M. Furthermore, as 1 has one entry for each transition 
enabled by a given marking, the number of the entries of 1 will vary with 
the behavior of the net according to the number of transitions enabled by 
the current marking. In other words, in different states 1 may have 
different numbers of entries. 

Example 4.2: 

Let us consider the TPN model given in Figure 4.1. Its initial state is 

So = (Mo' 10 ), where 

Mo = (1 1 00 O)T, and 

10 = {2:::;; 8(tl) ~ 6}. 
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Here we use 8 (t;) to represent the allowable firing time of transition tj enabled in 
a given marking. 0 

4.1.3 Enabling and Firing Conditions of Transitions 

Suppose that the current state of the TPN under discussion be S = (M, I), Some 
transitions may be enabled by marking M, but not all of them may be allowed to 
fire due to the firing constraints of transitions (EFT's and LFT's). 

Further assume that transition ti becomes enabled, which means that it is 

enabled in the usual Petri net sense at time 'r in state S = (M, I). Accordingly, 
transition tj is firable from state S = (M, I) at time 'r + 8 if and only if both the 
following conditions hold: 

(1) ti is enabled by marking M at time To 

(\;fp) (M (p) 2 l(ti' p»; 

(2) the relative firing time 8, relative to the absolute enabling time r, is not 
smaller than the EFT of transition tj and not greater than the smallest of 
the LFTs of all the transitions enabled by marking M: 

EFT of tj ~ 8 ~ min{LFT of tk , tk E E(M)}. 

Here, the first firing condition is in fact the enabling condition for general Petri 
nets, and the second condition expresses the fact that an enabled transition may 
not fire before its EFT and must fire before or at its LFT unless another fires 
before ti and modifies marking M and thus state S. 

Note that condition (2) holds because, at time 'r = min{LFf of t k' tk E 

E(M) }, the corresponding transition, the one for which the LFT is minimum, 
must fire, modifying the marking and thus the state of the TPN. 

Delay 8 is not a global time; it can be viewed as given by a virtual clock, 
local to the transition, that must have the same time unit (e.g., in terms of 
seconds) than the others in the TPN. Then, as 8is relative to the time 'rat which 
state S has been reached, the absolute firing time, at which tj may be fired, is 

defined when needed as "8 + the absolute time 'r at which state S has been 
reached." 

4.1.4 Firing Rule between States 

Suppose that transition ti be firable at time 'r+ 8from state S = (M, I). Then the 

state S/ = (M~ I') reached from S by firing tj at the relative time 8 can be 

computed as follows. 

(1) M/is computed, for all places p, as 
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('rip) M'(P) = M(P) - I(t;, p) + O(ti, p) 

as usually in Petri nets. 

(2) ris computed in three steps: 
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(a) Remove from the expression of I the entries that are related to the 
transitions disabled when tj is fired, including transition t j . 

(b) Shift all remaining firing interval in I by the value B towards the 
origin of times, and truncate them, when necessary, to nonnegative 
values. 

(c) Introduce the domain new entries each corresponding to the static 
interval of a new transition enabled; the new transitions enabled are 
those not enabled by 

MO-IUi' .) 
and enabled by 

MO - lUi, p) + O(ti, .). 

In other terms, step (a) corresponds to projecting the domain on the 
dimensions corresponding to the transitions that remaine enabled after tj has 

fired. At step (b), time is incremented by the value B. This appears by shifting the 
remaining intervals by the value B, with time always nonnegative. At step (c), the 
domain of the new state is defined as the product of the current domains of the 
transitions that remaine enabled and of the static firing intervals of the newly 
enabled transitions. 

Example 4.3: 

Consider the net of Figure 4.1. As it has been seen, Mo = (1 1 0 0 ol, and 10 
= {2 ::;; B UI) ::;; 6}, where 10 has only one entry because tl is the only transition 
enabled by Mo. Firing tJ, at time BJ, for any value in a potentially infinite number 
of values in [1, 6], leads to the state SI = (MJ, II) with: 

MI = (0 1 1 0 O)T, and 

II = {2::;; B(t2)::;; 4}. 

II has also only one entry because t2 is the only transition enabled by MI. 

Firing t2, at time ~, for any value in a potentially infinite number of values 
in [2, 4], leads to the state S2 = (M2, h) with: 

M2 = (11 0 1 O)T, and 

h = {2::;; BUI)::;; 6, 

1 ::;; B (t3) ::;; 4}. 

Now h has two entries because both tl and t3 are enabled by M2. 

Firing tl is allowed at state S2 between the relative time value 2, the 
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minimum value of [2, 6], and the relative time value 4, the minimum value of the 
maximum values, in this case the minimum value of 6 for t1 and 4 for t3. Firing t1 
at time ~ in the intervals [2,4] leads to the state S3 = (M3, h) with: 

M3 = (0 1 1 1 O)T, and 

h = {2 ~ () (t2) ~ 4, 

max{O, 1 - ~} ~ ()(t3) ~ 4 - ~}. 

Two transitions are enabled in M3, giving again two entries for h 
Suppose that ~ = 3, then 

h= {2~ ()(t2)~4, 
° ~ () (t3) ~ I}. 

In this case, only t3 can fire. If ~ = 1, then 

h = {2 ~ () (t2) ~ 4, 

° ~ () (t3) ~ 3 }. 

In this case, either t2 fires for any value of relative time in [2, 3], or t3 fires for 
any value of relative time in [0, 3]. 0 

4.1.5 Multiple Enablings of Transitions 

Suppose that transition ti' with firing interval (a;, /3D, is enabled by the current 

marking and that time () (a; ~ () ~ /3i) has elapsed since it was enabled: Also 
suppose that a different transition ti / is fired at time (); this is possible because 
another transition can fire independently of ti. After step (2)-(b) of the firing of 
ti ~ the current firing time of ti is (max {O, a; - ()}, /3i - 8). 

Now suppose that firing this transition ti / causes transition ti twice enabled: 

firing ti / adds one or more tokens to the input places of transition ti in such a 

way that the new marking M/becomes twice and only twice enabled, i.e., 

('r;fp)(2· I(ti,p) ~ M'(p» 

and 

(3p) (M'(p) <3·I(ti ,p». 

After step (2)-(c) of the firing rule for ti ~ transition ti is now twice enabled and 

is related to two intervals: 

• (max {O, a; - ()}, /3i - 8) for the first time it was enabled; 

• (a: ,/3:) for the second time it is enabled. 

One of these intervals must be considered for ti to be fired when time 

elapses: anyone randomly or the oldest? etc. 
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Some strategies may be devised and consistent meanings may certainly be 
found for most of them. In what seems to be a general interpretation, transitions 
enabled several times simultaneously can be considered as independent 
occurrences of the same transition. As a consequence, the choice has been taken 
to fire the occurrence that is related to the oldest interval: then transitions are 
fired with, in some sense, a first-in-first-out discipline. The general theory and a 
general software exist based on the later choice, but for simplicity and unless 
explicitly mentioned, the nets considered in the remainder of this chapter obey 
the previous restriction, i.e., no transition can be enabled more than once. The 
generalization is not difficult but complicates the notations because the set of 
enabled transitions must be enlarged to include any transition t; multiply 
enabled j times. 

4.2 An Enumerative Method for Analysis of Time Petri Nets 

Denote a firing schedule by a sequence of pairs 

(tJ, (1)(t2, 8;.) ... (tn, On) 

where fl ,f2 "",fn are transitions, OJ, 8;., ... , On are times, and a pair (t;, 0;) 

represents t; fires from state S;_I at time 0;. This firing schedule is feasible from 

a state So if and only if there exist states SI' S2"" Sn such that S; is reached from 

S;_I by firing t; at time 0; for all i = 1,2, ... , n. 

The firing rule permits one to compute states and a reachablity relation 
among them. The set of states that are reachable from the initial state or the set of 
firing schedules feasible from the initial state characterizes the behavior of a 
TPN in the same way as the set of reachable markings or the language of firing 
sequences characterizes the behavior of a Petri net. 

However, using this set of states for analysis purpose is not possible in 
general since this set may be infinite. Only simulation can be conducted by using 
such a simple approach. 

An enumerative technique is proposed by Berthomieu et al. [BD91], which 
supports reachability analysis of TPN models. In this section, based on the 
concept of state class, we introduce this enumerative method. 

4.2.1 Informal Introduction to State Classes 

Informally speaking, state classes are defined as the union of all firing values 
which are possible from a given marking. A state classes, C = (M, D), is a pair: 
a marking M and a domain D. In particular, D will finitely represent the infinite 
number of firing times possible from marking M. The marking is the usual 
marking in Petri nets and the domain D is defined as the set of solutions of a 
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system of inequalities which captures the global timed behavior of a given TPN. 

It will be shown that the number of state classes, with static EFf's and 
LFf's for transitions chosen among rational numbers, is bounded if and only if 
the TPN is bounded in the sense of ordinary Petri net theory. 

We now informally introduce state classes and firing rules, where computing 
state classes extends computing states as defined in Section 4.1. Formal 
definitions will appear in Section 4.2.2. 

A. Stille Classes and Transition Firings 

In the previously defined notion of state, a state is reached from the initial state 
by a given sequence of values of firing times related to a firing sequence OJ. 

Rather than considering this state, consider the set of all states reached from the 
initial state by firing all feasible firing values corresponding to the same firing 
sequence OJ. This set of states will be considered to be an aggregated pseudostate 
and is called the state class associated with the firing sequence OJ. 

It will be shown in Section 4.2.2 that a state class is a pair C = (M, D) in 
which: 

(1) M is a marking, the marking of the class: all states in the class have the 
same marking; 

(2) D is the firing domain of the class; it is defined as the union of the firing 
domain of all the states in the class. 

D will be defined as the solution set of a system of inequalities in which 
variables are one-to-one associated with the transitions enabled by marking M. 
Mathematically, 

D={OIA·O ~b}, 

where A is a matrix, b a vector of constants, and 9 a vector of variables, 
depending on the enabled transitions. In Section 4.2.2 we will show that the 
firing domain of the initial state class can be expressed as above and that the 
definition of the firing rule maintains the form above. 

A transition, tj' is firable from class C = (M, D) if and only if both the 
following conditions hold: 

(1) tj is enabled by marking M: 

(Vp)(M(p) ~ J(ti'P). 

(2) The firing interval related to transition tj must satisfy the following 

augmented system of inequalities: 

A·6~b 

8(tj)S 8(tj) forallj,j:¢:.i. 
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where 8 (t j) denotes the firing interval of transition t j enabled by 

marking M. This enforces that firing tj must occur before the min of all 

LFT's related to all enabled transitions. Note that the condition 8 (tj) ::; 

8(tj) for allj,j;;f. i, refers to condition (2) in Section 4.1.3. 

It would be difficult to express condition (2) above for classes only using the 
EFTs' and LFf's of the transitions, as we did for states. This is because some 
nontrivial relationships exist between the firing times of different transitions, as 
it will be shown by the following example. 

Example 4.4: 

Consider the TPN of Figure 4.1. 

Case 1 (simple case). The initial class, Co is given by 

Mo = (l 1 00 ol, and 

Do = {2::; 8(tl)::; 6}. 

After the firing of tl, the next class CI is simply given by 

MI = (0 1 1 0 O)T, and 

DI = {2::; 8 (t2) ::;4}. 

After the firing of t2, the next class C2 is simply given by 

M2 = (1 1 0 1 ol, and 

D2 = {2::; 8(tl)::; 6, 

1::; 8 (t3) ::; 4}. 

Then transition tl can fire again if, furthermore, 

O(tl)::; 8(t3) 

Also, transition t3 can fire if, furthermore, 

8 (t3) ::; 0 (t l ) 

Case 2 (general case). When firing tl at Co and firing t2 at Cb no transition 
already enabled remained enabled after the firings, giving a simple case. A 
complex case occurs when some transitions remain enabled after a firing. We 
consider this case now. 

After the firing of t2, transition tl for instance can fire again from time 8 = 2 
to 8 = Omax related to an upper bound because at that ~x the corresponding 
transition has to fire. Then tl can fire at any 8 (tl) in the interval 2 ::; 8 (t l ) ::; 4 
because of t3' 

From marking M2, and enabled transitions tl and t3, firing tl is possible if the 
following system has a solution: 

2::; 8 (tl) ::; 6 
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1::; 8 (t3) ::; 4 

8 (tl) ::; 8 (t3)' 
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The first two inequalities hold for tl and t3; if firing t3 is considered instead of t1. 
then the last one must be replaced by () (t3) ::; () (tl). As a consequence, we 

conclude that transition tl can be fired at 2 ::; 8 (tl) ::; 4 (and t3 at 1 ::; 8 (t3) ::; 4). 

min of 9Ct!) min of the max of {9Cti)} .. .. 
1 2 3 4 5 6 .. ... 

h 

t3 

... 91F .. ... 
9'(t3) 

.... --... 
~ ... 

Figure 4.2. A timed firing schedule. 

Computation of all possible firing times for transitions, including the ones 
that remain enabled, can, in fact, be rather elegantly handled by an adequate 
change of variables resulting from the transition in the augmented system. 

Let us suppose that tl is fired after a given time BtF (between 2 and 4), as 
shown in Figure 4.2. It shows that, after the firing of tt. transition t3 remain 
enabled while a given time, BtF, has elapsed. After the firing, its new time value, 
8tt3), can be defined by a transition 8 (t3) = 8tt3) + 81F. 

or 

Firing t1. using: 1 ::; 8 (t3) ::; 4 and 8 (t3) = 8tt3) + 81F, gives 

1 ::; 8tt3) + BtF::; 4 

with 
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2 ~ OtF ~ 4 

Eliminating BIF defines the firing time of transition t3 at the next state class: 

o ~ Btt3) ~ 2. 

Then the state class reached after the firing of t" C3 given by 

M3 = (0 1 1 1 O)T, and 

D3 = {2 ~ B(t2) ~ 4, (for newly enabled transition t2) 

o ~ Btt3) ~ 2}. o 
As we have seen now, it is still a not easy thing to analyze a TPN model, 

since there exist an infinite number of firing instants for any transition, and when 
a transition fires, its firing must keep relevant constraints. 

B. Recursive Computation of State Classes 

Consider again the definition of classes and assume that transition ti is fired from 
a class C = (M, D) where 

D ={OIA.O ~b}. 

Class C / = (M ~ D), reached from class C = (M, D) by firing transition ti is 
defined to be computed as follows. 

(1) As in Petri nets, the new marking is defined by 

(\lp) M '(P) = M(P) - /(ti' p) + O(tio p). 

(2) Domain D /is computed from domain D by a three-step procedure. 

(a) Add to the system A· 0 ~ b, that defines domain D, the firability 
conditions for transition ti; this leads to the augmented system: 

A·O~b 

B (ti)~ B(tj) forallj,j:;t:i. 

Make the following change of variables: express all times related to 

variables B (t j ), with j :;t: i, as the sum of the time of fired transition ti 

and of a new variable B" ( t j ) with 

B(tj)= B(ti )+ B"(tj) for allj,j:;t: i. 

and eliminate from the system the variable B (t i ) by deriving the new 

firing intervals and the needed constraint relationships. The resulting 
system may be written as: 

A"'· 0'" ~ b'" 

O~O 
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with A",h" computed from A and h. The inequalities define the new 

variables. 

(b) As for 0 (ti)' in a similar way, eliminate from the system obtained 

after step (a), accounting for the relationships they imply, all variables 

corresponding to the transitions disabled when ti is fired. These 

transitions are the ones enabled by M and not enabled by MO - J(ti' 

.). i.e., before computing the new marking. 

(c) Augment the system obtained after step (b) with new variables, each of 
which corresponds to a newly enabled transition, and define these 
variables to belong to their static firing intervals. The newly enabled 
transitions are those not enabled by Me-) - J( ti' .) and enabled by M'. 

It will be shown in the next section that this new system of 
inequalities may be written as 

A'· 0' ~ h' 

It has as many variables as there are transitions enabled by marking M ~ 
and its solution set defines D ~ 

4.2.2 Formal Definition of the Behavior of Time Petri Nets 

In this section, we are going to show that, when firings are considered, the 
domains of state classes can be described as a set of inequalities of the form: 

at ~ 0 (ti) ~ j3;, for all ti which is newly enabled 
or which remains enabled. 

O(tj) - O(tk) ~ 11k> for all tj , tk withj *- k, which remains enabled. 

Definition 4.2: A TPN is T-bounded if there exists a natural number k such that 
none of its transitions may be enabled more than k times simultaneously by any 
reachable marking, i.e., 

(3k E N) ('\1M E R(Mo» ('\I ti E n (3p E P)(M(P) '5. (k+ 1 )J(ti' p». 

If k = 1, then the TPN is T-safe. 

Recalling the definition of boundedness given in Chapter 2, we know that 
boundedness implies T-boundedness, but the converse is not true. 

Theorem 4.1: [BD91] The firing domains D of state classes for any T-safe TPN 
can be expressed as solution sets of systems of inequalities of the following 
form: 

at ~ O(t;) ~ f3t for all i 

o (tj) - 0 (tk) '5. 11k for allj, k with j *- k. 

Proof: Let us prove that this is true for the initial class and that this from is 
conserved by transitions between classes. 
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Part A: 

PI: Initial class. 

PI-a: The initial marking of the initial class is the initial marking of the Petri 
net (the Petri net obtained from the TPN when all time pairs have been 
deleted). 

Pl-b: The initial domain is defined as a set of inequalities: a/ ~ B (ti) ~ Pt, 
for all ti, where ti is associated with the ith transition enabled by the initial 
marking and a/ and P/ are the static EFT and LFT of that transition, 
respectively. 

Default values for 11k may be provided with 11k = P/ - at. By definition, 
these inequalities are redundant and do not affect the solution set of the system 
a/ ~ ~ti) ~ P/o 

SO, the initial firing domain fulfils the general form. 

Part B: 

Computing the firing domain of a next class, as defined in the firing rule, 
consists of three steps: let us show that they produce, from a system with the 
general from, new systems that also have this general from. 

P2: Step 1: Starting from a system given above, we are going to show that this 
step transforms this system as follows: (tf being the fired transition): 

(OPl) 

• at becomes max{O, -'}ji, at - fit} referred to as max{ a -1-1, a -1-2} 

• Pi becomes min { Xf' Pi - lXt} referred to as min {P - 1 - 1, P - 1 - 2 } 

• 11k becomes min { 11k> ~ - txt} referred to as min { r - 1 - 1, r - 1 - 2 } 

All inequalities containing variable B(tf) disappear from the system. 

P2-a: By definition, a~ 0, giving max(O). 

P2-b: B (tf) appear in 

lXt~ B(tf) ~ fit (4.1) 

B (ti) - B (tf) ~ rif (4.2) 

B(tf) - B(ti) ~ '}ji (4.3) 

B (tf) does not appear in 

at ~ B(ti) ~ Pi (4.4) 

B(tj) - B(tk) ~ 11k. (4.5) 

From (4.4), using B(ti) = B(tf) + B"(ti), it comes: 

at - B (tf) ~ B~tti) ~ Pi - B (tf), 

and from (4.1): 

at - Pi ~ B~tti) ~ /3; - lXt, 
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which gives a -1- 2 and 13 - 1-2. From (4.2), it comes: 

O~tti) ~ Yif' 
which gives 13 -1-1. From (4.3): 

o (tf) - O~tti) - 0 (tf) ~ Yfi, 
giving - O~tti) ~ Yfi and a - 1- 1. From (4.5): 

O~tti) + 0 (tf) - O~ttk) - 0 (tf) ~ 11k> 

which gives y-l-l. 
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P2-c: The new relationships between 0 (ti) and 0 (tk) come through 0 (tf)' as 

llj ~ O~tti) + 0 (tf) ~ Pi 
llj - O~tti) ~ O(tf) ~ Pi - O~tti) 

and 

€Xi; - O~ttk) ~ 0 (tf) ~ 13k - O~ttk) 

giving 

O~ttk) - O~tti) ~ ftc - llj 

and 

O~tti) - o~ttt> ~ Pi - €Xi; 

(y-I-2) 

(y-I-2). 

Step 2: Eliminations correspond to step (2)-(b) of the firing rule and consist 
of successive eliminations in the system of the variables associated with the 
transitions disabled when tf is fired. Each elimination, for instance of variable 
~.te), corresponds to the following transformation of the system: 

(OP2) 

• at becomes max { at, at - Yei} or max{O, a-2-1, a-2-2} 

• A becomes min{f3i' f3e + l1e} or min{f3 -2-1,13 -2-2} 

• 11k becomes min {11k> l1e + Yek } referred to as min { y - 2- 1, Y - 2- 2} 

As before, 0 (te) appear in 

ae ~ O(te) ~ f3e 

o (te) - 0 (tk) ~ Yek 

o (ti) - 0 (te) ~ 11e 

and not appear in 

at ~ o (ti) ~ f3i 

(4.6) 

(4.7) 

(4.8) 

(4.9) 

O(ti) - o (tk) ~ 11k. (4.10) 

Equation (4.9) and (4.10) give a - 2- 1, 13 - 2- 1 and y - 2- 1; (4.7) and (4.8) 
give y - 2-2, (4.8) and (4.6) give a - 2-2 and 13 - 2-2. 

All inequalities containing variable 0 (te) disappear from the system. 
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Step 3: Corresponding to step (2)-(c) of the firing rule, this step consists of 
successively introducing in the system the variables and inequalities relative to 
the newly enabled transitions. Each introduction of variable fXJn) for instance, 
corresponds to the following transformation of the system: 

(OP3) 

• For all i, j, k, distinct from n, lX;, f3i and 11k do not change. 

• A new variable 8 (tn), when introduced, is constrained by the inequalities: 

a"s ~ 8 (tn) ~ f3ns 

where a"s and f3ns denote the Static EFr and LFr of the transition associated 
with tm respectively. 

• Further inequalities have to be provided for relationships between variable 
~Jn) and the others. These inequalities are 

8 (tn) - 8 (tk) ~ Ynk for all k, k :I; n. 

8(tj) - 8(tn) ~ I1n for allj,j:l; n. 

Default values for Ynk and I1n must be chosen such that these inequalities are 
redundant. This is achieved by selecting 

Ynk = f3ns - ak 

I1n = A- ans. 
For achieving the proof of Theorem 4.1, it must be shown that firing a 

transition keeps the general from for the systems that define the firing 
domains. Firing a transition consists of an application of transformation (OP1) 
followed by a number of applications of (OP2) and a number of applications of 
(OP3). Each of these transformations individually keeps the general form, so 
does their combination. 0 

Using the firing rule, a tree of classes can be built. Its root is the initial class 
and there is an arc labeled with ti from class C to class C/if ti is firable from 

class C and if its firing leads to class C ~ 

In this tree of classes, each class has only a finite number of successors, at 
most one for each transition enabled by the marking of the class. 

From the definition of the classes, any sequence of transitions firable in the 
TPN will be a path in the above tree of classes. Further, the existence of a path 
labeled w between two classes C and C I of the tree must be interpreted as 
follows: there exist two feasible firing schedules (0; tl) and (w, t2) such that 

(0",1,) ) S 
1 

(CO,12 ) ) S' 

where S belongs to class C and S/to class C~ 
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4.3 Reduction of Time Petri Nets 

Since the enumerative method given in Section 4.2 is based on the generation of 
the set of reachable states (markings), it thus inevitably suffers from the state 
explosion problem. An effective technique for reducing state space size of a TPN 
is to reduce net size. Sloan and Buy [SB96] developed a set of reduction rules for 
TPN's. In this section, we introduce these rules. 

4.3.1 Equivalence of Two Time Petri Nets 

We first introduce some concepts and notations. A (firing) schedule for TPN N = 
(P, T, I, 0, Mo, Sl) is a finite sequence of ordered pairs (t;, ~) such that 
transition tl is firable in state (Mo, 10), and fires at globe time 8:t; transition tj is 
firable in the state reached by starting in the initial state and fIring the transition tj 
for 1 ~ j < i in the schedule, and fires at globe time OJ. For N with schedule co, we 
denote the state reached by starting in N s initial state and firing each transition 
in OJ at its associated time by rAN, OJ). The time of rAN, co) is the global firing 
time of the last transition in co. Since the set of all firing schedules of N is an 
extension of the language of an untimed net, we will also denote it by L(N). 
Also, we use NIX for the time Petri net obtained by the restricting the underlying 
graph to X, and N - X to denote NIX:, where x: is the complement set of X. This 
notation is also used for net states and firing schedules. For example, N - {tl> t2} 

refers to what is left on net N once one removes the transitions tl and t2 together 
with all arcs incident on either tl or t2' As another example, if (M, l) is a state of 
net N, then (M, l) - {t, p} is the same state with place p deleted from the 
marking and transition t's firing interval, if any, deleted from domain l. Finally, 
for time Petri net N = (P, T, I, 0, Mo. Sl) and X cPu T, we define L(N)IX to 
be the set of all schedules of N with all pairs containing a transition not from X 
deleted. Also, L(N) - X = L(N)I(T\ X). 

Below we give the formal definition of equivalence between any two nets: 

Definition 4.3: Fix some rule for transforming a time Petri net N to a time Petri 
net NR• Let U be the set transitions of N which are left completely unmodified by 
this transformation. We say that (reduced) net NR is equivalent to (original) net N 
after the transformation if 

(1) L(N)IU = L(NR)IU. 

(2) If the underlying untimed Petri net of N is safe, then so is the underlying 
untimed net of N R. 

In the rest of this section, we will present several reduction rules that fuse 
together two or more transitions. We will give the proof that the first rule 
preserves equivalence in complete detail. In addition, the following interval 
arithmetic will be used later: Let II = [a}, bd and 12 = [a2' b2], with 0 ~ aj ~ bj ~ 
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+00. Then we define II + 12 to be the interval [al + a2, bl + b2]. In the special case 
where 12 is a point interval, i.e., a2 = b2, and additionally, a2 ~ at. we define II -
12 to be the interval [al - a2, bl - b2]. We also define for a Petri net that: 

't = {p I I(t, p) ~ I}, 

t' = {p I O(t, p) ~ I}, 

'p = {t I O(t, p) ~ I}, 

p'={tl/(t,p)~l}, 

where, 't is called the input set or preset of transition t, t * the output set or postset 

of t; 'p is called the input set or preset of place p, p' the output set or postset of p. 

4.3.2 Serial fusion 

Reduction rule 1 (serial fusion) Preconditions. There exist two transitions tl and 
t2 and a place p satisfying: 

1. Place p is unmarked in the initial marking. 

2. tl * = P = 'tl. (Place p is the unique output place of tl and the unique input 
place of t2') Also, p e * tl and p e t2*' 

3. Place p is disconnected from all other transitions. 

4. Either (t l )* = {ttl (transition tl doesn't share any of its input places with 
other transitions), or SI(t2) = [0, 0]. 

Rule. Transitions tl and t2 may be replaced by a single transition tl with static 
interval SI(t/) = SI(tI) + SI(t2), with input set *tl= *tl> and with output set t; = t2* 
(See Figure 4.3). 

~c. b+d] 

(a) (b) 

Figure 4.3. lllustration of serial fusion reduction rule. 
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The first three preconditions are necessary for untimed Petri nets as well 
[TSM90]. We illustrate the necessity of the fourth condition in Figure 4.4. On the 
left is a net fragment that meets the first three conditions of the serial fusion rule, 
but violates the fourth condition. In this net, when a token arrives in place PI, 
either transition tl or transition t3 may fire one time unit later. If one applied the 
serial fusion rule to obtain the fragment on the right, then, once a token arrives in 
PI in the reduced net, transition t3 must fire. Thus, the non-deterministic choice 
between t3' s firing and t/ s firing would be lost in the reduced net. 

Using the serial fusion rule, we can illustrate why we require that the 
underlying Petri net of a time Petri net be safe. Consider the application of the 
serial fusion rule to the net fragment on the left side of Figure 4.5, which would 
result in the fragment on the right side. Note that the unreduced time Petri net on 
the left is safe because the token deposited in place PI by the firing of transition 
t4 is removed before transition t5 fires. The underlying untimed Petri net is not 
safe, however. The net fragment shown on the right is unsafe as a time Petri net, 
since two tokens accumulate in PI before transition tt fires. Since any practical 
application of net reduction technique will consist of repeated applications of the 
reduction rules, it is crucial that each rule preserve safeness. 

tz 
[2, 

t3 
[1, 1] 

13 
[1, 1] 

(b) 

Figure 4.4. lllustration of necessity of the 4th condition of the serial reduction rule. 

Theorem 4.2: Let time Petri net NR be derived from time Petri net N by applying 
the serial fusion rule to transition tl and t2 and place P of N to obtain transition tt 
in NR. Then NR is equivalent to N [SB96]. 

Proof: We must show both L(N) - {tlo t2} ~ L(NR) - {tt} and L(NR) - {ttl ~ 
L(N) - {tlo t2}. First we show L(N) - {tlo t2} ~ L(NR) - {ttl. by proving the 
following (stronger) claim by induction. 

Claim: For every schedule (JE L(N) there is a schedule (JR E L(NR) such that 



82 

(a) 

ts 
[4,4] 

t. 
[2,2] 
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(b) 

Figure 4.5.111ustration of requirement that untimed Petri net be safe. 

(a) (j- {tt. t2} ~ (jR - {tf}, 

(b) if each firing of t} in (jis followed by a firing of t2, then 

q:i..N, d) - {tt. t2, p}= q:i..NR' (jR) - {tf}, and 

(c) if t, is enabled in q:i..N, d), then tf is enabled in q:i..NR• (jR) and the time 
since enabling of t, in q:i..N, d) is the same as the time since enabling of tf 
in q:i..NR' (jR). 

The induction is on number of firing of t2 in schedule 0: Note that N - {tt. t2, 
p} = N R - {tf}. For the base case, let (j be a schedule containing no firing of t2. If 
t, Ii!: (7, then (jE L(N- {tt. t2, P n, so putting (jR =(jsatisfies the claim. 

Consider now the case where t, is in (jbut t2 Ii!: a Obviously part (b) of the 
claim is vacuously satisfied. Since N is safe, there must be only firing of t, in u. 
Thus let (j = (j,(tt. O)~, where t, and t2 do not appear in either (j, and 02. Note 
that t, can not be enabled at the end of ~ because if it were, then the underlying 
untimed Petri net would not be safe. Thus (c) is vacuously satisfied. If S/(t2) = 
[0, 0], then SI(t,) = S/(tf)' so we can use Oi.(tj. O)~ as a schedule of NR that 
satisfies part (a) of the claim. 

Otherwise, if S/(t2) :¢:. [0, 0], use the schedule Oi.~. This schedule obviously 
satisfies part (a) of the claim; we just need to be sure that it is a legal schedule for 
NR• All transitions in (j, are clearly still firable in NR• As we will now explain in 
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detail, transition in 02 are firable in NR because of two key facts: transition tf does 
not share any input places with other transitions; and transition tl has no output 
places other than p. 

The only problem that could arise with schedule 02 in net NR is that because 
tf has a later firing interval than tl, the tokens sitting in the input places of tf after 
0"1 has been completed could force some transition not in 02 to fire before the 
completion of 02. However, since tb and thus tf , do not share input places with 
any other transition, the tokens in the input places of tf cannot enable in NR, at 
any time during 02, any transition that is disabled in N. Thus, 02 is feasible in NR• 

Now assume the claim is true for any firing schedule of N with up to k 
firings of t2, and consider any schedule 0" of N involving k + I firings of f2. Since 
{p} = tl* = * t2 and place p is initially unmarked, tl must fire once before each 
firing of t2' Because the underlying net is safe, tl cannot fire twice without an 
intervening firing of t2' Therefore 0" must contain either k + 1 or k + 2 firings of 
tl' 

Consider the case where O"contains k + 1 firings of tl' Write 

0" = O"I(tb ~,I)VI(t2' BI,2)0i(tj, ~,I) V2(t2, ~,2)'" 

O"k+I(tj, Bk+I,I)V k+I(t2, Bk+I ,2)O"k+2, 

where neither tl nor t2appears in any OJ or Vj. Put 0"; = O"I(tj, BI,I) ... O"k+l. By the 
inductive hypothesis, there is a firing schedule O"R; for NR such that qXN, O"j -

{tj, t2, p} = qi . .NR' O"R j - {tf}, and such that at the end of these two schedules the 
time since enabling of tl in N is the same as the time since enabling of tfin N R. 

If transition tl does not share any of its input places, then its final firing in 0" 

must be in the interval Sl(tl) after its enabling, and transition t2 must fire in 
interval SI(t2) after Bk+I,j, so tokens must appear on all the output places of t2 in 
the interval Sl(tl) + SI(t2) after the enabling of tl. By part (c) of the inductive 
hypotheses, we conclude that all the times in that interval are precisely when 
tokens may appear in the equivalent output places of tf in the reduced net NR• 

Thus, we can complete the schedule of NR by appending Vk+ICtf' i4+I,2)O"k+2 to 
O"R ~ again satisfying part (a) of the claim. If SI(t2) = [0, 0], then Sl(tl) = Sl(tf)' 

and we again complete the schedule for NR by appending Vk+l(tf' i4+I,2)O"k+2 to 
O"R ; (because in this case all transitions in Vk+ 1 and t2 fire at the same time). This 
also satisfies part (a) of the claim. Since tokens arrive in the same time interval in 
t2* and ti, thus the schedule satisfies parts (b) and (c) of the claim. The case of 
firing schedules containing k + 2 firings of tl but only k + I firings of t2is similar. 

Now we show that L(NR) k L(N). This time we prove that for every 
schedule p of NR, there is a schedule 0" of N such that (if we take t2 and tf to be 
the same label) p = 0"- {til and qi,NR, p) = rAN, 0) - {tj, p}. Moreover, if the 
last transition of p enables tf' then tl is enabled in rAN. 0) with the same enabling 
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time. We proceed by induction on the number of firings of tf in p. 
The case where transition tfnever fires is clear. Now consider a schedule 

P= PI(tf' BI)Pz(tf' ~) ... Pk(tf' Bk)Pk+l(tf' Bk+I)Pk+2 

of NR that involves k + 1 firings of tf' where no Pi contains tf. Let p/ = PI(tf, 

Bt)Pz(tf' ~) ... Pk(tf' Bk)Pk+t. where Pk+1 is Pk+1 truncated immediately after the 
transition firing which enables the (k + l)st firing of tf. By inductive hypothesis, 
there is a schedule a/of N corresponding to p~ and transition tl is enabled at the 
end of a~ 

Let I be the time from the end of P / to the firing of last tf in p. We can split I 
into two portions, I = II + 12 such that II E Sl(tl) and 12 E S/(t2). The schedule a/ 
can be extended so that tl fires at time II after the end of a~ If tl does not share 
any of its input places then this is clear. Otherwise, we know that SI(tf) = Sl(tl). 
Thus since tfcan fire at time It. so can tl' 

Thus, we can extend the schedule a/to the schedule a of N as follows. First 
we append the remainder of Pk+l, together with tl inserted at time II after the end 
of a~ To this we append (t2, Bk+I)Pk+2' Since *tf = "tt. if the last transition of Pk+1 

enables tf' then it also enables tl' 

The serial fusion rule preserves the safeness of the underlying untimed Petri 
net because this is a special case of the reduction rule on FST given in Section 
2.5.3, which is known to preserves safeness. 0 

4.3.3 Pre-fusion 

Reduction Rule 2 (pre-fusion) Preconditions. There exists a place p, a transition 
tlo and a set of transitions S such that: 

(1) Place p is unmarked in the initial marking. 

(2) tl"= {pl. 

(3) Place p E "t for every t E S. 

(4) Place p is disconnected from all transitions other than tl and those in S. 

(5) (t1)" = (td. 
(6) Either Sl(tl) = [0, 0], or, if Sl(tl) = [d, d] with d > 0, then for every 

transition t E S, for every q E *t with q * p, we have nice tree (t, q, d). 

The nice tree (t, q, d) is given by: 

(1) q" = {t}. 

(2) (q)* = {q}. 

(3) For each t/ E *q, either d $; EFT(tj, or for each place q E *t~ nice tree 
(t~ q~ d - EFT(tj). 

Rule. Remove place p and transition tl' Make every place in *t an input place of 
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every transition in S. If SI(t\) = [d, d] with d * 0, then add d to the time interval 
of every transition in S, and adjust the times of the transitions in the trees found 
by the nice-tree condition as follows: For each t E *c*S), subtract m = mined, 
EFf(t)) from SI(t). If m < d, then for t~ E *c*t), subtract mined - m , EFf(t') 
from SI(t'. Continue subtracting out times along the transitions in the tree in this 
fashion until the leaves are reached (which will occur when the full d has been 
subtracted out along each tree path starting at q). 

The pre-fusion rule is illustrated in Figure 4.6. 

Figure 4.6. Example of pre-fusion reduction rule, with S = {t2}. 

The nice-tree condition says that for every transition t2 E S, we can find a 
tree embedded in the TPN with root 12 and leaves that are transitions, such that 
the sum of the earliest firing times of the transitions along any root-to-Ieaf path is 
at least d. This tree must include as nodes all input places of any non-leaf 
transition except for the place p itself, and all output places of every transition in 
the tree. 

Theorem 4.3: Let time Petri net NR be derived from time Petri net Nby applying 
the pre-fusion rule to transition tlo place p and transition set S of N. Then NR is 
equivalent to N [SB96]. 

4.3.4 Post-fusion 

Reduction rule 3 (post-fusion) Preconditions. There exist two nonempty sets of 
transitions A and B and a place p satisfying: 

(1) Place p is unmarked in the initial marking. 

(2) For every a E A, place p E a*, and p e *a. 

(3) For every b E B, *b = {p} and p e b*. 

(4) Place p is disconnected from all other transitions. 
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(5) Every bE B has SI(b) = [0, 0]. 

Rule. Remove place p. For every a E A and b E B, create a new transition tab 
with "tab = 'a and tab' = (a' \ {p}) u b', and SI(tab) = SICa). Remove all 
transitions in A and B. 

An example of the application of the post-fusion rule is given in Figure 4.7. 
All the preconditions not having to do with firing intervals are the same as for the 
untimed version of the reduction rule. The restriction that all the transitions in B 
have static firing intervals of [0, 0] is necessary so the time at which output 
places of transitions in A (other than p) receive tokens is not changed. 

c:::::::::::;> 

[0,0] 

(a) (b) 

Figure 4.7. lllustration of post-fusion reduction rule. Here the set A is {tal 
and the set B is {tbh tb2}' 

Theorem 4.4: Let time Petri net NR be derived from time Petri net N by applying 
the post-fusion rule to sets of transitions A and B and place p of N. Then NR is 
equivalent to N [SB96]. 

4.3.5 Lateral Fusion of Transitions 

This rule is applied to a set S of transitions such that all transitions in S are 
preceded by a common transition not in S. The transitions in S can be replaced 
by a unique transition, tf. Figure 4.8 illustrates the case in which two transitions, 
t1 and t2, are preceded by the common transition te' We now give the formal 
definition of the lateral fusion rule. 

Reduction rule 4 (lateral fusion) Preconditions. A set of transitions S is laterally 
fusible into a transition tf if there is a transition te e S, and a distinct place Pi for 
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each ti in S such that: 

(l) For every place Pi we have ·Pi = {tel and pt = {ti}, 

(2) For every transition ti E S we have • ti = {Pi}' 

(3) All places Pi have the same number of initial tokens. 
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(4) All transitions in S have the same static firing interval, and this interval 
is of the form [a, a]. 

Rule. Every transition in S is replaced by a single transition, tf' that has the same 
static firing interval as the replaced transitions. The input and output sets of tf are 
the union of the corresponding sets for each transition in S. 

An example of the application of the lateral-fusion rule is given in Figure 
4.8. 

Theorem 4.5: If time Petri net NR is derived from time Petri net N by applying 
the lateral fusion rule, then NR is equivalent to N [SB96]. 

t2 
[a, a] 

(a) (b) 

Figure 4.8. lllustration of lateral fusion reduction rule. 

Example 4.5: 

Figure 4.9 shows an example of the reduction of a TPN model. Our goal is to 
compute the time delay of the transition from the initial marking to the absorbing 
marking in which place P3 is marked. Applying serial fusion rule to net (a) gives 
net (b); applying lateral fusion rule to net (b) gives net (c); eliminating redundant 
places of net (c) gives net (d); applying serial fusion rule to net (d) gives net (e). 
From net (e) we can easily conclude the delay takes any value in [10, 21]. 0 



88 

(a) 

(b) 

f-------------------- j 
I I 

: [1,4] [3,5]: 
I I 
I I 

[1,8] 

II serial jusion 

r-------------
I [4,9] 
I 
I 
I 

[1, 8] 

T~EPETRINETS CHAP.4 



TIMED PETRI NETS: THEORY AND APPLICATION 

(c) 

n lateral fusion 

r-------------I 
I I 
I I 
I I 
I 

[I, 8] 

n redundant places U elimination 

[1,8] n serial fusion 

PI [7, 17] P3 

(!) ~I~ ~O 
0----++0~;,4] 

(e) P2 [1,8] 

Figure 4.9. Example of reduction of TPN. 
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4.4 Compositional Time Petri Net Models 

Despite the modeling capacity, the application of TPN' s to realistic cases would 
be still limited without modularization capabilities. Some extensions have been 
proposed by augmenting Petri nets with module constructs, such as PROTOB 
[BB91], OBJSA nets [BCG88], the Cooperative Objects Language [BBP93], 
OPNets [LP93], Communicating Time Petri Nets (CmTPN) [BM95], and 
Compositional Time Petri Nets [DWS98, WD98]. In this section, we present the 
compositional time Petri net model and its analysis method. 

4.4.1 Compositional Time Petri Net Models 
The building blocks of a compositional TPN are components. A component is a 
coarse grained subnet of a TPN. A compositional TPN model consists of two 
basic elements: component TPN models and inter-component connections 
(connections in brief). The component TPN models describe the real-time 
behavior and communication interface of the components; the connections 
specify how the components interact with each other and, in tum, form a 
composition model. All connections are defined using only communication 
interfaces, which gives us the flexibility to change the design of individual 
components without a need to void the analysis of the entire system. 

I 
I 

I 
I 
I 

\ 
\ 

\ 
\ 

\ 

, 

, 

Figure 4.10. Framework of compositional TPN model. 

As an example, Figure 4.10 shows the framework of a two-level 
compositional TPN model. The high-level model has three components - A, B, 
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and C. Component C is further refined at the low level design into the 
composition of components E, F, and G. The model at any level must satisfy the 
timing constraints specified at that level. The operational component model has 
two parts: (1) communication ports (denoted graphically by half circles), 
including input ports (e.g., port6) and output ports (e.g., port7), and (2) a TPN 
that describes the time-dependent, operational behavior of the component, that is, 
it defines the semantics associated with the ports. The communication between a 
component and its environment is solely through the ports. A connection 
represents a channel of interaction between components. It is modeled by a 
simple TPN and defines the direction of message flow and delay in the channel. 
For example, components A and B have a request-reply relationship that is 
modeled by the bi-directional channel. The communication is asynchronous 
message passing; that is, the sending component does not suspend itself if there 
is a concurrent activity available. At any given design level, ports can also be 
divided into external ports (e.g. portl in the high level design, port6 and port7 in 
the lower level model) and internal ports (e.g. port3 and port4). An internal port 
is defined to communicate with other components, while an external port is used 
to describe the inputs and outputs from and to the environmental of the system. 

Such an interface can be viewed as an information-hiding template for 
system composition, that is, a specific model of a component can be "plugged
into" the place of the corresponding specification to form an instantiated, 
recursively defined multi-level architectural model. 

Now we tum to the formal description of compositional TPN models. We 
first give the TPN model of a given component, then introduce the connection 
among components, which in tum provides us the system compositional TPN 
model. 

Definition 4.4: Let TPN = (P, T, I, 0, Mo, SI) be the time Petri net model of a 
component, and let 

PORTjN = {p Ip E P, *p n T= 0}; 

PORT_OUT= {p Ip E P,p* n T= 0}; 

PORT =PORTjN u PORT_OUT 

= {p Ip EP, *p n T= 0 v p* n T= 0}. 
Then, Vp E PORTjN is called an input port of the component, Vp E 

PORT_OUT called an output port of the component, and Vp E PORT called a 
port of the component. 

Then we can formally define the component TPN model as: 

Definition 4.5: The component TPN model of a component C is a two tuples: N c 
= (TPN, PORD, where 

(1) TPN is the time Petri net model of the component, and 
(2) PORT c TPN.P is the set of ports of the component. 
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Suppose that a real-time DEDS, S, is composed of k components, C!, C2J ••• , 

Ck• The timing property of each component is described by TPN as stated above. 

Definition 4.6: The compositional TPN model of system S is the composition of 
those of components, i.e., 

N = (Uki=! NCiI CON), where 

(1) N Ci is the model of component Ci, 

(2) CON = (P, u\=! Nci.PORT, To I, 0, Mo, Sl) is the connection model 
among these components, where 

(i) P is the set of places of the connection model. 

(ii) No-PORT is the set of ports of component Ci and u\=! NCi.PORT 
cPo 

(iii) Te = {t I :3 Cil *t (l No-PORT_OUT"* 0 v t* (l NCi.PORTjN"* 
0}. Vt E Te is called a connection transition. Te is hence the set of 
connection transitions. 

(iv) V(P E u\=! NCi.PORT.IN, and tETe), I(t, p) = O. That is, an input 
port can only accept incoming communication, but cannot generate 
outgoing communication. 

(v) V(P E Uki=! Nci.PORT.OUT, and tETe), OCt, p) = O. That is, an 
output port can only generate outgoing communication, but cannot 
accept incoming communication. 

(vi) Mo is the initial marking of the connection model. 

(vii) SI: Te ~ R+ x (R+ u 00). 

All component ports contribute as the system's ports. However, these ports 
may play different roles. Generally speaking, these ports fall into two classes. 
The ports in the first class serve as the communication interface among 
components, and they cannot be accessible from the outside of the system; the 
ports in the second class are used to communicate with the environment of the 
system, and they can be accessible from the outside of the system. Formally, we 
have 

Definition 4.7: Let N be the compositional TPN model of a real-time system, 
and let 

N.PORT= {p Ip E P, *p (l N.T= 0 v p* (l N.T= 0}, 

where N.T is the transition set of N. Then Vp E N.PORT is called the external 
port of the modeled system, and Vp E u\=! NCi.PORT - N.PORT is called the 
internal ports of the modeled system. 

Every internal port of a compositional TPN model must be connected to at 
least one connection transition, i.e., Vp E U\=l Nci.PORT - N.PORT, :3 tETe, 
such that let, p) > 0, or OCt, p) > O. 
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4.4.2 Component-Level Reduction Rules 

Before the discussion of the analysis method of compositional TPN models, we 
first introduce a set of component-level reduction rules for TPN's. These rules, 
as we will see in Section 4.4.3, preserve the external observable timing properties 
of the components to be reduced, and contribute as the base of the analysis of 
compositional TPN models. Formally, we have 

Definition 4.8: Fix some rule for transforming a time Petri net N to a time Petri 
net N'. Let U be the set of transitions of N which are left completely unmodified 
by this transformation. We say that the transformation is timing property 
preserving if L(N)IU = L(N)IU. 

Comparing with the definition of equivalence of two TPN's, we know the 
component-level reduction rules don't require the net under discussed be safe. 

The following definition is useful in the proofs of the coming theorems. 

Definition 4.9: We say that a port p gets marked during a schedule m if there is a 
prefix lVJ. of m such that p is marked in the state f{i..N, lVJ.). 

Component-Level Reduction Rule 1 

Let N be the TPN model of a system, and N c the TPN model of a component in 
the system. C.PORTjN= {portl}, C.PORT_OUT= {port2}. The component 
has no enabled transition under the initial marking of N. If 

(1) whenever portl receives a token, port2 is guaranteed to receive a token 
in the future, and 

(2) port 1 cannot receive another token until port2 has received a token, 

then we can reduce N into N by replacing N c with a simple net which is 
composed of two places: portl and port2, and one transition: t(1,2), such that 

(1) portl· = *port2 = {t (1,2)}, *t (1,2) = { portt}, t*(I,2) = { port2}, while 
·portl and port2" remain unchanged, and 

--------.... 

(a)N (b)N' 

Figure 4.11. lllustration of component-level reduction rule 1. 
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(2) S/(t(l,2) = SC( port I , port2), the latter is the time delay interval for the 
token transferfromport1 to port2. (See Figure 4.11) 

Theorem 4.6: The component-level reduction rule 1 is timing property 
preserving. 

Proof: Let time Petri net N/ be derived from time Petri net N by applying 
component-level reduction rule 1. We need to prove both L(N) - Ne.Tr;;;, L(N)
(t(l,2)} and L(N) - (t(l,2)} r;;;, L(N) - NC.T. We first prove L(N) - Ne.Tr;;;, L(N) 
- (t(l,2)}' We are going to show that if OJ/ E L(N) - Ne.T then OJ/ E L(N) -
{t(l,2)}' Because any such OJ/can be expressed as OJ - N e. T where OJ E L(N), it 
suffices to show that for any OJ E L(N), OJ/ E L(N) - (t(l,2)} where OJ/ = OJ
Ne. T. 

We break our proof in several cases: 

Case 1: port1 doesn't get marked during ill 

We have assumed that the component has no enabled transition under the 
initial marking of N. So, in this case, we can conclude that none of the transitions 
in the component gets enabled during ill Therefore, OJ E L(N) - NC. T, which 
implies that OJ/ E L(N) - (t(l,2)} because of N - NC = N/ - {portl, port2, 

t(l,2)}' 

Case 2: port1 gets marked but port2 doesn't get marked during ill 

Let liJJ be the shortest prefix of OJ such that port1 gets marked during OJ, 

which implies that liJJ - N e. T = liJJ, then we write OJ = liJJ~. Then each state in 
firing schedule ~ is reached by the independent firing of transitions in set Ne. T 
and transitions in N. T - N e. T, i.e., any transition appears in ~ and belongs to 
N e. T is concurrent with those appear in ~ but not belongs to N e. T. It results in 
both liJJ(~- Ne.1) E L(N) and liJJ(~- Ne.1) E L(N') - (t(l,2)}' Since we have 
assumed that liJJ - N e. T = liJJ, so liJJ (~ - N e. 1) = OJ/because of N - N e = N / -
{portl,port2, t(l,2)}' Therefore, OJ/E L(N) - (t(l,2)}' 

Case 3: Both port1 and port2 gets marked once and only once during ill 

Let liJJ be the shortest prefix of OJ such that port1 gets marked during OJ, 

which implies that liJJ - N e. T = liJJ, and liJJ ~1 be the shortest prefix of such that 
port2 gets marked during OJ, then we write OJ = liJJ~I~2, where ~2 - Ne.T = 
~2 since we have assumed that port 1 gets marked once and only once during ill 
Let ~ be the time of rAN, liJJ) and ~1 the time of rAN, liJJ ~1)' Then from 
preconditions (1) and (2) of this rule we know ~1 - 81 represents the time delay 
the message transfer between portl and port2, i.e., ~1 - ~ E SI_(portl, port2), 
max(~1 - 81) = sup(SI_(portl, port2» , and min(~1 - 81) = inf(SC(portl, 
port2». Since SI(t(l,2) = S1_(portl, port2), so ~1 - 81 E S1(t(l,2), max( ~1 - 81) 
= sup(S/(t(l,2), and mine ~1 - 81) = inf(S/(t(l,2)' Also, it follows from liJJ - Ne.T 
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= ll>i and N - Nc = N" - {portl, port2, t(l,2)} that ll>i E L(N) and t(l,2) is enabled 

under state fAN~ ll>i). So we have ll>i(lOzl - NC.1)(t(l,2), ~l) E L(N), and again 
since N - Nc = N" - {portl, port2, t(1,2)}, the state fAN~ ll>i(lOzl - NC.1)(t(1,2), 
~l) is followed by lOz2. It follows from lOz2 - Nc.T = lOz2 that ll>i(lOzl -

NC.1)(t(I,2), ~1)lOz2 E L(Nc ), or ll>i(lOzl - Nc.1)lOz2 E L(Nc ) - {t(1,2)}, or of 
EL(N) - (t(1,2)}. 

Case 4: General case. 

Suppose that port I gets marked a times and port2 gets marked b times 
during ill It follows from precondition (2) of this rule that either a = b or a = b + 
1. We have proved the cases in which a = 0, (a =1)A(b = 0), and (a = I)A(b 
=1). By the recursive use of the proofs for Case 2 and Case 3, we can prove that 
of E L(N) - (t(1,2)} for any schedule OJ in which b take any positive integral 
value. 

Now we prove L(N) - {t(1,2)} k; L(N) - Nc.T. Similarly, we are going to 
show that for any aJE L(N) holds OJ" E L(N) - Nc.Twhere OJ"= OJ- (t(1,2)}. 

We also break our proof in several cases: 

Case 1: portl doesn't get marked during ill 

Because only when portl gets marked can t(1,2) fire, so in this case, we can 
conclude that t(1,2) never fires during ill Therefore, OJ E L(N) - (t(1,2)}, which 
implies that aJ"E L(N) -Ncbecause of N -Nc=N"- {portl,port2, t(1,2)}' 

Case 2: portl gets marked but port2 doesn't during ill 

The assumption that port2 doesn't get marked implies that t(1,2) never fires 
during OJ. SO as true in Case 1, we also have aJ" E L(N) - N c. 

Case 3: port2 gets marked once and only once during ill 

Let ll>i be the shortest prefix of OJ such that portl gets marked during aJ, 

which implies that ll>i - {t(1,2)} = ll>i, and ll>i lOzl be the shortest prefix of aJ such 

that port2 gets marked during aJ, then we write aJ = ll>i lOzllOz2, where lOz2-
(t(l,2)} = lOz2 since we have assumed that port2 gets marked only once during OJ, 
which implies that t(1,2) only fires once. Let Ot be the time of fAN~ ll>i) and ~l the 
time of fAN~ ll>ilOzl)' Then from the structure of the reduced net we know ~l -

Ot represents the firing time interval of t(1,2), Le., ~l - Ot E SI(t(1,2», max( ~l -
Ot) = sup(SI(t(l,2»), and min( ~l - Ot) = inf(SI(t(1,2»)' Since SI(t(1,2» = SI_(portl, 
port2), so ~l - 01 E SI_(portl, port2), max(~l - Ot) = sup(SI_(portl, port2», 
and min(~l - Ot) = inf(SI_(portl, port2». Also, it follows from ll>i - {t(1,2)} = 
ll>i and N - Nc = N" - {portl, port2, t(1,2)} that ll>i E L(N) and fAN, ll>i) enables 

at least one of transitions in set Nc.T, so we have ll>i(lOzl - (t(l,2)})aJe E L(N), 
where OJe is any firing schedule (segment) in N starting fromportl being marked 
and ending in port2 being marked and with only transitions in Nc.T included. 
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Again since N - Nc = N/ - {portl, port2, t(1,2)}, the state qi.,N, IVI(~I -
(t(1,2)})Wc) is followed by ~2' It follows from ~2 - (t(1,2)} = ~2 that IVI(~I -
{t(l,2)})liJc~2 E L(Nd, or IVI(~I - {t(l,2)})liJc~2 E L(Nd - Nc.T, or w/ E L(N) 
-Nc.T. 

Case 4: General case. 

Suppose that portl gets marked a times and port2 gets marked b times 
during ill It follows from the structure of the reduced net N/that either a = b or a 
= b + 1. We have proved the cases in which a = 0, (a =I)/\(b = 0), and b =1. By 
the recursive use of the proofs for Case 2 and Case 3, we can prove that w/ E 

L(N) - Nc for any schedule win which b take any positive integral value. 

The proof ends. o 
Component-Level Reduction Rule 2: 

Let N be the TPN model of system S, and N c the TPN model of component C of 
S. C.PORTjN = {portt, port2}, C.PORT_OUT = {port3}, and portt' = 
port2'. The component has no enabled transition under the initial marking of N. 
If 

(1) whenever both portt and port2 receive a token, port3 is guaranteed to 
receive a token in the future, and 

(2) at least one of portl and port2 cannot receive another token until port3 
has received a token, 

then we can reduce N into N' by replacing Nc with a simple net which is 
composed of three places: portt, port2 and port3, and one transition: t«I,2),3), 
such that 

(1) portiO = port2' = 'port3 = {t «1,2),3)}, \(1,2),3) = {portI, port2}, t'«(1,2),3) 
= {port3}, while 'port I, 'port2 and port3' remain unchanged, and 

(2) SI(t«1,2),3» = SC« portI, port2), port3), the latter is the time delay 
interval from two tokens arriving in portl and port2, respectively, to a 
token reachingport3. (See Figure 4.12) 

Theorem 4.7: The component-level reduction rule 2 is timing property 
preserving. 

Proof. Since portl' = port2', portl and port2 share the same output transitions, 
which implies that only both portl and port2 get tokens can some transition in 
L(N) - Nc.T be enabled. Therefore, we can prove this theorem using the same 
method as used in Theorem 4.6. 0 
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port! port! 
Nc 

------. 
port2 

"--------' port2 

(a) N (b) N' 

Figure 4.I2.ll1ustration of component-level reduction rule 2. 

Component-Level Reduction Rule 3: 

Let N be the TPN model of a system S, and Nc the TPN model of component C 
of S. C.PORTJN = {portl}. C.PORT_OUT = {port2, port3}. The component 
has no enabled transition under the initial marking of N. If 

(1) whenever portl receives a token, one and only one of port2 and port3 is 
guaranteed to receive a token in the future, and 

(2) portl cannot receive another token until one of port2 and port3 has 
received a token, 

then we can reduce N into N' by replacing N c with a simple net which is 
composed of three places: portl, port2 and port3, and two transition: t(1,2) and 
t(1,3), such that 

(1) portl* = (t(1,2), t(1,3)}, *port2 = {t(1,2)}. *port3 = {t(1,3)}. *t (1,2) = *t (1,3) = 
{port I }, t *(1,2) = {port2}, t *(1,2) = {port3}, while ·port I, port2 * and port3 * 
remain unchanged, and 

(2) S/(t(1,2» = SI_(portl, port2), and S/(t(1,3» = SI_( portl, port3). (See 
Figure 4.13) 

Theorem 4.8: The component-level reduction rule 3 is timing property 
preserving. 

Proof sketch. Let time Petri net N/ is derived from time Petri net N by applying 
the component reduction rule 3, The general skeleton of the proof is the same as 
the proof of Theorem 4.6. We need to prove both L(N) - Nc.Tk, L(N) - (t(1,2), 

t(l,3)} and L(N) - (t(l,2), t(1,3)} k, L(N) - Nc.T. We first prove L(N) - Nc.T k, 

L(N) - (t(l,2), t(l,3)}' We are going to show that if 0)/ E L(N) - Nc.Tthen 0)/ E 

L(N) - {t(l,2), t(1,3)}' Because any such 0)/ can be expressed as 0) - Nc.T where 
0) E L(N), it suffices to show that for any 0) E L(N), 0)/ E L(N) - {t(l,2), t(1,3)} 
where 0)/= 0)- Nc.T. 

We will break our proof in several cases: 
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ca 
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~1.2) port2 

port! 
Nc 

1 _---~ --------
2 -----~ 

1e2 
~1.3) port3 port3 

(a) N (b) N' 

Figure 4.13 lllustration of component-level reduction rule 3. The token 
reached port1 will either follows token flow path 1 to reach 
port2, or follow token flow path 2 to reach port3. 

Case 1: portl doesn't get marked during ca 

Case 2: portl gets marked but neither port2 nor port3 gets marked during 

From the proof of Theorem 4.6 we can conclude OJ" E L(N) - {t(l.2), t(l.3)} 
in the above two cases. 

Case 3: portl gets marked once and only once, and either port2 or port3 
gets marked once and only once during ca 

Suppose that port 1 gets marked during ca Then it follows from the proof of 
Theorem 4.6 that OJ" E L(N) - (t(l.2), t(l.3)}' If the case is that port3 gets marked 
instead of port2 during m, we symmetrically have the same conclusion. 

Case 4: General case. 

Suppose that portl gets marked a times, port2 gets marked b l times and 
port3 gets marked b2 times during ca It follows from precondition (2) of this rule 
that either a = b l + b2 or a = b l + b2 + 1. We have proved the cases in which a = 
0, (a =1)/\( b l + b2 = 0), and (a = 1)/\( b l + b2 =1). By the recursive use of the 
proofs for Case 2 and Case 3, we can prove that OJ" E L(N) - {t(l.2), t(1.3)} for 
any schedule OJ in which b l + b2 take any positive integral value. 

In the other direction we may show L(N) - (t(l.2), t(l.3)} ~ L(N) - Nc. T 
using the method similar to that used in the proof of Theorem 4.6. 0 

Component-Level Reduction Rule 4: 

Let N be the TPN model of a system S, and Nc the TPN model of component C 
of S. C.PORTjN = {portl}, C.PORT_OUT = {port2, port3}. The component 
has no enabled transition under the initial marking of N. If 
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(1) whenever portl receives a token, both of port2 and port3 are 
guaranteed to receive a token in the future, and 

(2) portl cannot receive another token until both of port2 and port3 have 
received a token, 

then we can reduce N into N by replacing Nc with a simple net which is 
composed of four places: port I I, portI2, port2 and port3, and two transition: 
t(11,2) and t(12,3), such that 

(1) *portll = *portl2 = *portl, portll * = {t(1,2)}, port12* = {t(1,3)}, \1,2) = 
{portll}, \1,3) = {portI2}, t·(1,2) = {port2}, t·(1,3) = {port3}, while 
port2 * and port3· remain unchanged, and 

(2) SI(to,2» = Se( portl, port2), and SI(t(1,3») = SI_( portl, port3). (See 
Figure 4.14.) 

portl 
Nc 1 __ ~ 

----------
2-----~ 

~--------' port3 portl2 to. 3) port3 

(a)N (b) N' 

Figure 4.I4111ustration of component-level reduction rule 4. The arrival 
of a token at portl will result in a token reaches each of 
port2 and port3. 

Theorem 4.9: The component-level reduction rule 3 is timing property 
preserving. 

Proof sketch: Let time Petri net N'is derived from time Petri net N by applying 
the component reduction rule 4. The general skeleton of the proof is the same as 
the proof of Theorem 4.6. We need to prove both L(N) - N c. T!;;;; L(N' - {t(1,2), 
t(1.3)} and L(N' - {t(1,2), t(1,3)} !;;;; L(N) - Nc.T. We first prove L(N) - Nc.T!;;;; 
L(N' - {to,2), t(1.3)}' We are going to show that if (j)' E L(N) - N c. T then (j)' E 
L(N' - {to,2), t(1,3)}' Because any such (j)'can be expressed as (j)- Nc.Twhere 
WE L(N), it suffices to show that for any (j)E L(N), (j)'E L(N, - {t(l,2), t(1,3)} 
where (j)' = (j) - N c. T. 

We break our proof in several cases: 

Case 1: port I doesn't get marked during ca 
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Case 2: portl gets marked but neither port2 nor port3 gets marked during 

From the proof of Theorem 4.6 we can conclude of E L(N) - {t(l,2), t(l,3)} 
in the above two cases. 

Case 3: portl gets marked once and only once, and either port2 or port3 
gets marked during Ol 

Suppose that port2 gets marked during Ol Then it follows from the proof of 
Theorem 4.6 that of E L(N) - {t(l,2), t(l,3)}' If the case is that port3 gets marked 
instead of port2 during (J), we symmetrically have the same conclusion. 

Case 4: portl gets marked once and only once, and both port2 and port3 get 
marked during Ol 

Without lost of generality, we assume that port2 gets marked first and then 
port3 gets marked. Let WJ be the shortest prefix of (J) such that portl gets marked 
during (J), which implies that WJ - (t(l,2)} = WJ, WJ~I be the shortest prefix of (J) 
such that port2 gets marked during (J), and WJ ~I ~2 be the shortest prefix of (J) 
such that port3 gets marked during OJ, then we write (J)= WJ ~I ~2lV.3, where lV.3 
- {t(l,2)} = lV.3 since we have assumed that portl gets marked only once during 
(J). 

Let Bt be the time of state qXN, WJ), ~I the time of qXN, WJ ~I)' and ~2 the 
time of qi..,N, WJ~I~2)' Then from preconditions (1) and (2) of this rule we 
know ~2 - Bt represents the time delay the message transfer between portl and 

port3, i.e., ~2 - Bt E SC(portl, port3), max(~2 - Bt) = sup(SC(portl, 
port3)), and min(~2 - Bt) = inf(SC(portl, port3)). Since SJ(t(l,3») = SC(Portl, 
port3), so ~2 - Bt E SJ(t(l,3»), max( ~2 - 81) = sup(SJ(t(l,3»), and mine ~2 - Bt) = 
inf(SJ(t(l,3»)' Also, it follows from WJ - Nc.T = WJ and N - Nc = N~ - {portl, 
port2, port3, t(l,3)} that WJ E L(N) and t(l,3) is enabled under state qi..,N~ WJ). In 
Case 3, we already have we have WJ(~I - NC.T)(t(l,2), ~1)(t(l,3), ~2) E L(N); 
now we have WJ(~I - NC.T)(t(l,2), ~I) E L(N), and again since N - Nc = N~
{portll, port12, port2, port3, t(l,2) , t(l,3)}. the state qi..,N~ WJ(~I - NC.T)(t(1,2), 
~1)(t(l,3), ~2)) is followed by lV.3. It follows from lV.3 - Nc. T = lV.3 that WJ(~I
NC.T)(t(l,2), ~1)(t(l,3), ~2)lV.3 E L(N), or WJ(~I - NC.T)~2 E L(N) - (t(l,2), 
t(l,3)}, or (J)~EL(N) - (t(l,2), t(l,3)}' 

If the case is that port3 gets marked first and then port2 gets marked during 
(J), we symmetrically have the same conclusion. 

Case 5: General case. 

Suppose that portl gets marked a times, port2 gets marked b l times and 
port3 gets marked b2 times during Ol It follows from precondition (2) of this rule 
that either bl = a or bl = a-I, b2 = a or b2 = a-I. We have proved the cases in 
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which a = 0, (a =1)A(b1 = 0)A(b2 = 0), and (a =1)A«b1 = l)v(b2 = 1». By the 
recursive use of the proofs for Case 2, Case 3 and Case 4, we can prove that of E 

L(N) - (t(l,2), t(l,3)} for any schedule (j) in which a take any positive integral 
value. 

In the other direction we may show L(N) - (t(l,2), t(l,3)} k; L(N) - Nc.T 
using the method similar to that used in the proof of Theorem 4.6. 0 

portl port3 

------. 

port2 
'---------'port4 

(a) 

port2 

(b) 

Figure 4.15. illustration of component reduction rule 5. 

Component-Level Reduction Rule 5: 

port4 

Let N be the TPN model of a system S, and N c the TPN model of component C 
of S. C.PORTjN = {portl, port2}, C.PORT_OUT = {port3, port4}, and 
portl' = port2*. The component has no enabled transition under the initial 
marking of N. If 

(1) whenever both portl and port2 receives a token, both of port3 and 
port4 are guaranteed to receive a token in the future, and 

(2) at least one of portl and port2 cannot receive another token until both 
of port3 and port4 have received a token, 

then we can reduce N into N' by replacing N c with a simple net which is 
composed of four places: portl, port2, port3 and port4, and one transition: 
t((l,2),(3,4)), such that 

'" '" * '" '" { (1) portl = port2 = port3 = port4 = {t«I,2), (3,4))}, t«(I,2), (3,4)) = portl, 
port2} and t* «1,2), (3,4)) = {port3, port4}, while 'portl, *port2, port3' 
and port4 * remain unchanged, and 

(2) SI(t«(l,2), (3,4) = SI_« portl, port2), (port3, port4». (See Figure 4.15). 

Theorem 4.10: The component-level reduction rule 5 is timing property 
preserving. 

Proof: Since portl' = port2*, portl and port2 share the same output transitions, 
which implies that only both portl and port2 get tokens can some transition in 
be L(N) - N c. T enabled. Therefore, we can prove this theorem by use of the 
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same method as used in Theorem 4.6. o 

4.4.3 Analysis of Compositional Time Petri Net Models 

The modular nature of a compositional TPN model provides a natural support for 
incremental analysis. The analysis technique given in [WD98a] works in two 
stages. In the first stage, the components are ordered so that the timing behavior 
of any component depends only on the components which are lower in this order. 
This stage assumes that the underlying dependency-graph of components is 
acyclic. In the next stage, components are considered one at a time in the order 
computed in the previous stage. Each component is verified against its 
component constraints and then reduced to a simple TPN of constant size that 
preserves the ports and all the externally observable time-dependent properties of 
the component. 

The following definition is needed for the description of the analysis 
algorithm. 

Definition 4.10: Let PORTjN and PORT_OUT be the input port set and output 
port set of a component, respectively. A pair of ports, <port_in, port_out>, 
where port_in E PORTjN and port_out E PORT_OUT, is a calling pair of 
the component if a reply token from the environment is expected at port_in 
whenever a token is sent to some other component from port_out. 

In Figure 4.11, for example, <port2, port3> is a calling pair. 

The basic idea of the algorithm is to apply the component-level reduction 
rules introduced Section 4.4.2 to replace each component by a very simple net of 
constant size that preserves all external observable time-critical properties of the 
component being replaced. Since the component-level reduction rules work at a 
much coarser level than the reduction rules given in Section 4.3, which work at 
individual transition level, consequently, fewer applications of the component
level reduction rules are needed to reduce the size of the model being analyzed. 

Because of dependencies among components we need to be careful in 
choosing the order in which components are considered. For example, if a 
component has a calling pair, it needs to interact with other components. We say 
that component Ci depends on component Cj , denoted by C ... Cj , if after Ci 

sends a token from the output port of its calling pair, it can not receive a token at 
the input port if we remove Cj away from the system. If Ci '" Cj then Cj has to be 
analyzed before Ci . If Ci ... Cj and Cj ... C[, then C[ has to be analyzed before Cj , 

which, in tum, has to be analyzed before C. We can build a dependency graph 
such that there is a directed edge from component C to component Cj if and only 
if Ci depends on Cj • If this dependency graph contains a cycle, then we can't pick 
an order, so we assume that 

Assumption 4.1: The dependency graph does not contain a cycle. 
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In this case we can (linearly) order the component (e.g., by performing a 
topological sort [CLR94]) in such a way that all dependency edges go from a 
component higher in this order to a component lower in the order. In other 
words, the first component does not depend on any other components so it can be 
verified and reduced to a simple TPN. The second component depends only on 
the first one, which has already been reduced, and so on. Suppose that there are 
k components, which are linked together by inter-related connection structures to 
form the system or subsystem. Now we can describe our incremental verification 
method as follows: 

Algorithm 

1. For each component, list the reduction rule that can be applied to it. 

2. Build the dependency graph on components and perform a topological 
sort. if the sorted order is C], C2, ••• , C", then we know that Vi> j, Cj 

doesn't depend on Ci• 

3. Apply the proper reduction rule to each possible Ci from i =1 to k. 

4. Compute performance indices or verify timing constraints/requirements, 
based on the problem discussed. 

In the next section, we will give two application examples of the 
compositional TPN models. 

4.5 Applications of Compositional Time Petri Net Models 

4.5.1 Modeling and Analysis of A Command and Control System 

A Command and Control (C2) System is a huge and complex integration of 
multi-techniques and multi-hardware. A C2 system is a typical real-time system. 
One of the most important measures of performance of any C2 system relates to 
the time delays associated with the execution of the generic C2 functions, such as 
detection, tracking, discrimination, etc. The reason is that the performance of a 
C2 system is like a race against time between the moving physical entities 
(targets, sensors, and weapons) and the information variables. In a well designed 
C2 system the information variables must be win the race; the detection function 
must be completed before either the tracking and/or the discrimination functions 
can commence, and targets must have been sorted, identified, and tagged before 
we can wisely commit weapons against them. Delays in execution of any of 
these functions may degrade the kill probability, result in inefficient use of battle 
space, cause too many weapons to be assigned against the same target, and 
perhaps allow many targets to leak through a particular defense zone [Ath87]. 

Many researchers have used Petri nets to represent the structure and 
information flow of a C2 system. Hillion [HiI83] used timed Petri nets for the 
performance evaluation of decision-making organization. Tabak and Levis 
[TL85] presented the Petri net representation of decision models. Choi and Kuo 
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[CK88] gave a performance model of a generic naval C2 battle group system 
based on timed Petri nets. Wang and Zhou [WZ97] used stochastic Petri net 
model with exponential firing time transitions to discuss the maximum 
information processing capacity of a C2 system. Dhalluin et at. [DGK87] applied 
Petri nets to the description, analysis and the implementation of the command 
and control of security process. Based on Petri net models, two methodologies, 
structured analysis and object oriented analysis, for deriving C2 system 
architecture were studied and compared and the performance of C2 architecture 
is evaluated by Jin et al. in [JLW94]. Lu and Levis [LL91a, LL91b] used colored 
Petri nets to model distributed tactical decision making. Rashba [Ras93] 
described how colored Petri nets both uncovered a need to address the various 
stages of decision making when faced with large amounts of information 
requiring simultaneous evaluation, and provided a means to represent these 
various stages of information. Monguillet and Levis [ML88] used predicate 
transition net, a kind of high-level Petri nets, for the modeling and evaluation of 
variable structure C2 organizations. All these papers concentrate on the 
performance analysis of C2 systems or their decision-making organizations. 
Based on the four stage representation of the single interacting decision-maker 
with bounded rationality introduced by Boetter and Levis [BL82, Lev84], Remy 
and Levis [RL88] addressed the issue of the generation of organization 
architectures using Petri nets. The design problem is viewed as to finding the set 
of all organizational architectures that satisfy both the designer's requirements 
and the structural constraints. A technique is then presented to generate the entire 
set from its boundaries. Andreadakis and Levis [AL88] discussed the synthesis 
of distributed command and control for outer air battle. 

In this section, we illustrate the use of compositional TPN's to model and 
evaluate a tactic anti-air C2 system. 

The C2 process can be decomposed into a set of generally accepted C2 
functions that must be executed (sometimes serially and sometimes in parallel 
and, in general, in an asynchronous manner) to ensure mission success. The 
functions related to a defensive battle management C2 system include [Ath87]: 

(1) Threat Detection: Collect data of threats by the use of sensors. 

(2) Discrimination: Result in the resolution of true threats from decoys 
often requiring the fusion of data from several (active or passive) 
sensors. Sensor cueing, scheduling, and control is also an integral part of 
this function. 

(3) Identification and Tracking: Further establish identity information of 
threats. 

(4) Threatening Assessment: Quantify the importance of each threat. 

(5) Battle Planning: Make decisions on how to deal with the identified 
threat, based (1 )-(4) above, including contingency planning. 
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(6) Weapon-to-Target Assignment (or Fire Assignment): The set of decision 
of one or weapons to engage each threat, including the assignment of 
any necessary sensor, communication, and other resources required for 
each and every one-on-one engagement. 

(7) Engagement Control: Timely execution of the decisions in (5) and (6). 

(8) Damage Assessment: Identify and/or verify the outcome of the 
engagement, i.e., whether a particular target has been killed. 

Command and Control 
Sub-Center I 

Air Radar 
Group I 

Fire 
Unit I 

Command and Control 
Center 

Command and Control 
Sub-Center II 

Air Radar 
Group II 

Fire 
Unit II 

Command and Control 
Sub-Center ill 

Air Radar 
Group III 

Fire 
Unit III 

---+ : Information flow ---. : Control flow 

Figure 4.16. A generic tactic anti-air C2 system with two level 
command and control centers. 

Typical structure of a tactic anti-air C2 system with two level command and 
control centers is shown in Figure 4.16, which consists of one first-level 
command center (indicated as C2 center) and three second-level command 
centers (indicated as sub-centers). A pair of (C2 center, sub-center) may be 
(division, regiment) or (brigade, battalion). They are geographically dispersed 
due to environmental and survivability reasons, which contributes to the 
distributed architecture of C2 organization. 

As mentioned previously, the performance of a C2 system is like a race 
against time between the moving physical entities and the information variables. 
Therefore, we focus on the verification of requirements on the time delays in the 
execution of the system functions. Suppose that for a specific C2 system with the 
structure of Figure 4.16 there are following timing constraints: 

(Cl) The reaction time of the system, i.e., the time delay from an enemy 
intelligence message being received by any subcenter to a fire 
command agaisnt the enemy being issued by a corresponding fire unit, 
must be less or equal to 45 time units. 
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(C2) Since a C2 system is a closed-loop system, a constraint reflecting the 
time limitation for the feedback of damage assessment results should 
be included. This constraint is captured by the requirement that the 
time delay for a detail fire assignment scheme being made out by a 
subcenter to the result of the damage assessment referred to the 
execution of the scheme being received by the subcenter must be less 
or equal to 20 time units. 

(C3) Since the bottleneck for information processing is often located in 
component C2 Center, the component is always asked to respond as 
soon as possible. This is captured by the requirement that the whole 
processing time for a group of messages from the three subcenters 
must be less or equal to 22 time units. 

Notice that the timing data in this example is artificial and doesn't reflect 
actual data in a real system. 

A. Compositional Model of the System 

In order to seize the profile of the operational model of the C2 system, we first 
present the interaction interface of system's components, which is shown in 
Figure 4.17, then we give the internal presentation of each component. From 
Figure 4.17 we know the system has seven components in total: a C2 Center 
(C2C), three Sub-Centers (SC) , SC2, SC3) and three Fire Units (FU) , FU2, 
FU3) (Air-radar groups are modeled as part of environment). The ports of each 
component are: 

C2C.PORT= {C2C.R1, C2C.S1, C2C.R2, C2C.S2, C2C.R3, C2C.S3}, 

SCi.PORT= {SYS.Ri, SCi.RM, SCi.SI, SCi.SM, SCLRI}, i = 1,2,3, 

1"22 TIl 

SCl.SI SC2.RM SC2.S1 SC3.S1 

SUB·CENTER II 
SYS.Rl SYS.R2 (SC2) 

SCl.SM SYS.DI SC2.SM SYS.D2 SC2.SM SYS.D3 

Tl3 Tl4 TI3 1"24 TI3 T34 

FUl.R FUl.S FU2.R FU2.S FU3.R FU3.S 

HRE UNIT I ARE UNIT II ARE UNIT III 
(FUI) SYS.FI (FU2) SYS.F2 (FU3) 

Figure 4.17. Composition interface of the tactic anti-air C2 system. 

SYS.F3 
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FUi.PORT= {FULR, FULS, SYS.Fi}, i = 1,2,3. 

The set of external ports of the C2 system is: 

SYS.PORT= {SYS.RI, SYS.R2, SYS.R3, SYS.FI, SYS.F2, SYS.F3}. 

The set of connection transitions of the system is: 

Tc= {Tij , i =1, 2, 3,j = 1,2,3, 4}. 

Table 4.2 and 4.3 show the meanings of all ports and all connection 
transitions. Here we assume that the three sub-centers have identical topology 
and timing properties and the three fire units have identical topology and timing 
properties. Because of the similarity, we only describe the ports and transitions 
for C2 Center, Sub-Center I, Fire Unit I and connections among them. Also 
assume that the three sub-centers always get external inputs at the same time. 

Table 4.2. Legends of partial ports in Figure 4.17. 

Port Type Description 

SYS.RI Input A message from Air Radar Group I arrived 

SYS.FI Output A combat command to FIre Unit I sent 

SCl.SI Output Sub-Center I ready to send intelligence to Command and Control Center 

SCl.RM Input Sub-Center I received command from Command and Control Center 

SCl.SM Output Sub-Center I ready to send command to Fire Unit I 

SCl.RI Input Sub-Center I received result of damage assessment from Fire Unit I 

FUl.R Input Fire Unit I received command from Sub-Center I 

FU1.S Output FIre Unit I ready to send result of damage assessment to Sub-Center I 

C2C.RI Input Command and Control Center received message from Sub-Center I 

C2C.SI Output Command and Control Center ready to send command to Sub-Center I 

Table 4.3. Legends of transitions in Figure 4.17. 

Transaction Description Firing Time 

TIl Sub-Center I sends information to Command and Control Center [I, 1] 

TI2 Command and Control center sends command to Sub-Center I [I, 1] 

TI3 Sub-Center I sends command to Fire Unit I [I, 1] 

TI4 Fire Unit I sends the result of loss assessment to Sub-Center I [I, 1] 

Now we tum to the internal representation of each component. First let us 
consider the C2 Center. Its TPN model is shown in Figure 4.18. The C2 Center is 
composed of three seats: two intelligence seats, and one decision-making seat. 
The two intelligence seats communicate with the decision-making seat through a 
common memory. Its operational process is described as: The messages from 
three sub-centers are first copied and dispatched to the two intelligence seats (ti 
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fires). The two intelligence seats are responsible for performing fusion for these 
messages to achieve a relatively higher precision and overall situation figure, and 
then make threatening assessment independently for each target and sends the 
results to the decision-making seat (t2 and t3 fire). The decision-making seat 
works on a scheme of battle planning (t4 fires). The result is sent to the three 
sub-centers (T12, T22 and T32 fires). Notice that the required synchronization 
among messages from the three sub-centers has been modeled by transition t1, 
which does not fire until messages from all the three centers have been received. 

C2C.SI 

C2C.S2 

C2C.S3 

Figure 4.18 The internal representation of component C2 Center. 

Table 4.4. Legend for Figure 4.18. 

Place Description 

pI, p2 Ready for situation assessment 

p3,p4 Ready for fusion and combat planning 

Transition Description Firing Time 

t1 Dispatch intelligence message to two staff seats [1,2] 

t2, t3 Two staff seats conduct situation assessment [3,5] 

t4 Top commander seat conducts information fusion and combat [5,6] 

planning 

Figure 4.19 shows the TPN model of component Sub-Center 1. Each sub
center is composed of an intelligence seat and a decision-making seat. A sub
center's operational process is described as: The intelligence seat receives the 

SCI.SM 
SYS.Rt I 

SYS.DI 

plO 

Figure 4.19. The internal representation of component Sub-Center I. 
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message from its radar group and conducts target discrimination, identification 
and tracking (t13 fires), and further conducts threatening assessment (t14 fires), 
then sends the result to the C2 center (TIl fIres). After receiving the scheme of 
battle planning from C2 center (SCI.RM is marked), the sub-center fuses it with 
related data in the database again so as to form a detailed scheme of weapon-to
target assignment (t15 fires). Furthermore, the results are sent to fire units (TI3 
fires). 

Table 4.5. Legend for Figure 4.19. 

Place Description 

p9 Waiting for evaluation of threat 

piO Intelligence seat available 

pll Waiting for decision-making of fire assignment 

Transition Description Firing Time 

t13 Sub-Center I conducts target discrimination, identification and [2,3] 

tracking 

tI4 Sub-Center I conducts threatening assessment [1,2] 

tiS Sub-Center I conducts fire assignment [4,6] 

As shown in Figure 4.20, the operational process of a fire unit is described 
as: When the scheme of weapon-to-target assignment arrives from its sub-center, 
it conducts engagement control (t16 fires) and sends fIre command to weapons 
(t17 fIres). Then, it conducts damage assessment (t18 fIres), then feedback the 
assessment results to its corresponding sub-center in time (T14 fires). 

So far, we have presented a top-level compositional model of the C2 system. 
Next, we consider the refInement of the top-level model, which further shows the 
benefit of the compositional TPN model. 

116 pl2 117 
PUI.R 

SYS.PI 

PUl.S 

Figure 4.20. The internal representation of component Fire Unit I. 
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Table 4.6. Legend for Figure 4.20. 

Place Description 

P12 Ready to send fire command 

P13 Waiting for damage assessment 

Transition Description Firing Time 

TI6 Fire Unit I conducts engagement control [4,6] 

TI7 Fire Unit I sends fire command [1,2] 

TIS Fire Unit I conducts damage assessment [5,7] 

B. Incremental Modeling of the System 

Usually, the development of a complex real-time DEDS is an incremental 
process. In order to satisfy all requirements on the system, it is inevitable to 
conduct some modification on premature design. In fact, we often develop 
several alternative designs for some specific module. Moreover, when we design 
a system according to top-down methodology, we need to recursively refine a 
higher-level model into a lower-level one. In other words, we need to refine a 
component of the higher-level system into sub-architecture, which may be 
composed of several components, or may be just a new component which 
describe modular operational property in a more detailed level. When we refine a 
component, we need to obey the rules given in Section 4.4. Only in this way can 
we obtain a high-assurance hierarchical model of a real-time system. In this 
section, we illustrate the replacement of component C2 Center with an 
alternative one and the refinement of component FUI into a sub-architecture 
which is composed of two components. 

Replacement of Component C2 Center 

The alternative design of the C2 center is still composed of two intelligence seats 
and one decision-making seat, but differently, they are connected with each other 
through a local area net (LAN) instead of through common memory. LAN adopts 
a CSMAlCD protocol. According to this protocol, when a workstation, i.e., a 
seat, generates a new packet, it first senses the broadcast channel to detect the 
presence of any ongoing transmission. If the channel is sensed busy, the 
transmission is immediately started. However, if the channel is sensed busy, the 
transmission is delayed until the channel is available. At this time the station 
waits for a short delay and then re-senses the channel. During the packet 
transmission the channel is monitored to detect the presence of any interference 
from another transmitting station (collision). If a collision is detected, the 
transmission is immediately stopped, the channel is jammed for a short time to 
make sure that all stations recognize the collision, and the packet transmission is 
rescheduled at some later time, after a random delay. If no collision happens 
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during the whole transmission process, then the packet is transmitted 
successfully. 

The general operational process of the alternative design of the C2 Center is 
described as: The messages from three sub-centers are first grouped and two 
copies of the grouped message are sent to the two intelligence seats through 
LAN. The two intelligence seats are responsible for performing fusion for these 
messages to achieve a relatively higher precision and overall situation figure, and 
then make threatening assessment independently for each target and sends the 
results to the decision-making seat through LAN. The decision-making seat 
works on a scheme of battle planning. The result is sent to the three sub-centers. 

tlO 

C2C.Rl C2C.Sl 

C2C.R2 C2C.S2 

C2C.R3 C2C.S3 

til 

Figure 4.21. The internal representation of component C2 Center. 

The TPN model of the alternative design of the C2 Center is shown Figure 
4.21. As we see, this model is in fact a colored TPN. Here we use the colored 
TPN model is just to give a compact presentation. It does not affect the semantics 
of the component's interface. Also we assume that the LAN takes the same 
processing time for messages sent from the two intelligence seats and the 
decision-making seat in the same processing stage. Table 4.7 shows the legends 
of internal places and transitions in this model. Notice that t3, t4 and t8 are 
immediate transitions, that is, they will fire in 0 time units when they are 
enabled. 

As we see, in order to keep consistency, this alternative model inherits all 
ports from the original model, which is given in Figure 4.18. 
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Table 4.7 Legend for Figure 4.21. 

Place Description 

pI Ready for situation assessment 

p2 A station sensed the channel 

p3 The channel is busy 

p4 The channel is available 

p5 The channel is idle 

p6 The packet is on transmission 

p7 The packet reached the destination station 

p8 Collision is detected 

Transition Description Firing Time 

t1 The messages from sub-centers are grouped and communicated to LAN [1,2] 

t2 Sense the channel [I, 1] 

t3 Transmission beJtins --
t4 The channel senses busy and be~ waitin2 --
t5 Re-sense the channel n, 1] 

t6 Detect collision n,ll 
t7 Transmission ends successfully n,ll 
t8 Collision happens --
t9 Wait for a back-off time [1,2] 

tlO, t1l Two intelligence seats conduct situation assessment [3,5] 

tl2 Decision-making seat conducts information fusion and combat planning [5,6] 

Refinement of Component Fire Unit I 

We refine component FUI to a sub-architecture which is composed of two low
level components, Engagement Control (EC) and Damage Assessment (DA), as 
shown in Figure 4.22 and Figure 4.23. Note that the refined model inherits all 
ports of component FUI as its external ports. But similarly, this is not enough for 
us to safely plug the refined model to the high-level design, because we must 
make sure the refined model satisfies all constraints that FU 1 subject to. From 
the RAS model we know that component FUI is subjected to two constraints, 
namely, (Cl) and (C2). Therefore, this sub-architecture design must satisfy (CI) 
and (Cl). If it satisfies these two constraints, we can safely plug the refined 
model to the high-level design; if it doesn't, we need to modify the design of 
refined model. 
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FlJI·1I 
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Figure 4.22. Refinement of Fire Unit 

Table 4.8. Legend for Figure 4.22. 

Port Description 

EC.SM Ready to send command for collecting firing results 

DA.RMI-3 Waiting for damage assessment 

Transition Description 

T20 Fire Unit 1 sends command of collecting firing results 

Figure 4.23. TPN model of the refined Fire Unit 1. 
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SYS.PI 

Type 

output 

input 

FirlngTIme 

[1,2] 
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Table 4.9. Legend for Figure 4.23. 

Place Description 

p21,p22,p23 Ready to send fire command 

P24,p25,p26 Ready for evaluation of shot effectiveness 

p27,p28,p29 Ready for evaluation of shot effectiveness 

Transition Description Firing Time 

t21 Fire unit I conducts calculation of shot parameters [4,6] 

t22,t23,t24 Weapons (three in total) are aimed at targets [2,4] 

t25 Fire unit I fires at targets [2,4] 

t26,t27,t28 Sensors (three in total) get the fire result [1,2] 

t29 Fire unit I conducts damage assessment [3,5] 

C. Timing Constraints Verification 

We now illustrate the incremental verification on the C2 system. From the 
system's constraints we can prove that the TPN model satisfies Assumption 4.1 
and our component-level reduction rules can be used. The C2 system consists of 
three types of components: C2 Center (C2C), three Sub-Centers (SCI, SC2 and 
SC3) and three Fire Units (FUI, FU2 and FU3). Its dependency graph is shown 
in Figure 4.24. There are 6 dependency edges: SCi ~ C2C, i = 1, 2, 3, and SCi 
~ FUi, i = 1,2,3, so we can order these components as 

C2C, FUI, FU2, FU3, SCI, SC2, SC3. 

Applying component-level reduction rule 5 and 4 to component C2 Center and 
Fire Unit I results in Figure 4.25(a) and 4.25(b), respectively. Applying 
enumerative analysis method as given in Section 4.2, we conclude 

Figure 4.24. Dependency graph of the C2 system. 
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SYS.Pl 

C2C.R2 C2C.S2 
Tl3 

t(FUl.R. PUt.$} 

C2C'RI~(C2C.R,ClC.8) C2C.SI 

C2C.R3 ClC.S3 

(a) ~PUl.S 
(b) 

t(C2C.R,ClC.8) 

SYS.RI 

(c) 

Figure 4.25. (a) Reduction of component C2 Center. 
(b) Reduction of component Fire Unit 1 (Fire Unit 2, 3 have the 

same topology). 
(c) The simple but equivalent model of the system. 

SI(t(C'l£..R, C'l£..S» = [16, 20], 

SI(t(FUl.R, SYS.Rl» = [5, 8], and 

SI(t(FUl.R, FUl.S» = [10, 15]. 
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So the constraint (C3) is verified. Next, we consider the three Sub-Centers. 
Because we have assumed that the three sub-centers have identical topology and 
timing properties, the three fire units have identical topology and timing 
properties, and the three sub-centers always get external inputs at the same time, 
so we can use Figure 4.25(c), which shows Sub-Center 1 and its interaction with 
simplified C2 Center and Fire Unit I, to verify constraints (CI) and (C2). Based 
on Figure 4.25(c), we obtain 

D_CSYS.Rl, SYSl.Fl) = [31,42], and 

D_CSCl.SM, SCl.RI) = [12, 17], 
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where D_(SYS.RI, SYS1.FI) represents the message transferring time delay 
between ports SYS.RI and SYS1.FI, so does for D_(SC1.SM, SC1.RI). These 
values imply that (CI) and (C2) are satisfied. Therefore, all constraints have been 
verified based on the top-level model of the C2 system. 

4.5.2 Modeling and Analysis of A Flexible Manufacturing System 

Petri nets have been applied to the specification, verification, performance 
analysis, real-time control and simulation of FMS. Net-based models have also 
been used to obtain production rates, throughput, delays, capacity, resource 
utilization, reliability measures and deadlock avoidance for FMS. The details of 
these applications can be found in surveys in [DK94, Zh09S]. 

In this section, we illustrate the application of compositional TPN model to 
the modeling of a flexible manufacturing system. 

A. Overview of the System 

The manufacturing system is composed of three subsystems: processing, 
checking, and repairing subsystems. These three subsystems run concurrently. 
The processing subsystem is composed of 7 machines, indicated as MI-7. Two 
types of workpieces, indicated as WI and W2, are processed and then assembled 
into a new one, indicated as W3. The processing flow is shown in Figure 4.26. 
That is, WI and W2 are first processed by MI and M2, which results in WI (1) 

and W2(1), resgectively. Next, WI (1) is processed by either M3 or MS, which 
results in WI ), then by either M4 or M6, which results in WI (3); W2 is 
processed by either M3 or M4, which results in W2(3), then by either MS or M6, 
which results in W2(3). Finally, WI (3) and wi3) are further assembled by M7 into 
W3. W3 is the product of the processing subsystem. 

WI 

·1 
I WI(1) I I WI(2) 

MI • M3,M5 

W3 

• 
W2 ., M2 W2(1~1 M3,M4 1 wi2) 

Figure 4.26. The processing flow of the processing subsystems. 

After recelVlng a product from the processing subsystem, the checking 
subsystem examines whether the product satisfies quality control conditions. If it 
does, then the product will be sealed and output as the final product of the whole 
system. If it doesn't, it will be sent to the repairing subsystem for repair. When 
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the repairing activity is finished, it will be returned to the checking subsystem 
and sealed. 

The repairing subsystem is composed of 4 machines, indicated by M8-ll. 
An unqualified product W3 of the processing subsystem is first disassembled by 
M8 into two workpieces, WI (3) and W2(3). WI (3) and W2(3) are processed by M9 
and MlO, which results in WI (4) and W2(4), respectively. Then, WI (4) and W2(4) 
are assembled by MIl into W3(1), which is then returned to the checking 
subsystem. 

In addition, there are two vehicles, vehicle I and vehicle 2, responsible for 
the transfer of products between processing and checking subsystems and 
between checking and repairing subsystems, respectively. 

W3 

Figure 4.27. The processing flow of the repairing subsystems. 

We are going to verify the following timing constraints for this FMS: 

(Cl) The processing time of the processing subsystem for each pair of 
workpieces is not longer than 25 time units. 

(C2) The processing time of the checking subsystem for each product of the 
processing subsystem is not longer than 12 time units. 

(C3) After the checking subsystem sends an unqualified product to the 
repairing subsystem, it must receive the repaired product within 20 
time units. 

All these constraints are applied in the case that no waiting time exists for any 
workpiece at any processing stage. 

B. Composition Interface of the System 

In order to capture the profile of the operational model of the manufacturing 
system, we first present the interaction interface of system's components (each 
component is corresponding to a subsystem, namely the processing subsystem is 
viewed as component PS, the checking subsystem as CS, nad the repairing 
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subsystem as RS), which is shown as in Figure 4.28. Table 4.10 and Table 4.11 
show the meanings of all ports and connection transitions. 

port I 

Processing 

Subsystem 

(PS) port2 port3 

Checking 

Subsystem 

(CS) 

Repairing 

Subsystem 

(RS) 

port4 

Figure 4.28. Composition interface of the FMS. 

Table 4.10. Legends of ports in Figure 4.28. 

Port Type Description 

~ortl Input A pair of workpieces are ready for processing 

port2 Output The processing of a product at PS is finished 

port3 Input A product of the processing subsystem is ready for quality checking 

port4 Output A product of the whole system is available 

port5 Output A unqualified product of the processing subsystem is ready to be transferred to RS. 

port6 Input A repaired product is reac:iyfor processing by CS. 

port7 Input A unqualified product of the processing subsystem is ready for repairing 

~ort8 Output The repairing of a unqualified product is finished 

B. Operational Model oj Each Component (Subsystem) 

The operational model of components are shown as in Figures 4.29, 4.30 and 
4.31, and the legends of places and transitions involved in these models are listed 
in Tables 4.11, 4.12, and 4.13. Here, we use a thin bar to represent an immediate 
transition, and we use a thick bar to model timed transition. In Figure 6, t32 and 
t33 form a random switch. We assume that the probabilities for these two 
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transitions are 0.9 and 0.1, respectively. This information is necessary when we 
verify the system's constraints. 

Table 4.11. Legends of places and transitions in Figure 4.28. 

Place Description 

PI Vehicle 2 is available 

P2 Vehicle 2 is transferring the unaualified oroduct to the repairing system 

P3 Vehicle 2 is transferring the reoaired oroduct back to the checking system 

Transition Descrintion Firin2Time 

TI Vehicle 1 transfers the oroduct of the processing subsvstem to CS [1,21 

T2 Vehicle 2 begins transferring the unqualified product to RS - -
T3 Vehicle 2 ends transferring the unaualified product to RS [1,21 

T4 Vehicle 2 begins transferring the repaired product back to CS --
Ts Vehicle 2 ends transferring the reoaired oroduct back to CS [1,2] 

t7 tl1 t15 t19 

Figure 4.29. TPN model of the processing subsystem. 
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Table 4.12. Legend for 4.29. 

Place Description 

01 M3 is available 

02 M4 is available 

p3 M5 is available 

p4 M6 is available 

p5 WI is readv for processing at MI 

06 W2 is ready for processing at M2 

07 WI (I) is ready for processing at either M3 or M5 

08 W2(1) is ready for processing at either M3 or M4 

p9 WI (I) is under processing bv M3 

plO WI (I) is under nrocessing by M5 

011 W2(1) is under processing by M3 

012 W2(1) is under processing by M5 

013 WI (2) is ready for processing at either M4 or M6 

014 W2(2) is ready for processing at either M5 or M6 

pIS WI (2) is under orocessing bv M4 

016 WI (2) is under orocessing bv M6 

017 W2(2) is under processing by M5 

018 W2(2) is under orocessing by M6 

019 WI (3) is ready for processing at either M4 or M6 

020 W2(2) is ready for processing at either M5 or M6 

Transition Description FirinRTime 

tl A Pair of workpieces are loaded onto the two machines fl,21 

t2 MI processes WI [2,4] 

t3 M2 processes W2 [2,41 

t4 M3 begins orocessing WI (I) --
t5 M5 begins processing WI (I) --

t6 M3 begins processing W2(1) - -
t7 M4 begins processing W2(1) --
t8 M3 ends processing WI (I) [2,4] 

t9 M5 ends orocessing WI (I) [2,4] 

tlO M3 ends orocessing W2(1) [2,4] 

tIl M4 ends orocessing W2(1) [2,41 

tI2 M4 begins processing WI (2) - -
t13 M6 begins processing WI (2) - -
tl4 M5 begins processing W2(2) --

tIS M6 begins processing W2(2) - -
tI6 M4 ends processing WI (2) [2,4] 

tl7 M6 ends processing WI (2) [2,4] 

tl8 M5 ends orocessing W2(2) [2,4] 

tI9 M6 ends processing W2(2) [2,4] 

t20 M7 assembles WI (3) and W2(3) [2,4] 
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port4 

port3 

Figure 3.30. TPN model of the checking subsystem. 

Table 4.13. Legend for Figure 4.30. 

Place Descrintion 

031 Checkinl! result is available 

032 Readv for sealinl! 

p33 Readv for being loaded onto the vehicle 

Transition Descrintion FirinlZTime 

t31 Checkinl! the product fl,3] 

t32 The oroduct passes the test --
t33 The oroduct doesn't Pass the test - -

t34 The subsvstem seals the product [2,41 

t35 The subsystem loads the product onto the vehicle [1,21 

t36 The subsystem unloads the product from the vehicle [1,2] 

port7 port8 

Figure 4.31. TPN model of the repairing subsystem. 



122 TIME PETRI NETS CHAP. 4 

Table 4.13. Legend for Figure 4.31. 

Place Description 

p61 WI (3) is ready for Drocessing at W9 

p62 W2(3)is readY for Drocessing at WI0 

P63 WI (4) is readY for processing at Wll 

P64 W2(4) is readY for processing at Wll 

Transition Description FirinllTime 

t6l M8 disassembles W3 [2,41 

t62 M9 processes WI (3) [2,41 

T63 MI0 Drocesses W2(3) [2,41 

T64 Mll assembles Wl(3)and W2(3) [3,51 

C. Timing Constraints Verification 

We now verify the timing constraints of the FMS. The assumption that all three 
constraints are applied in the case that no waiting time exists for any workpiece 
at any processing stage ensures that we use the net with only one input from 
port! to verify the system constraints, which implies that the component-level 
reduction rules are applicable to the analysis of the system. The FMS consists of 
three components: PS, CS and RS. There is one dependency edge: CS~RS, so 
we can order these components as 

PS,RS, CS. 

1(1.2) 

pontO ~ ~O pon2 

(a) 

1(3.4) 

pon3 0 ~ ~O pon4 

(b) 

r--------------, 
, 132 p32 134 , , , 

(c) 

, pon4 

I , , 
136' , , 
-' 
T, 

pon7 pon8 

: tv. 8) , 

... _--' 
Figure 4.32. (a) Reduction of component PS. 

(b) Reduction of component RS. 
(c) The simple but equivalent model ofthe system. 
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Applying component-level reduction rule 1 to component PS and RS results 
in Figure 4.32(a) and 4.32(b), respectively. Applying simple reachability 
analysis, we conclude 

SI(t(l.2) = [11, 22], and 

SI(t(7.8) = [7, 13]. 

So the constraint (Cl) is verified. Next, we consider the component CS. 
Figure 4.32(c) shows CS and its interaction with simplified PS and RS, and we 
use it to verify other constraints. Based on Figure 4.32(c) and the fact that the 
switch probabilities for transition t32 and t33 are 0.9 and 0.1, respectively, we 
obtain 

D_(port5, port6) = [9, 17], and 

D_(port3, port4) = [4.1, 9.1], 

where D_(port5, port5) represents the message transferring time delay between 
ports port5 and port6, so does for D_(port3, port4). Based on these values, we 
have verified (C2) and (C3). Therefore, all constraints have been verified. 



5 
STOCHASTIC TIMED PETRI NETS 

AND STOCHASTIC PETRI NETS 

Stochastic timed Petri nets (STPN's) are Petri nets in which stochastic firing 
times are associated with transitions. An STPN is essentially a high-level model 
that generates a stochastic process. STPN-based performance evaluation 
basically comprises modeling the given system by an STPN and automatically 
generating the stochastic process that governs the system behavior. This 
stochastic process is then analyzed using known techniques. STPN's are a 
graphical model and offer great convenience to a modeler in arriving at a 
credible, high-level model of a system. 

This chapter is arranged as follows: In Section 5.1, we address the definition, 
firing policies, memory properties, and the corresponding stochastic processes of 
STPN's. In Section 5.2 and 5.3, we give a brief introduction over continuous 
time Markov chain and queuing networks. In Section 5.4, we discuss the 
simplest STPN models - stochastic Petri net (SPN) models, which assume that 
all transitions' firing times are exponential, and the firing policy is race. Section 
5.5 presents the product form solution for SPN models. 

5.1 Stochastic Timed Petri Nets 

In order to describe the behavior of an STPN, we begin by observing a possible 
execution sequence. A timed execution of a Petri net N with initial marking Mo is 
an execution sequence of L(Mo) augmented with a non-decreasing sequence of 
real nonnegative values representing the instants of firing (epochs) of each 
transition such that consecutive transitions ti and ti+! correspond to ordered 
epochs 'Zi and 'Zi+1, 'Zi ~ 'Zi+!. The time intervals ['Zi, 'Zi+!) between consecutive 
epochs represent the periods in which the net sojourns in marking M(i) (we 

J. Wang, Timed Petri Nets

© Kluwer Academic Publishers 1998



126 STOCHASTIC TIMED PETRI NETS AND STOCHASTIC PETRI NETS CHAP. 5 

assume 'ZO= 0). A history of a Petri net up to the kth epoch 'Zk is denoted by Z(k). 

We focus our attention on the introduction of stochastic timing in Petri net 
models. Suppose that we are considering causal systems. We want to be able to 
describe (at least in a probabilistic sense) the future behavior of a system from 
the knowledge of the past history. 

Let Z = Z(k) be a history of the Petri net up to (and including) the kth epoch, 
and M = M(k) be the marking entered by firing transition t(k)' We assume that for 
all k, Z, and M, the following distribution functions can be uniquely determined: 

F(i,x I M ,Z) = Pr{ti fires, df :::; x I M ,Z}. (5.1) 

where the random variable df represents the time that elapses from entering M up 
to the next transition epoch, i.e., the time interval 'Zk+l - 'Zk. Note that M is known 
from Z, but we have explicitly indicated the dependence on M is the only 
element that influence the above distribution function. Such distribution must be 
defined for all transitions ti in E(M). 

The probability Pi (M ,Z) of selecting ti to be the next transition to fire is 

obtained as: 
~ 

p;CM,Z) = fd x F(i,xIM,Z) (5.2) 
a 

and the distribution of the time spent in marking M before the next epoch is 
found as: 

F(xIM,Z)= LF(i,xIM,Z) (5.3) 
tieE(M) 

We can now give the following definition [ABB85, ABB89]: 

Definition 5.1: A stochastic timed Petri net (STPN) is a Petri net with a set of 
specifications for computing the distributions F(i,x I M ,Z), and with an initial 

probability distribution on R(Mo). 
With the above definition, the ensemble of possible executions of a STPN, 

together with the probability measure induced on it by assigning the firing 
distributions F (i, x 1M, Z), constitutes a stochastic point process (SPP) with a 
discrete state space isomorphic to a subset of the Petri net reach ability set. For 
what concerns the initial probability distribution, we assume that the system be 
in state Mo at 1'= 0 with probability one. 

5.1.1 Next Transition to Be Fired 

When in a given marking M only one tranSItIOn is enabled, say ti, the 
computation of F(i,x I M ,Z) requires only to determine the distribution of the 

time spent in M, possibly conditioned on all the past history Z. 
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When a marking M enables two or more transitions, the computation of the 
distributions F(i,xIM,Z)requires the knowledge of the policy used for the 
selection of the transition that fires. Two policies are discussed in [ABB85, 
ABB89, Fl091]: one is race, and the other is preselection. 

A. Race Model 

When the net enters marking M, for each transition ti in the set E(M) a random 
sample () is extracted from the joint distribution: 

<P(xp x2'···1 M ,Z) = Pr{61 :::; xp 62 :::; x2 ,··1 M ,Z}. (5.4) 

The minimum of these samples determines both which transition will actually 
fire, and the sojourn time in M. We only consider the case in which all random 
samples are independent, so that (5.4) is uniquely determined by the marginal 
distributions: 

<P;(xl M,Z) = Pr{6;:::; xl M,Z}. (5.5) 

The distribution of equation (5.1) are then computed as: 
x 

F(i,xIM,Z)= f IT ~ - <P/u 1M ,Z):k<p;(u 1M ,Z)· (5.6) 
o tjEE(M)J~; 

In this case, 
~ 

Pi(M ,Z) = J rHl-cP/u I M ,Z)}IucP;(u I M ,Z), (5.7) 
o tjEE(M),j# 

and 

~(xIM,Z)= 1- IT~-<P/xIM,Z)]. (5.8) 
tjEE(M) 

The STPN model definition thus requires the specification of the distribution 
<P/x I M ,Z) for each timed transition. 

The race model asserts that the next transition to be fired is the one 
associated with the shortest delay to finish. In each marking a race is done 
between operations associated with enabled transitions. 

B. Preselection Model 

The race model suffers two drawbacks: 
The first problem is related to random variables with non continuous 

distributions. For example assume that only two operations are in progress in a 
given marking. These operations need the same constant amount of work. The 
probability that these variables take both the constant values is equal to 1. Hence, 
according to the race model both transitions can be fired, and the race model 
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doesn't provide any information to choose between them. 

The second problem is related to the case that a predefined priority choice is 
involved. Consider the modeling of the following situation" A repairman has to 
repair one of two different failed machines. The time to take the decision is no 
longer than 'i. According to a predefined strategy the repairman decides to repair 
machine 1 with probability a and machine 2 with probability 1- a. In order to 
represent this situation using the race model it is necessary to associate to time of 
decision an arbitrary random variable 'Z;, the time needed to decide to repair 
machine i, such that inf( 'Xi, 'Z'z) = r, and Pre 'Xi < 'Z'z) = a and Pre-Xi > 'Z'z) = 1- a. 
This is not a convenient way of modeling. Moreover, the arbitrary choice of 'X'l 
and 'Z'z will interfere, in the random race with the probability to fire another non 
conflicting transition. And last, but not least, if we assume that the decision 
process time is negligible ('Z'z = 0), it is impossible to define'X'l and 'Z'z. 

The above two cases can be easily handled by preselection policy. Now we 
rewrite (5.1) as: 

F(i,xl M,Z)= Pi(M ,Z) 1'; (x I M ,Z) (5.9) 

where 1'; (x I M ,Z) are honest distribution for all transition ti in E(M) and 

represent the distributions of firing delays conditioned on M, Z, and on the fact 
that ti is the transition that will actually fire. Moreover: 

LPi(M,Z)=l (5.10) 
tieE(M) 

In the preselection policy, equation (5.9) is interpreted as follows: when the 
STPN enters marking M, a transition is selected among those in E(M) according 
to the discrete distribution { Pi (M ,Z) }; the selected transition, say ti, will then 

fire after a random delay with distribution 1'; (x 1M, Z) . Thus the selection of 

the transition that actually fires does not depend upon the associated delay; 
conversely, once a transition is selected, the sojourn time in M does not depend 
upon the delays associated to the other transitions. The definition of a model with 
preselection requires the specification of both the probabilities Pi (M ,Z) and the 

distributions 1'; (x 1M, Z) . 

Preselection model introduces another kind of difficulties. The preselection 
probabilities { Pi (M, Z) } should be defined at the marking level. But due to the 

number of reachable markings, the preselection probabilities are often not 
specified at the marking level but at the Petri net level. To define the preselection 
probabilities {Pi (M ,Z) }, one must conjecture on reachable conflicting 

situations. This difficult modeling process may introduce subtle errors 
[ABCC87]. 
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5.1.2 Memory Properties 

For what concerns conditioning upon the past history Z, we consider three 
possibilities: 

Resampling. The distributions F; (x 1M, Z) are independent of Z, but they 

may depend upon the current marking M. 
Age Memory. The distributions depend upon the past history Z, through the 

concept of a work age variable associated with each transition ti' The age 
variable accounts for the work done by the activity corresponding to the 
transition from its last firing up to the considered epoch, and the distributions 
F; (x 1M, Z) are those of the residual times needed for the activities to complete. 

Example 5.1: 

Consider the modeling of a repair process (Figure 5.1) [Fl091]. A repairman 
is performing an operation, this is described by a transition, one of its input place 
contains one token, the repairman. If the repairman is preempted to perform 
another operation, the corresponding token is removed from the place and the 
repair transition is disabled. The age memory allows keeping track of the repair 
work already done. It will be taken into account as soon as the repair transition is 
~~~. 0 

Failure 

Repainnan 
in action 

Repairman 
doing 
something else 

Figure 5.1. illustration of work age memory. 

Enabling Memory. The distributions depend on the past history Z through 
the concept of an enabling age variable associated with each transition. The age 
variable accounts for the work done by the activity corresponding to the 
transition from the last instant at which it has become enabled up to the 
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considered epoch, and the distribution F; (x 1M, Z) are those of the residual 

times needed for the activities to complete. 

Example 5.2: 

Suppose that in the model of a protocol a timeout is started each time a 
message is sent and canceled when an acknowledgement is received (Figure 5.2) 
[Fl091]. The timeout corresponds to a transition which is disabled when an ACK 
token is received. If, for this transition, the age memory is used the enabling time 
corresponding to one message will be kept and subtracted to the timeout has to 
be reset for each message. This is exactly what does the enabling memory. 0 

Send message, 
start watch dog timer 

ACK received, 
stop timer 

Figure 5.2. lllustration of enabling age memory. 

The race model with resampling (referred to this case as R-R) can be used to 
describe the behavior of a set of parallel competing activities (modeled by 
conflicting transitions) such that the first one to terminate determines a change in 
the system state. The work performed by those activities that do not complete is 
lost. This model appears to be interesting only in the case of conflicting 
transitions. 

The race model with work age memory (R-A) is used to describe the 
behavior of a set of simultaneous activities such that the first activity to terminate 
determines a change in the system state. In this case, however, the work 
performed by those activities that do not complete is not lost. This implies that 
the simultaneous activities are such that, after the firing of the first transition to 
complete, they will resume, in the first marking that enables them, from the point 
at which they were interrupted. This model appears to be well suited to represent 
both cases of conflicting and concurrent activities. 
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The race model with enabling age memory (R-E) is again used to describe 
the behavior of a set of simultaneous activities such that the first activity to 
terminate determine a change in the system state. In this case the work performed 
by those activities that do not complete is lost, unless they correspond to 
transitions that remain enabled in the new marking generated by the change of 
state. This model, like the previous one, can represent both conflicting and 
concurrent activities but allows preemption. 

The preselection model with resampling (P-R) can be used to model a set of 
conflicting activities that cannot be performed in parallel. When the system 
enters a new state, it must choose which one of conflicting activities will be 
performed next. Once the choice is made, the chosen activity is performed until 
completion and then the system state changes. 

The preselection model with work age memory (P-A) appears to be 
somewhat trickier. Indeed, in this case, the activity that will determine the state 
change is chosen as soon as a new state is entered. This chosen activity is 
executed until it determines a state change. Those activities that were not chosen 
execute in parallel to the chosen one, and they will resume in the next marking 
that enables them, from the point that they had reached when the state change 
occurred. Clearly, it may happen that the chosen activity is longer than some of 
the activities that were executed in parallel without being allowed to induce a 
state change. It is often more convenient to describe this model in different 
manner by separating the preselection part that occurs in zero time from the 
activity execution part that consume time. For these reasons this model is on 
longer discussed. 

These same comments apply also to the preselection model with enabling 
age memory (P-E), that will also be neglected in the following. 

5.1.3 The Stochastic Process Associated with STPN's 

Assume that the Petri net structure is given together with its reachability graph 
R( M 0 ). Further suppose that from the real system to be examined the individual 

distribution Gk(xIMj ) can be specified for all M j E R(Mo) and for all 

tk E E(MJ. Gk(xIMj ) represents the distribution of the time needed to 

perform the activity associated with transition tk when considered alone. By this 

we mean that it is possible to specify Gk (xl MJ by considering only the time 

necessary to perform the activity associated with transition t k and disregarding 
the rest of the Petri net model. 

Now we discuss the properties of the SPP associated with the timed 
execution of an STPN under the execution policies introduced above. We 
consider STPN's in which a single execution policy exists, bearing in mind that 
in real systems we might face STPN's in which all policies can simultaneously 
present. 



132 STOCHASTIC TIMED PETRI NETS AND STOCHASTIC PETRI NETS CHAP. 5 

A. Preselection Policy with Resampling (P-R) 

Notice that resampling means that future behavior of the process does not depend 
on its past history Z but only on the current marking M and on the time already 
spent in M; therefore, in (5.9) F;(x I M ,Z) =F;(x I M). 

According to (5.9) we assume that for all M j E R(Mo) and for all 

tk E E(M;) the probabilities Pk(Mj ) are given. 

For the sake of simplicity we further assume that for any pair ( Mj' Mj ) there 

is at most one transition t k such that M j [t k > Mj , and that no transition 

changes the marking into itself. From the above assumption the probability Q ij 

of a change of marking from M j to Mj is 

a .. = {Pk(M) if MJtk >Mj 
I} 0 otherwise 

(5.11) 

The semantics of the preselection policy involves: 

Fk (xIM j ) =Gk(xIMj ). (5.12) 

That is, transition tk is selected following the distribution Pk (M;) of (5.11) and 

then behaves as if it were isolated. 

The time-dependent one step transition probability matrix Q(x) has entries 
qjj (x) representing the probability that the event M j [t k > Mj occur before x, 

conditioned on marking M j at x = O. In this case we can write: 

qij(x) = QjjGk(xIM;) (5.13) 

assuming M j [ t k > Mj • 

The matrix Q(x) together with the initial marking of the net, defines a semi
Markov process with a state space in one to one correspondence with subset of 
marking in R( M 0)' The solution of this semi-Markov process can then be 

obtained with standard techniques, which will be presented in Chapter 8. 

B. Race Policy with Resampling (R-R) 

In this case the marginal distributions of (5.5) are simply given by: 

ct>k(X 1M ,Z) =Gk (x I M). (5.14) 

Again we can express the time dependent one step probabilities in matrix 
form: 
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q .. ={F(k,XIM) 
I) 0 

if MJtk >Mj 
otherwise 

133 

(5.15) 

with F(k,x I M) given by (5.8). The one step probability matrix Q(x), together 

with the initial marking of the net defines a semi-Markov process. 

C. Race Policy with Memory (R-A), (R-E) 

The marginal distribution <Pk (x 1M, Z) of (5.5) must be computed from the 

individual distribution Gk (x 1M). To this end it has been assumed that each 

transition keeps memory of the past history of the process through an associated 
age variable ak which either represents the work age variable or the enabling age 
variable. In the following we shall explicitly address the case of R-A policy, but 
the results remain valid also for the case of the R-E policy provided that the 
correct interpretation of the age variable ak is assumed. When the individual 
distributions do not depend on marking: 

Gk(xIM)=Gk(x), (5.16) 

the age variable ak simply counts the time in which tk has been enabled without 

firings. The marginal distributions in (5.5) are the residual life distributions of t k 

conditioned to ak : 

<Pk(xIM,Z)=Gk(x+ak)-Gk(ak) . 
1-Gk (a k ) 

(5.17) 

The age variables ak defined above coincide with the supplementary 
variables [Cox55] which make the SPP a Markov process with partly discrete 
and partly continuous state space, which will be discussed in Chapter 9. 

Note that when the individual distributions Gk (x I M) for all M; E R(Mo) 

and for all tk E E(M;) are exponential, the distinction between resampling and 
age memory becomes inessential. For this class of STPN's, if, in addition, the 
race policy is adopted, the associated stochastic processes will be Markov 
processes. We discuss this class of STPN's in the rest of this chapter. 

5.2 Continuous Time Markov Chains 

Consider a continuous time stochastic process {X(t), t ~ O} taking on values in 
the set of nonnegative integers [Cin75, She83]. We say that the process {X(t), t ~ 
O} is a continuous time Markov chain (CTMC) if for all s, t ~ 0, and nonnegative 
integers i, j, X(u), 0 ~ u ~ s, 

Pr{X(t+s) = j I Xes) = i,X(u) = X(u),O~ u < s} 
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= Pr{X(t + s) = jIX(s) = i} (5.18) 

In other words, a CTMC is a stochastic process having the Markovian property 
that the conditional distribution of the future state at time t + s, given the present 
state at s and all past states, depends only on the present state and is independent 
of the past. If, in addition, the probability Pr{X(t+s)=jIX(s)=i} is 

independent of s, then the CTMC is said to have stationary or homogeneous 
transition probabilities. 

Suppose that a CTMC enters state i at some time, say time 0, and suppose 
that the process does not leave state i (that is, a transition does not occur) during 
the next s time units. What is the probability that the process will not leave state i 
during the following t time units? To answer this question, note that as the 
process is in state i at time s, it follows, by Markovian property, that the 
probability it remains in that state during the interval [s, s+t] is just the 
(unconditional) probability that it stays in state i for at least t time units. That is, 
if we let 'Xi denote the amount of time that the process stays in state i before 
making a transition into a different state, then 

Pr{ 'Xi> s + t I 'Xi> s} = Pr{ 'Xi> t}. (5.19) 

for all s, t ~ 0. Hence, the random variable 'Xi is memoryless and must thus be 
exponentially distributed. 

In fact, the above gives us a way of constructing a CTMC. Namely, a CTMC 
is a stochastic process having the properties that each time it enters state i: 

(1) the amount of time it spends in that state before making a transition into 
a different state is exponentially distributed; and 

(2) when the process leaves state i, it will next enter state j with some 
probability, call it p., where ~ p .. = 1. 

Q ~ Q 
j*i 

It can be shown that for an irreducible and positive recurrent homogeneous 
CTMC, the limiting probabilities 7l . = lim p. (t) always exist, where 

] t .... - ] 

p/t) = Pr{X(t) = j}. (5.20) 

Further, it can be shown that these probabilities 7l 0 ,71 p 71 2,···, satisfy the 

following properties. 

(1) The limiting probabilities constitute a probability distribution, i.e., 
L 1r j = 1 . The probability 7l j ,j = 0, 1, 2, ... , is to be interpreted as 

the long-run proportion of residence time in state j. 

(2) These probabilities are unique, i.e., independent of the initial state. The 
limiting probabilities are stationary in the sense that if the initial state is 
chosen as 
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II(O) = II = [7Z 0,7Z 1'7Z 2"··]' 

then the probabilities II{t) at any time t ~ 0 will be the same as II(O) . 

The probabilities II = [7Z 0' 1l l' 7Z 2'···] are said to constitute the steady-state 
probability distribution of the CTMC. 

A CTMC is characterized by either a state transition rate diagram or a 
transition rate matrix, the latter is also called infinitesimal generator and denoted 
by Q. The state transition rate diagram is a labeled directed graph whose vertices 
are labeled with the CTMC states, whose arcs are labeled with the rate of the 
exponential distribution associated with the transition from a state to another. 
The infinitesimal generator is a matrix whose elements outside the main diagonal 
are the rates of the exponential distributions associated with the transitions from 
state, while the elements on the main diagonal make the sum of the elements of 
each row equal to zero. 

With the infinitesimal generator Q, the steady state probability vector II can 
be obtained as the solution of 

7Z j ~ 0, j = 0, 1, 2, ... 

(5.21a) 

(5.21b) 

Equation (5.21) is the key to computing the steady state probabilities of an 
ergodic CTMC. An individual term IIQ = 0 will be given by 

q jj1t j + ~qkj1tk = 0; j = 0, 1,2, ... 
k¢j 

Lq;j = 0, j = 0, 1,2, ... 
j 

Example 5.3: 

(5.22) 

Consider a lathe. The lathe may load a raw material and process it when the 
lathe is free, and after the completion of the processing, the lathe will be free 
again. When the lathe is processing a raw material, it may fail and thus needs 

Figure 5.3. State transition diagram for the CTMC of the behavior of a lathe. 
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repairing. After the completion of the repairing, the lathe is on a free state and 
waits for the arrival of a new raw material. 

We can easily identify three states in this system: 1) free, 2) processing, and 
3) failed. The transitions from state to state obey the following rules: 

(1) when the lathe is free, it may load a raw material and processing it; 

(2) when the lathe is processing a raw material, it may complete the activity, 
or fail; and 

(3) when the lathe fails, it is repaired; after the repairing, it is set free. 

In order to obtain a CTMC model we need to introduce temporal 
specifications such that the evolution in the future depends only on the present 
state, not on the history. To this end we assume that: 

(1) the time periods during which the lathe is free are exponentially 
distributed with parameter /3; 

(2) the time periods during which the lathe is processing a raw material are 
exponentially distributed with parameter a; 

(3) the lifetime of the lathe is exponentially distributed with parameter fl, 
and 

(4) the lathe repair time is exponentially with parameter A. 
The state transition rate diagram of the resulting CTMC is depicted in Figure 

5.3, and the infinitesimal generator is 

[
-/3 /3 0] 

Q= a -(a+fl) fl 

A 0 -A 

The CTMC is ergotic, and the steady state distribution is easily computed by 
solving the system of linear equations: 

/31Z1 = a1Z 2 + A1Z3 ' 

(0. + 11)71 2 = /371 I , 

A1Z3 = fl71 2 , 

711 +1Z 2 +71 3 =1, 

which gives 

1 
1C1 = . A(a+ fl), 

A(a + /3) + fl(A + /3) 
1 

1C2 = A(a + /3) + fl(A + /3) . ,.1,/3 ' 
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1 
7r3 = A(a + /3) + f.1(A + /3) . /3f.1. 

Note that the first three equations of the system above can be interpreted as 
equalities of the flow into and out of a given state, where the probability flow 
over an arc is the product of the steady state probability of the state from which 
the arc originates times the arc label. Thus for example in the case of state 1 we 
get 

flow in =a1l 2 + A1l3 

flow out = /31l1 

Now it is possible to compute several steady state performance indices: 

• 112 is the utilization ofthe lathe; 

• 113 is the fraction of time in which the lathe is failed; 

• I A7r3 1-1=1 f.17r2 I-I is the average time between two consecutive failures; 

• I (a+ f.1)7r2 1-1=1 /37r1 I-I is the average time between two consecutive 
instants at which the lathe is processing. 0 

5.3 Queuing Networks 

Constructing models at the CTMC level is generally difficult, mainly due to the 
need of choosing an appropriate state definition. For this reason, more abstract 
probabilistic modeling tools were proposed. The main such tools are based on 
queuing theory [CS61, coon, Kle75, ABC86, FN85, FN87]. In this section, we 
give a brief introduction of queuing theory. 

5.3.1 Queues 

A queue is a system to which customers arrive to receive service by a service 
station. The service station may comprise one or more servers. When all servers 
are busy, customers are forced to wait in a waiting room. At the end of service, 
customers leave the queue. Figure 5.4 shows the queue process. 

Customer 
Arrival ""T"""T"""T-i Service 

Station 
Waiting '--____ ...J 

Room 

Customer 
Departure 

Figure 5.4: The process of a queue. 
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The probabilistic characterization of a queue comprises the stochastic 
process describing the arrival of customers, the random variables describing the 
customer service times, the number of servers in the service station, the size of 
the waiting room, the size of the customer population, and the queuing 
discipline. 

The simplest queue is known with the acronym MIMI!. The first M denotes 
the arrival process as a Markovian one, and precisely as a Poisson process with a 
fixed rate, say A-. The second M identifies the service time distribution as being 
Markovian; an average service time f.1- 1 is considered. The symbol I refers to the 
presence of only one server on the svrvice station. Furthermore, the size of the 
waiting room and the customer population are taken to be unlimited, and the 
first-come-first-served discipline is used for the selection of the next customer to 
be served among those in the waiting room. 

The CTMC corresponding to the MIMI! queue has the state transition rate 
diagram depicted in Figure 5.5, which corresponding the infinitesimal generator 

-A- A- 0 0 0 

0 - (A-+ f.1) A 0 0 

0 0 -(A+f.1) A- 0 
Q= 

0 0 0 - (A-+ f.1) A-

0 0 0 0 -(A-+f.1) 

The solution of the M1M11 queue in steady-state can be obtained in closed form 
when the underlying CTMC is ergodic, that is in the case A- < f.1: 

1!i = (1- p) / , i ~ 0 , 

where p = A- / f.1. 

Figure 5.5. State transition rate diagram of the M1M11 queue. 

5.3.2 Queuing Networks 

(5.23) 

A queuing network is a system of interconnected queues in which customers 
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circulate, and possibly arrive from, and leave to, the outsider world. When no 
arrival from and departure to the external world is possible, the queuing network 
is said to be closed; otherwise it is said to be open. The path followed by 
customers in the network is determined by routing probabilities. Figure 5.6 
shows a closed queuing network comprising four queues. 

Queuing networks allow us to construct models of systems where the sharing 
of individual resource is represented in more detail than it would be possible if 

Figure 5.6. A queuing network with 4 queues. 

the system model had to be constructed using single queue. Moreover, for a 
fairly wide class of queuing networks, the production form solution property 
[BCMP75, Jac63] holds, which implies that the steady-state solution of the 
queuing network can be factored in the product of the steady-state solution of the 
individual queues, and hence obtained with very limited complexity. Therefore, 
queuing networks have gained widespread applications in many areas, such as 
telecommunications, computers, manufacturing and transportation. 

Problem arises when refined modeling is required. To take into account 
synchronization features such as rendezvous, fork and join process, there is a 
need for a new modeling and evaluation tool. 

In the rest of this chapter, we will propose the simplest STPN models
stochastic Petri net (SPN) models. We will see that an SPN model is equivalent 
to a queuing model from the point of view of the solution, but offers a much 
greater descriptive power. 

5.4 Stochastic Petri Nets 

The simplest choice for the individual distributions of firing times G k (x 1M) is 

the negative exponential. Because of the memoryless property of this 
distribution, the distinction introduced in Section 5.1.2 between resampling and 
age memory becomes inessential. 
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Restricting the attention to race models, the SPP underlied by policies R-R, 
R-A, and R-E is the same. The sojourn time distribution in each marking is 
exponential, and is given by the minimum among the exponential random 
variables associated with the transitions enabled by the marking itself. The SPP 
associated with the STPN is a continuous time homogeneous Markov chain with 
state space in one to one correspondences to with marking in R( M 0)' The 
transition rate matrix of the Markov chain can be easily constructed from the 
reachability graph given the firing rates of the transitions of the STPN. 

Exponential timed stochastic Petri nets, often called stochastic Petri nets, 
were independently proposed by Natkin [Nat80] and Molloy [MoI81], and their 
capabilities in the performance analysis of real systems have been investigated 
by many authors. 

5.4.1 Stochastic Petri Nets 

Definition 5.2: A stochastic Petri net (SPN) is a six-tuple (P, T,I, 0, M 0' A) in 

which ( P, T, I, 0, M 0) is a Petri net and A: T 4 R is a set of firing rates whose 

entry At is the rate of the exponential individual firing time distribution 
G k (x 1M) associated with transition tk' 

Note that At may be marking dependent, that is, At may take different values 
in different markings (see Example 5.6). 

Natkin and Molloy have shown that the marking process of an SPN is a 
CTMC. This establishes a bridge between SPN's and Markov chains. In the 
following discussion, we outline a proof for showing the equivalence between an 
SPN and a CTMC. 

Lemma 5.1: Let (P,T,I,O,Mo,A) be an SPN. Given Mi' M j E R(Mo) , there 

exists a specific probability Q ij of reaching M j immediately after exiting from 

M;. 
Proof: Define 

T;j == {t E E(M;): M;[t > M) 

There are two possibilities: T. == 0 and T. "* 0. If T. is empty, we have 
IJ IJ IJ 

that M j cannot be reached from M; in single step and hence Qij = O. Now 

consider the case when T;j is non-empty. Let 

'ij = L~' and 
tkETij 
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The probability of marking M j changing to M j is the same as the 

probability that one of the transitions in the set T. fires before any of the 
I] 

transitions in the set T \ Tij' Since the firing times in an SPN are mutually 

independent exponential random variables, it follows that the required 
probability has the specific value given by 

aij = rijt rj. 
In the expression for a.. deduced above, note that the numerator is the sum of 

I] 

the rates of those enabled transitions in Mj' the firing of any of which changes 

the marking from M. to M.; whereas the denominator is the sum of the rates of 
1 ] 

all the enabled transitions in M .. Also note that a .. = 1 if and only if 
1 I] 

I;j=E(M). 0 

Lemma 5.2: The sojourn time of any reachable marking in an SPN is 
exponentially distributed. 

Proof: Let M j E R(Mo)' Suppose that E'(M) is the subset of 

E(MJ comprising all transitions such that the firing of any of which in M j 

would lead to marking other than M j • Let 

r/= L~ 
(teE'(M j ) 

The sojourn time in M j is a random variable given by 

min exp(Ak ) 
(tEE'(M j ) 

Then by the mutual independence of the firing times, it follows that the sojourn 
time of M j is exponentially distributed with rate r/. 0 

Theorem 5.1: The marking process of a stochastic Petri net is a continuous time 
Markov chain. 

Proof: Proof is immediate on applying the two lemmas above and using the fact 
that the firing time random variables in an SPN are all mutually independent. 0 

Example 5.4: 

Figure 5.7 shows a simple SPN model with its reachable markings and its 
reachable graph. The linear system of steady state probabilities is 
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(a) p) 

Figure 5.7. (a) A simple SPN model. 
(b) Reachable graph with Mo = (l 000 O)T, Ml = (0 1 1 ool, 

M2 = (00 1 1 O)T, M3 = (0 1 00 1)T, M. = (000 Ill. 

-~ ~ 0 

0 -(~ +~) ~ 
(Ko,K) ,K2 ,K3,K4) 0 0 -~ 

0 0 0 

A,4 0 0 

1Zo +1Z 2 +1Z 2 + 1Z 3 +1Z4 = 1 

Let A = (l 1 1 1 1), then solution to this system is: 

1Zo =1Z4 =217, 1Z, =1Z2 =1Z3 =117. 

Example 5.5: 

0 0 

~ 0 

0 ~ =0 

-~ ~ 
0 -A,4 

o 

The SPN model describing the behavior of the lathe considered in Example 
5.3 is shown in Figure 5.8. Table 5.1 gives the legends of places and transitions 
and transitions' ftring rates in this model. By reachability analysis one can easily 
obtain the state (marking) transition rate diagram of this model, which is exactly 



TIMED PETRI NETS: THEORY AND APPLICATION 143 

same as the one shown in Figure 5.3. o 

Figure 5.8. The SPN model ofthe lathe example. 

Table 5.1. Legend for Figure 5.8. 

Place Description 

PI The lathe available 

P2 The lathe processing a raw material 

P3 The lathe under repairing 

Transition Description Firin2 rate 

tl The lathe loads a raw material fJ 
t2 The lathe processes a raw material a 
t3 The lathe fails 11 
t4 The lathe is repaired A 

5.4.2 Performance Evaluation 

The analysis of an SPN model is usually aimed at the computation of more 
aggregate performance indices than the probabilities of individual markings. 
Several kinds of aggregate results are easily obtained from the steady state 
distribution over reachable markings. In this section we quote some of the most 
commonly and easily computed aggregate steady state performance parameters 
[Ajm90]. 

• The probability of an event defined through place markings (e.g., no 
token in a subset of places, or at least one token in a place while another 
one is empty, etc.), can be computed by adding the probabilities of all 
markings in which the condition corresponding to the event definition 
holds true. Thus, for example, the steady-state probability of the event A 
defined through a condition that holds true for the markings M; E H is 
obtained as: 
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P{A}= L1r;. 
Mi EH 

• The average number of tokens in a place can be obtained by computing 
the individual probabilities as those of the event "place Pi contains k 
tokens". 

• The frequency of firing a transition, i.e., the average number of times the 
transition fires in unit time, can be computed as the weighted sum of the 
transition firing rate: 

1; = LAj (M;}1rj 

;:tjEE(M i ) 

where jj is the frequency of firing tj, E(Mj) is the set of transitions enabled 
in M;, and A,{Mj ) is the firing rate of tj at M j • 

• The average delay of a token in traversing a subnet in steady state 
conditions can be computed using Little's formula [Lit61] 

E(T) = E(N) , 
E(y) 

where E(1) is the average delay, E(N) is the average number of tokens in 
the process of traversing the subnet, and E(n is the average input (or 
output) rate of tokens into (or out of) the subnet. This procedure can be 
applied whenever the interesting tokens can be identified inside the 
subnet (which can also comprise other tokens defining its internal 
condition, but these must be distinguishable from those whose delay is 
studied) so that their average number can be computed, and a relation can 
be established between input and output tokens (e.g., one output token for 
each input token). 

Example 5.6: A client-server system. 

The system is composed of one server and four client terminals. After an 
exponentially distributed time delay, any terminal may submit a request to the 
server for service. The service at the server is composed of two consecutive 
stages: task analysis and task processing. All service times are exponential. The 
SPN model of this system is shown in Figure 5.9. The legends of places and 
transitions and the firing rate of each transition in this model are given in Table 
5.2. Notice that the firing rate of transition tl is marking-dependent. 

Reachability analysis gives the corresponding Markov chain of the system as 
shown in Figure 5.10. There are 9 states (markings): 

Mo: 1400, 
M 1: 13 1 0, 
M3: 1220, 

Ms: 11 30, 

M2: 0301, 
M4: 0211, 

M6: 0121, 
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• PI 

Figure 5.9. SPN model of the client-server system. 

Table 5.2. Legend for Figure 5.9. 

Place Description 

PI Server available 

P2 Client terminals ready to submit requests 

P3 Tasks waiting for processing 

Transition Description Firing rate 

tl Client terminals submit requests IxM(P2) 

t2 Server analyzes a task 1 

t3 Server processes a task 2 

M7: 1040, Ms: 0031. 
The infinitesimal generator is 

-4 4 0 0 0 0 0 0 0 

0 -4 1 3 0 0 0 0 0 

2 0 -5 0 3 0 0 0 0 

0 0 0 -3 1 2 0 0 0 

Q= 0 2 0 0 -4 0 2 0 0 

0 0 0 0 0 -2 1 1 0 

0 0 0 2 0 0 -3 0 1 

0 0 0 0 0 0 0 -1 1 

0 0 0 0 0 2 0 0 -2 

The steady state distribution can be computed as: 
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7lQ= 0.06, 

1l2= 0.06, 

1l4= 0.17, 

~=0.31, 

1Z8=0.11. 

7l"t = 0.17, 

7l"3 = 0.41, 

7l"s= 0.47, 

1IiT= 0.58, 

Now we consider the performance indices of the system. 

• Since the system is idle only in the state Mo (P2 contains 4 tokens, 
indicating that all client terminals are not under the service of the 
server), the stationary probability of the server is idle is equal to 7lQ = 
0.06. In other words, the utilization of the server is 1 - 110 = 94%; 

• Since the average service time is equal to 1/ ~ + 1/ A3 = 1.5 time units, 
the average throughput rate of the system is equal to 0.9411.5 = 0.63 
tasks per time unit; 

• The average turnaround time 4/0.63 = 6.35 time units; 
• Since the average client terminal time is 1/ At = 1 time unit, the average 

waiting time is equal to 6.35 - 1 - 1.5 = 3.85 time units. 0 

Figure 5.10. The corresponding Markov chain of the SPN model of Figure 5.6. 
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5.5 Product Form Solution for Stochastic Petri Nets 

The major problem in computing performance measures using SPN's is the need 
to work with the equilibrium equations based on the reach ability graph. The 
reachability graph size increases exponentially with the both the number of 
tokens in the initial marking and the number of places and consequently, except 
for special classes of models, the dimension of this graph and the time 
complexity of the solution procedure preclude the exact analytical solution of 
many practical models. 

Queuing networks suffer from the same limitations, but the problem has 
been alleviated by the discovery of a class of queuing networks whose solution 
can be computed in an easy way [BCMP75, Jac63]. For this class of queuing 
networks the solution can be factorized into terms that refer to each single queue 
of the network: it is the well known Product Form Solution (PFS). 

In this section, we introduce two approaches to PFS for SPN's. The first 
approach [LR87] allows the PFS to be detected at state space level by inspecting 
the structure of the reach ability graph. The second approach [DS92] allows the 
PFS to be detected at structural level, without inspection of the reachability 
graph. 

5.5.1 The Algebraic-Topological Approach 

For a CTMC, it follows from (5.21) that 

Vi, ~>rkqki = JriLqil (5.24) 

Equations (5.24) are known as global balance equations, as the total probability 
flux out of any state i is balanced with the total probability flux into that state. A 
Markov chain is instead said to exhibit local balance if and only if for every 
transitions leaving state i to an arbitrary state j with rate qij there is another 
transition entering state i from another state k with rate qki such that 

(5.25) 

where Jrk is the steady-state probability of state k. Equations (5.25) are called 
local balance equations. The relation between local balance and PFS is well 
known from queuing theory: the former always implies the latter. However, the 
verification of (5.25) requires, in general case, the vector n, and therefore these 
equations are only used to guess a solution vector n which is then substituted 
back into (5.24) to check if it satisfies it. 

The PFS for SPN's presented in this subsection was developed by Lazar and 
Robertazzi in [LR91, Rob90]. It characterizes a class of SPN's whose steady
state probabilities satisfies the local balance equations. These equations are 
related to the presence of a special structure in the reachablity graph. This 
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approach is termed algebraic-topological approach [DS92]. 

Definition 5.3: An isolated circulation consists of the probability flux along a 
subset of edges of the state transition diagram for which there is a conservation 
of this flow at each adjacent state. 

A duality principle is introduced by this PFS approach, which relates te 
presence of a special structure in the SPN reachability graph with the local 
balance property. 

Duality Principle. There is a duality between the existence of local balance 
and the existence of isolated circulations. That is to say, the existence of local 
balance leads to isolated circulations and vise versa. 

This principle reduces the search for the existence of local balance property 
to the search for the existence of isolated circulations in the state space diagram. 

Example 5.7 [Rob90]: 

The SPN of Figure 5.12 models a dual processors computer system 

Figure 5.11. A dual processors system. 

Figure 5.12. The SPN model of the dual processors system. 
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consisting of two processors PI and P2, and a common shared memory Mem 
(Figure 5.11). Processors may refer to memory through a bus. A processor is 
allowed to work only if the bus is available, hence conflicts between processors 
occur as only one of them may utilize the bus. We can recognize two sequences 
of tasks corresponding respectively to activities of processors PI and P2. In 
terms of places these sequences are the following: 

Sequence 1: 

PI: Processor PI trying to work; 

P3: Processor PI bus request; 

Ps: Processor PI memory access. 

Sequence 2: 

P2: Processor P2 trying to work; 

P4: Processor P2 bus request; 

P6: Processor P2 memory access. 

The state transition diagram of this SPN is shown in Figure 5.13. The 
horizontal axis corresponds to processor PI activities while the vertical axis to 
processor P2 activities. 

ts 

ts 

ps 

token in place 

Figure 5.13. The state transition diagram. 

Now we consider the steady-state probabilities. We use the notation (i, j), 
with i = 1, 3, 5 and j = 2, 4, 6, to indicate the presence of one token in place Pi 
and one in place Pj' If we want to solve for n(5, 4), the steady-state probability of 
the state that both places Ps and P4 get marked, for instance, we can solve the 
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second horizontal building block of Figure 5.13 to obtain the local balance 
equation 

As71(5, 4) = ~71(3, 4) = ~71(1, 4), 

whose solution is 

Jr(5, 4) =~Jr(l, 4). 
A.s 

To compute JZ(1, 4) we can solve the first vertical building block of the same 
figure to obtain 

A.41l (1,4) = ~1l (1,2), 

and hence 

Jr(l, 4) = ~ Jr(l, 2). 
A.4 

Substituting this solution into the previous one gives 

Jr(5 4) = ~ ~ Jr(l 2) , A A. " 
5 4 

where JZ(5, 4) is computed in terms of the probability of initial state (1, 2). The 
probability of the initial state can be easily computed using the condition that 
probabilities should sum to one. It is not difficult to show that in general the 
steady-state probability of any state (i, j), i = 1, 3, 5 and j = 2, 4, 6, is the 
following: 

Jr(i, j) = i i. Jr(1, 2), 
I } 

which can be rewritten as 

1l (i, j) = G . f (i). f (j) , 
where G is a normalizing constant that requires the computation of the 
probability of the initial state as mentioned above,ft...i) andj(j) are terms referring 
to places i andj, respectively. 0 

We may find several distinct paths connecting an arbitrary pair of states in 
Figure 5.13. If by taking different paths the steady-state probabilities computed 
for the same state are different, then we have a set of inconsistent local balance 
equations and therefore the global solution can not be computed in terms of local 
ones. The complete decomposition of the state space diagram in isolated 
circulations corresponds to a decomposition of the original global balance 
equations into a set of local balance equations. The consistency of the set of local 
balance equations with the global ones in terms of topological interpretation has 
the following meaning: all different paths connecting some arbitrary state with 
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the reference state should carry the same probability flux. 

For a safe SPN, we have the following two theorems [LR91, Rob90]: 

Theorem 5.2: A safe SPN, consisting of a number of task sequences that are 
comprised of a series of sequential sub-tasks, has PFS for the steady-state 
probabilities if the state transition diagram can be naturally associated with a 
Cartesian coordinate system and if the transition diagram is comprised of integral 
building blocks and corresponding consistent set of local balance equations. 

This can also be expressed in terms of blocking, but it is still at state space level. 

Theorem 5.3: Consider a safe SPN consisting of a number of task sequences that 
are comprised of a series of sequential sub-tasks. The PFS for the probabilities at 
equilibrium exists if and only if a task sequence is only allowed to proceed if 
there is a non-zero probability that it can return to its current state without the 
need for a state change in other task sequences. 

Theorem 5.3 is a transposition into SPN's of the results of queuing networks 
with blocking. It is well known that, in general, blocking prevents PFS as it 
destroys the local balance property. For instance, let us consider a place 
representing the service at a station that is blocked, in this case the flow into 
local state due to arrivals from previous stations remains non-null if these 
stations are not blocked, while the flow out of the same states due to departures 
is zero as servers in the station are blocked [DS92]. 

Note that there are particular blocking situations that maintain local balance 
property and hence PFS, for example global blocking, where both arrival and 
departure flows become zero at the time blocking occurs [Aky87 , Aky88]. 
Theorem 5.3 implies that SPN's having PFS admit only global blocking. 

These two theorems do not give an exactly structural characterization of 
SPN's, as they only give a criterion to relate the presence of special structures in 
the reach ability graph of the SPN with the existence of PFS. Roughly speaking, 
this approach to PFS is useful, with an analysis of the state space, to determine 
whether an SPN model have a production form solution. 

5.5.2 A Net Level Characterization of the Algebraic-Topological Approach 

An approach is developed by Donatell and Sereno in [DS92] to characterize at a 
structural level the class of SPN's whose state transition diagram can be 
completely decomposed into isolated circulations, and hence by duality principle 
the state eqUilibrium probability can be computed in production-form way. By 
structural level we mean without building the reach ability graph. 

Recall Theorem 2.2 given in Chapter 2, which claims that an n-vector x ~ 0 
is a T-invariant if and only if there exists a marking M and a firing sequence a 
from M back to M with its firing count vector a/ equal to x. A consequence of 
this theorem is that the isolated circulation dimension can be derived from the 
corresponding T-invariant. 



152 STOCHASTIC TIMED PETRI NETS AND STOCHASTIC PETRI NETS CHAP. 5 

Let r c Tbe a subset of transitions of a given SPN, and let us define the set 
A(Tj as follows: 

A(Tj = UO(t) u UI(t) 
tET' tET' 

Definition 5.4: T'is closed if and only if for any a E A(Tj, there exists ti and tj 

such that a = l(ti) and a E O(tj). 

Theorem 5.4: Let N be a live and bounded SPN with a set of minimal-support T
invariants XI> X2, ••• , Xh. Denote by ILxili the support of the minimal-support T
invariant Xi (obviously it can be ILxIIl n ILx211 n ... n ILxhll ¢ 0). If the initial 
marking Mo enables at least one transition in T and the set ILxIIl, I Lx211 , •.• , ILxhll are 
closed then the state transition diagram of N is completely decomposable in h 
components. 

Proof: We have to prove that any transition that fires in a state is part of at least 
one isolated circulation that will take the SPN back to that state. 

If t is a transition enabled by Mo we have that Mo [ t > MI. We can 
distinguish two cases: t E ILxili or t E ILxili n ILxjll n ... n ILx/II, where by ILxili n 
ILxjll n ... n ILx/1l we mean the intersection of a certain number of T-invariants. 

Case t E ILxill: In this case by closure property (Definition 5.4) the firing 
action of t enables at least another transition tl E ILxili and so starting from MI and 
tl we can repeat the reasoning. The closure property ensure that starting from an 
arbitrary marking Mo, if transition t E ILxili (for 1 :s; i :s; h) fires then all transitions 
of this minimal T-invariant can fire taking the net back to its initial marking. 

Case t E ILxili n ILxjll n ... n ILx/II: In this case MI enables transitions in 
several minimal T-invariants, so for each transition t' ~ ILxili that fires we can 
reapply the previous considerations; as t'is part of a T-invariant that brings the 
net back to state MI and therefore also t' is part of an isolated cycle. 0 

Example 5.8: 

Consider the SPN shown in Figure 5.9. Let P7 = "Bus", then we obtain the 
incidence matrix of the SPN as 

-1 0 1 0 0 0 0 

0 -1 0 1 0 0 0 

0 
A= 

0 -1 0 1 0 -1 
0 0 0 -1 0 1 -1 

1 0 0 0 -1 0 1 
0 1 0 0 0 -1 1 

By solving ATX = 0 we may find all possible minimal-support T-invariants of the 



TIMED PETRI NETS: THEORY AND APPLICATION 153 

SPN are: 

Xl = (l 0 1 0 1 ol, 
where 

It is easy to know that both Ilxlll and Ilx211 are closed. Therefore, the state 
transition diagram of the SPN is completely decomposed into two isolated 
circulations. 0 



6 
GENERALIZED STOCHASTIC PETRI NETS 

The key factor that limits the applicability of SPN models is the complexity of 
their analysis. This is due to many elements. The possibly very large number of 
reachable markings is the most critical one. Other aspects may add to the model 
solution complexity. One of these is due to the presence in one model of 
activities that take place on a much faster (or slower) time scale than the one 
relating to the events that play a critical role on the overall performance. This 
results in systems of linear equations which are stiff, i.e., difficult to solve with 
an acceptable degree of accuracy by means of the usual numerical techniques. 
On the other hand, neglecting the "fast" (or "slow") activities may result in 
models that are logically incorrect. It may also happen that in the construction of 
the topology of an SPN model, the analyst inserts transitions that correspond to 
purely logical aspects of the system behavior, so that no timing can be 
reasonably associated with time [Ajm90). 

Generalized stochastic Petri nets (GSPN's) were introduced by Ajmone 
Marsan, Balbo and Conte [ABC84) to tackle these problems. In this chapter, we 
first introduce the formal definition of GSPN' s. Then, we propose three kinds of 
analysis methods for GSPN models. In Sections 6.3 and 6.4, we address the 
aggregation technique and the hierarchical time-scale decomposition approach 
for a class of GSPN models, which are developed by Ammar et al. [AL85 , 
AHL87, AI89]. Finally, as an application example, the GSPN model of the 
protocol of Ethernet is given in Section 6.5. 

6.1 Generalized Stochastic Petri Nets 

A GSPN is an extension of an SPN by allowing infinite transition firing rates. 

J. Wang, Timed Petri Nets

© Kluwer Academic Publishers 1998
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GSPN models comprise two types of transitions: 

• timed transitions, which are associated with random, exponentially 
distributed firing delays, as in SPN's, and 

• immediate transitions, which fire in zero time with firing probabilities. 

Formally, we have: 

Definition 6.1: A GSPN is a 6-tuple (P, T, I, 0, Mo. A), where (P, T, I, 0, Mo) 
is a Petri net, and A = (AI> Az, ... , An) is an array whose entry A" 

• is the parameter of the negative exponential probability distribution 
function of the transition firing delay if ti is a timed transition, 

• is 00 if ti is an immediate transition. 

Graphically, timed transitions are drawn as thick bars, and immediate 
transitions as thin bars. 

When a new marking is entered, it is first necessary to ascertain whether it 
enables timed transitions only, or at least one immediate transition. Markings of 
the former type are called tangible, whereas markings of the latter type are called 
vanishing. 

In the case of a tangible marking, the timers of the enabled timed transitions 
either resume their decrement, or are reset and then decrement, until one timed 
transition fires, exactly as in the case of SPN. 

In the case of a vanishing marking, the selection of transition to fire cannot 
be based on the temporal description, since all immediate transitions fire exactly 
in zero time. The choice is thus based on the probability distribution specified on 
the immediate transitions enabled by the vanishing marking. In other words, if 
E(M) contains the set of immediate transitions {til, ti2, ... , tik}, then a probability 
distribution called switching distribution 

k 

Pr(tij),j = 1,2, ... , k, with LPr(ti) = 1 (6.1) 
j=i 

must be defined on the set of immediate transitions such that tij fires with 
probability Pr(tij). The set of immediate transitions enabled at a marking together 
with the associated switching distribution is called a random switch. 

Example 6.1: 

Figure 6.1 shows a GSPN model. It has 7 places, 4 immediate transitions {tl> 
t2, t3, t4}, 3 timed transitions {t5, t6, t7}, and initial marking Mo = (0 0 0 0 0 1 
Il. Its other reachable markings include: 

M1: 1000010, M2: 0 1 00010, 

M3: 00 1 00 1 0, 

M5: 0000 1 00. 
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It can be found that there is a random switch {tt. t2} in marking Mt . 

Therefore, Pr(tt) + Pr(t2) = 1. Since t3 (t4) is the sole transition enabled in M2 
(M3), we have Pr(t3) = Pr(t4) = 1. Besides, Mt. M2 and M3 are vanishing 
markings, since they enable immediate transitions; M4, Ms and Mo are tangible 
markings, since they enable only timed transitions. 0 

Figure 6.1. A GSPN model. 

6.2 Analysis of Generalized Stochastic Petri Nets 

The existence of immediate transitions makes the analysis of GSPN's more 
complicated than that of SPN's. Immediate transitions produce multiply 
simultaneous events in the process that describe the time behavior of a GSPN 
(due to a sequence of immediate transition firings) and possibly an infinite 
number of events in a finite-time interval (if such a sequence starts and ends in 
the same marking). Such a process can be characterized as a continuous-time 
stochastic point process (SPP) with one-to-one correspondence between the 
markings of the GSPN and the SPP states. 

In order to ensure the existence of a unique steady-state probability 
distribution for the marking process of a GSPN, the following simplifying 
assumptions are made: 

(1) The GSPN is bounded. That is, the reachability set is finite. 
(2) Firing rates do not depend on time parameters. This ensures that the 

equivalent Markov chain is homogeneous. 
(3) The GSPN model is proper and dead-lock free. That is, the initial 

marking is reachable with nonzero probability from any marking in the 
reach ability set and also there is no absorbing marking. 

These assumptions further specify the nature of the SPP that can thus be 
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classified as a finite state space, and a stationary (homogeneous), irreducible, and 
continuous-time stochastic point process. 

In this section, we introduce three methods for the analysis of GSPN models. 

6.2.1 Method I - Extension of the Method for SPN's 

The first method, is equivalent to a simple extension of the one proposed by 
Molloy [MoI81, MoI82], which assumes that all immediate transitions are 
replaced by timed transitions characterized by very high firing rates proportional 
to an arbitrary value x. Under this assumption all states are tangible, and the 
GSPN reduces to a standard SPN, which can be analyzed by solving the 
corresponding Markov chain. If an explicit solution expression for the 
probability distribution of this SPN is obtained, the steady states probability 
distribution of the original GSPN can be obtained by taking the limit for x going 
to infinity of such solution. However, since most practical cases involve GSPN's 
with a large state space, an explicit expression of the solution in terms of x is 
usually not easy to obtain, and the practical approach that can be suggested of 
numerically solving the problem by assuming x to be very large and setting to 
zero those probabilities that appear exceptionally small, is confronted by 
numerical problems. Moreover, the above method not only requires useless 
computations of the probabilities of some vanishing states, but it also increases 
the computational exponential complexity by enlarging the size of the rate 
transition matrix. 

Example 6.2: 

Consider the GSPN in Figure 6.2 [AL85], tl and t2 are timed transitions with 
rates Al and Az, respectively. The rest of the transitions are immediate transitions. 
The reach ability set R(Mo) is 

Mo: 1 0 0 0 M I : 0 1 0 0 

Assume that the firing rates of all immediate transitions is x. The rate 
transition matrix of the corresponding MC is given by, 

The steady state probability vector IT = (110 Jr'1 ~ Jr'3) can be obtained by 
3 

solving f1.Q = 0 with LJr'; = 1. Let 
;=0 
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d = 2~ +2(1+A.)+ ~~ , 
X ~ X 

then, 

~ 1 
Ko =(1+-)-, 

X d 
1 

K =-, 
J d 

K2 =(1+ ~)~, and 
x ~d 

K =~. 
3 ~d 

In the limit as x ~ 00 , we have 

Ko = K J =.!. ( ~ ) , and 
2 ~ +..1.2 

1 ,12 
K2 =K3 =-( ). 

2 ~+~ 

Figure 6.2. A GSPN model and its reachability graph. 

6.2.2 Method II - Embedded Markov Chain 

159 

o 

2 

The second method is based on identifying an embedded Markov chain (EMC) 
with the SPP for the evaluation of the steady-state probability distribution of the 
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GSPN markings [ABC84]. The EMC of the marking process comprises tangible 
markings as well as vanishing markings. The transition probability matrix of this 
EMC can be computed using the firing rates and the random switches. 

Let S = state space of the SPP, I S 1= k" 

St = set of tangible states in SPP, I St I = kr. 

Sv = set of vanishing states in SPP, I Sv I = kv, 

with S = St U Sv, St II Sv = 0, and ks= kt + kv. 

Disregarding for the time being the concept of time, and focusing attention 
on the set of states in which the process is led because of a transition out of a 
given state, it is observed that a stationary EMC can be recognized within the 
SPP. The transition probability of the EMC can be written as follows: 

kv kt kv kt 

U = A + B = kv [C D] + [0 0] 
kt 0 0 E F 

(6.2) 

The elements of matrix A, which represent the probability that the process 
will go to a vanishing state (C) or to a tangible state (D) given that it is at a 
vanishing state, can be obtained using the switching distributions of random 
switches. And the elements of B, which represent the transition probabilities that 
the process will go to a vanishing state (E) or to a tangible state (F) given that 
the process is in a tangible state, can be obtained using the firing rates of timed 
transitions. The transition probability matrix U/ = [u iJ between tangible states 
only can be computed as follows: 

u Ij= fij + Leir Pr[r -7 j] i,j E T, rEV, (6.3) 
rev 

where h is the transition probability from tangible state i to tangible state j, eir is 
the transition probability from i to vanishing state r, and Pr[r -7 j] represents 

the probability that the SPP moves from the state r to the state j in an arbitrary 
number of steps following a path through vanishing state only. 

Now we consider the computation of matrix Q. The kth power of matrix A 
can be written as 

A'~[~' C'~'Dl (6.4) 

Each component of the upper portion of the matrix A k represents the probability 
of moving from any state r E Sv to any other state of the original SPP in exactly k 
steps, such that intermediate states can be of the vanishing type only. The matrix 
C\ defined as 
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(6.5) 

provides the probability of reaching any tangible state i( ESt), moving from any 
vanishing state r( E Sv) in no more than k steps, visiting intermediate states of the 
vanishing type only. 

The irreducibility property of the SPP ensures that the spectral radium of the 
k 

matrix C is less than one. This implies that the limit of the sum lim L C h exists, 
k .... ~ h=O 

and it is finite. 

Whenever loops among vanishing states do not exist, a suitable ordering of 
these states can be found that allows writing C as an upper triangular matrix, so 
that there exists a value ko S; kv such that 

Ck == 0 for any k ~ ko, (6.6) 

and the previous infinite sum reduces to a sum of finite number of terms. If 
instead such loops among vanishing states exist, the infinite sum has the 
asymptotic value 

(6.7) 
h=O 

These two possible forms of the same infinite sum can be used to provide an 
explicit expression for the matrix (7': 

G~ =={ <iCh)D 
h=O 

[l - C)-I D loops among vanshing states, 

no loops among vanishing states, (6.8) 

whose elements represent the probabilities that the SPP reach for the first time a 
given tangible state, moving out of a given vanishing state in no matter how 
many steps. We can thus conclude that an explicit expression for the desired total 
transition probability among any two tangible states is 

U'==F+EG~. (6.9) 

Now we consider the steady state probability distribution. Let Y == (yJ, Y2, 
... , Y s) be a vector of real numbers with s == kt• Then the solution of the system of 
linear equations 

Y == y. U/ (6. lOa) 

(6. lOb) 
;=1 

gives the stationary probabilities of the reduced EMC. y; gives the relative 
number of visits to Mi by the marking process. To obtain the steady state 
probabilities of the marking process, we then use the expression 
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(6.11) 

for i = 1, 2, ... , s, where 1Zi is the steady-state probability of marking Mi in the 
marking process (proportion of time the marking process spends in M i) and mi is 
the mean sojom time of the marking Mi , which is given by 

1 (6.12) 

,.eE(Mi ) 

The advantage of the above method over the first method is that it reduces 
the impact of the size of the set of vanishing states on the complexity of the 
solution from O( k;) in the first method to O(k/ + k,\ where k/ = (kv + k,)3. 

Example 6.3: A simple FMS. 

Consider a simple FMS that comprises an AGV and two machines Ml and 
M2. AGV is responsible to transport raw parts to machines. There are three types 
of raw parts in the system, each being processed by a specified machine. In the 
initial state, AGV is idle, and each of the three machines is processing a part. 
Figure 6.3 shows the GSPN model of this FMS, and Table 6.1 gives the 
description of the elements in this GSPN model. 

PI 

PIO 

Figure 6.3. GSPN model of an FMS. 
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Table 6.1. Legend for Figure 6.3. 

Place Description 

PI Queue of raw parts waiting for the AGV 

P2 AGV available 

P3 AGV transporting a part 

P4 A part that has just been transported by the AGV 

Ps Queue of parts waiting for Ml 

P6 Queue of parts waiting for M2 

P7 Ml processing a part 

Ps MI available 

P9 M2 processing a part 

PIO M2 available 

Timed 
Description Firing Rate 

Transition 

t2 AGV ends transporting a part rl 

t7 Ml ends processing a part r2 

t8 M2 ends processing a part r3 

Immediate 
Description Transition 

tl AGV begins to transport a port 

t3 Part joins the queue for Ml 

4 Part joins the queue for M2 

ts M 1 begins processing a part 

~ M2 begins processing a part 

The GSPN model has 10 places, 3 timed transitions {t2' t7, t8} and 5 
immediate transitions {th t3, t4, ts, t6}. The initial marking is Mo= (010000 1 
o 1 ol, which will, for simplicity, be denoted as P'lP7P9 by specifying those 
places having a token in this example. There is a random switch comprising the 
transitions t3 and t4 with corresponding probabilities q and 1 - q, respectively. 

In the initial marking P'lP7P9, the exponentially timed transitions h and t8 are 
enabled and hence this is a tangible marking. Here t7 fires with probability r2f(r2 
+ r3) and t8 fires with probability rf(r2 + r3). When t7 fires, the new marking is 
PIP'lPsP9, which is a vanishing marking as the immediate transition tl is enabled 
in it. Although transitions t8 is also enabled in this marking, only tl fires since t8 
is exponential. Firing tl results in marking P3PSP9, which is a tangible marking. 
Now t2 and t8 are enabled and they may fire with probabilities rl/(rl + '3) and 
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Figure 6.4. Reachability graph of the GSPN model of Figure 6.3. 

r-/(rl + r3), respectively. If t2 fires, the new marking is P'lP4PSP9, which is a 
vanishing marking enabling immediate transitions t3 and t4. At this stage, the 
random switch is invoked to choose the next transition to fire. The evolution of 
the marking process proceeds as described above and the reachability graph of 
the GSPN model can be constructed in this way. Figure 6.4 shows the 
reachability graph with the firing transitions. There are 6 tangible markings (bold 
nodes in the figure) and 11 vanishing markings. Notice that in vanishing 
markings such as M13 and M16, two immediate transitions have been 
simultaneously fired. For example, consider M13 = PIP'lP6PsPlO. In this marking, 
tl and P6 are enabled, and they are also concurrent with each other. Firing one of 
them does not affect the other transition in any way. Thus we view them as firing 
simultaneously. 
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Mo 

I--------------~.(~~~)~------------~ 

C.(C,"'/ ~C'''') 
qr"(rl+r3) /M3 ~ (l-q)rl/(rl+rz) 

'---------- (P3PsP9) (P3~PIO) 

\+::+1 ~cv 
1 

165 

Figure 6.5. Reduced embedded Markov chain for GSPN model of Figure 6.3. 

The reduced EMC is shown in Figure 6.5. The transition probability matrix 
of the reduced EMC can be computed using (6.9). The individual transition 
probabilities are labeled on the directed arcs connecting the tangible markings. 

Let rl = r2 = r3 = 1, q = 0.4, then we have 

lkfl 0 0 0 0 0 0 0 0 0 0 0 

lkfz 0 0 0 0 0 0 0 0 0 0 0 

lkf5 0 0 0 0 0.4 0 0 0 0 0 0 

lkf7 0 0 0 0 0 0 0.6 0 0 0 0 

c = lkfg 0 0 0 0 0 0 0 0 0 0 0 

lkflO 0 0 0 0 0 0 0 0 0.4 0.6 0 

lkfl2 0 0 0 0 0 0 0 0 0 0 0 

lkf13 0 0 0 0 0 

lkfl4 0 0 0 0 0 

lkfl5 0 0 0 0 0 

lkfl6 0 0 0 0 0 

o 000 

000 0 

o 000 

000 0 

o 0 

o 0 

o 0 
o 0 
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MoM3 M 4 M6 M 9 M ll 

MI 0 1 0 0 0 0 
M2 0 0 1 0 0 0 
MS 0 0 0 0 0.6 0 
M7 0 0 0 0 0 0.4 

D= 
Mg 1 0 0 0 0 0 

MIO 0 0 0 0 0 0 

MI2 1 0 0 0 0 0 

MI3 0 1 0 0 0 0 

MI4 0 1 0 0 0 0 

MIS 0 0 1 0 0 0 

MI6 0 0 1 0 0 0 

M, M2 Ms M7 Mg MIO MI2 M13 MI4 MIS MI6 

Mo 0.5 0.5 0 0 0 0 0 0 0 0 0 

M3 0 0 0.5 0 0 0 0 0 0 0 0 

E = M4 0 0 0 0.5 0 0 0 0 0 0 0 

M6 0 0 0 0 0 1.0 0 0 0 0 0 

M9 0 0 0 0 0 0 0 1.0 0 0 0 

Mll 0 0 0 0 0 0 0 0 0 0 1.0 

Mo 0 0 0 0 0 0 

M3 0 0 0 0.5 0 0 

F = M4 0 0 0 0.5 0 0 

M6 0 0 0 0 0 0 

M9 0 0 0 0 0 0 

Mll 0 0 0 0 0 0 

It follows from (6.9) that 
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MO 0 0.5 0.5 0 0 0 

M3 0.2 0 0 0.5 0.3 0 

U/= M4 0.3 0 0 0.5 0 0.2 

M6 0 0.6 0.4 0 0 0 

M9 0 1 0 0 0 0 

Mil 0 0 1 0 0 0 

Solving the linear system of (6.10) gives 

Yo = 0.12, Y3 = 0.30, 

Y4= 0.20, Y6 = 0.25, 

Y9 = 0.09, Yll = 0.04. 

By (6.12), the mean sojourn times are 

mo = 1/(r2 + r3) = 0.5, m3 = 1/(rl + r3) = 0.5, 

m9 = 1/r3 = 1, mll = 1/r2 = 1. 

Using (6.11), we obtain: 

JZO = 0.09, 7t3 = 0.22, 

7t4=0.14, 7Z6 = 0.36, 

JI:g = 0.13, 7tll = 0.06. 

From the steady state probabilities, we can calculate some performance 
indices of the system. For example, 

• Probability the AGV queue is empty 

= Pr{ M(PI) = O} = JZO + 7t3 + 7t4 + JI:g + 7t11 = 0.64. 

• Mean length of AGV queue 

= Pr{M(pI) = I} = 7Z6= 0.36. 

• Mean number of customers in the AGV queue and the AGV 

= 7t3 + 7t4 + 27Z6 = 1.08. 

• Utilization of the AGV 

= Pr{M(p3) = I} = Pr{M(p2) = O} = 7r3 + 7t4+ 7Z6= 0.72. 

• Throughput rates of timed transitions 

TR(t2) = 7t3 rl + 7t4 rl + 7Z6 rl = 0.72; 

TR(h) = JZO r2 + 7t4 r2 + 7tll r2 = 0.29; 

TR(tg) = JZO r3 + 7r3 rl + JI:g rl = 0.44. 

• Throughput rates of immediate transitions 



168 GENERALIZED STOCHASTIC PETRI NETS CHAP. 6 

TR(tt) = TR(t2) = 0.72; 

TR(t3) = qTR(t2) = 0.29; 

TR(t4) = (1 - q)TR(t2) = 0.43; 
TR(ts) = TR(t7) = 0.29; 

TR(t6) = TR(tg) = 0.44. 

• Mean waiting time in AGV queue 

= Pr{M(pt) = 1}1( TR(t7) + TR(tg» = 0.50. 

The EMC method, however, also has a limitation. It implicitly assumes that 
the steady state probabilities of all markings that enable immediate transitions 
are zero. 

As an example, let us consider the GSPN model of Figure 6.2. Using the 
second solution method, although the GSPN and the corresponding SPP is 
irreducible, it is treated by this method as if it were reducible to two ergodic 
classes states 1 and 2 as the first class, and states 3 and 4 as the second class. 
Therefore, the method is not applicable in this case, and in any GSPN where 
ergodic instantaneous markings, under immediate transitions, exist. 

6.2.3 Method III - State Aggregation 

Ammar, Liu and Huang [AL85 , AHL87] developed a more general solution 
method that alleviates the computational and numerical disadvantages of the first 
method by aggregating the set of vanishing states, and generalize the second 
method. This method is based on characterizing the GSPN time behavior as a 
stochastically discontinuous finite state Markov process, which is a special SPP. 

The stochastically discontinuous finite state Markov process (SDFSMP) is a 
process {X(t), t ~ O} that may undergo an infinite number of transitions in finite 
time intervals. Such processes violate the continuity condition 

lim Pr{x{t)=X(O)}=l 
1-+0 

Stochastically discontinuous processes are obtained as limits of Markov 
processes with transition rates of different orders of magnitude, and that the 
stochastic discontinuity property has a natural and important interpretation in this 
context. The theorems described in this section were developed and satisfies the 
following conditions: 

(1) P(O) = I, 
(2) P(t) > 0, 

(3) P(t)-1 + = 1+, and 

(4) P(t)P(s) = P(t + s), 

wheret,s>0,I+T =(II ... 1). 
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It is known that PCt) is continuous for t > 0, and the limit lim PCt) = Z 
t->O 

always exist. If Z is the identity matrix then the process XCt) is called 
stochastically continuous, otherwise it is stochastically discontinuous. If PCt) is 
the transition probability matrix of a FSMP then, 

PCt) = Z.exp{At} t> 0 (6.13) 

where Z = lim Pet), and A = lim CPCh) - Z)/h. The matrix Z is referred to as the 
t->O h->O 

ergodic projection at zero, and the matrix A is called the infinitesimal generator 
of PCt). 

The diagonal entries of the matrix Z classifies the states of the process as 
follows: 

Definition 6.2: A state i is called instantaneous if Zii < 1, and regular if Zii = 1. 
An instantaneous state j is called transient if Zii = O. 

It can be proved that: 

(1) The sojourn time in an instantaneous state is zero with probability one 
(w.p.l), and in a regular state i is exponentially distributed with rate aii 

(diagonal entries in A). 

(2) Even though the duration of stays in a given instantaneous state is zero 
w.p.l, there is, in general, a non-zero probability of finding the process 
in an instantaneous state at any given time. However, the probability of 
finding the process in an evanescent state at any given time is zero. The 
evanescent states can thus be neglected in the sense that there exists a 
version of the process X(t) with the same finite dimensional distributions 
which does not take values in the set of evanescent states. 

(3) Z is the matrix of ergodic probabilities of a Markov chain and as such it 
determines a partition of the state space S in terms of ergodic classes Si' 
i = 1, 2, ... , r, and transient states ST, i.e., 

(6.14) 

It is referred to as the ergodic partition at zero. Each ergodic class Si consists of 
either one element (a regular state), or several elements (instantaneous states). 

The probabilistic properties of an SDFSMP are derived from its ergodic 
projection at zero plus an aggregated version of the process that is stochastically 
continuous. This can be demonstrated as follows: 

Proposition 6.1: Let Z be the ergodic projection at zero of a SDFSMP, then by 
adequate ordering of states, 
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o 
o 

Zrr 0 

Z r,r+1 0 

(6.15) 

with Z"" = (l+)wi. k =1.2 ..... r for some vector w k ~O such that wi 1+ = 1+; 
r 

and Zk,r+1 = dkwi. k =1.2, ... , r for a set of vector dk ~O such that I,dk = 1+. 
k=1 

Furthermore. define the (n x r) matrix V and the (r x n) matrix U as follows: 

1+ 0 ......... 0 

0 1+ •••• 0 •••• 0 

V= 0 0 (6.16) 

1+ 0 

0 1+ 

d l d 2 d r 

wT 
1 0 ... '" ... 0 

U= 0 wT 
2 

......... 0 (6.17) 
0 

0 0 wT 0 r 

then. 

UV=Z, V.U=I. (6.18) 

Proof: Follow from the fact that Z is the matrix of ergodic probabilities of a 
Markov chain. The vector Wk is the vector of steady state probabilities of a chain 
with state space Sk and steady-state transition matrix Zkk. The vectors dk are the 
trapping probabilities from transient states to ergodic classes. 0 

The structure of (6.15) makes explicit the ergodic partition at zero. (6.16) is 
called the canonical product decomposition of Z. Also U and V satisfy the 
following 

Ul+ = 1+. Vl+ = 1+, UZ = U, and ZV = V. 

Theorem 6.1: Let P(t) = Z-exp{At} be the transition probability matrix of a 
SDFSMP X(t) and let r be the number of ergodic classes at zero. Let Z = V.U be 
the canonical product decomposition of Z. then 
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Ptt) = UP(t) V = exp{ UAVt} , for all t> 0 (6.19) 

is the transition probability matrix of a stochastically continuous finite state 
Markov process X tt) taking values in S' = { 1, 2, ... , r}, and 

pet) = vPtt)U for all t> O. (6.20) 

Equation (6.18) can be interpreted as an aggregation operation that masks the 
stochastically discontinuous nature of pet). Also equation (6.19) is the 
disaggregation operation. 

Notice that the above aggregation is exact, i.e., there is no approximation 
involved whatsoever. 

Corollary 6.1: The rate transition matrix A' of the aggregated process xtt) is 
given by 

A'= U AN (6.21) 

where At is the matrix of transition rates of the process X(t) when all 
instantaneous transitions are removed. 

Due to the fact that the ergodic classes at zero and the set of transient 
instantaneous markings are uniquely defined, the aggregation introduced above 
always exists and is unique. However, this method depends on the generation of 
the reachability graph, which can be quite complex for GSPN models of complex 
systems, because the number of states (or markings) will be very large. 

Example 6.4: 

Consider the GSPN in Figure 6.2 [AL85]. The graph of the GSPN represents 
the transition diagram of a SDFSMP with state space S = {Mo, Mt. M 2, M 3 } 

represented as follows 

Mo: 1000; 

M 2: 0010; 
Mt : 0 100; 

M3: 0001. 
Clearly the ergodic partition at zero is 

St = {Mo, Md. S2= {M2• M3}. 

and 

Z=[Zll 0]. 
o Z22 

where 

Z -Z -[1/2 1/2]. 
11 - 22 - 1/2 1/2 

Since 

w~ = wi = [1/2 1/2], 

then 
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v = [~~ ~~l' and U = [1/0
2 1/2 0 0 ] o 1/2 1/2 . 

It follows from 

0 0 0 0 

AI= 
0 -~ ~ 0 

0 0 0 0 

~ 0 0 -~ 
that 

A'= U AIV=[(-1/2)~ (1/2)~] 
(1/2)A,. (-l/2)A,. 

Solving the aggregated process for the steady state probabilities of the 
ergodic classes, we have 

Jl(SI)=A,. /(~ + A,.), Jl(S2) =~ /(~ + A,.) 

and the steady state probabilities of the SDFSMP are evaluated by 

[ :~] = WI Jl( SI ), and [:: 1 = w2 Jl( S2 ). 

Therefore, 

Jro =Jr1 =.!.( ~ ), and Jr =Jr3 =.!.(~). 
2 ~ +A2 2 2 ~ +A2 

which is the same result as obtained previously using the first method in Section 
6.2.1. 0 

Example 6.5: 

Figure 6.6 [AHL87] shows a GSPN model with 2 timed transitions {tb t3} 
and 6 immediate transitions {t2, t4, t5, t6, t7, tg}. The reach ability set is given as: 

Mo: 1 0 0 0 0 0 0; MI : 0 1 0 0 0 0 0; 

M2: 00 1 1 000; M3: 000 1 1 00; 

M4: 0 0 1 0 0 1 0; 

M6: 0 0 0 0 0 0 1. 

M5: 0000 1 1 0; 

It can be found that there are two switches: swl and sw2, where swl consists 
of immediate transitions t5 and t6 (both are enabled at marking Ms) with Pr(t5) = 
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P7 

Figure 6.6. GSPN model of Example 6.5. 

o and Pr(t6) = 1, and sw2 consists of immediate transitions h and t8 (both are 
enabled at marking M6) with Pr(t7) = q and Pr(t6) = 1- q. The reachability graph 
is given in Figure 6.7(a). 

Considering only immediate transition fIrings in the graph, the ergodic 
classes and the set of transient markings are as follows: 

SI= {Mo}, S2= {M2' M4 }, and ST= {Mlo M3, Ms, M6}. 

The matrices V and U are as follows: 

Mo 1 0 

M2 0 1 

M4 0 1 
V= 

Ml 0 1 

M3 q l-q 

Ms q l-q 

M6 q l-q 
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tl t2 t5 

Mo .MI • M2 • M4 

"t ~ 4 

t" 4 
M3 • M5 

(a) ~~ 
tl 

r- --. 
(b) Mo (M2'~) 

..... ~ 

t3 

Figure 6.7. (a) Reachability graph of the GSPN of Figure 6.6; 

Since 

(b) Aggregated Markov chain. The rates of transitions tl and 
t3 are A.I and QA.3, respectively. 

Mo M2 M4 MI M3 Ms M6 

u= [~ 0 0 0 0 0 

~l 112 1/2 0 0 0 

Mo -~ 0 0 ~ 0 0 0 

M2 0 -~ 0 0 ~ 0 0 

M4 0 0 -~ 0 0 ~ 0 
A I= 0 0 0 0 0 0 0' M, 

M3 0 0 0 0 0 0 0 

Ms 0 0 0 0 0 0 0 

M6 0 0 0 0 0 0 0 

then by Corollary 6.1, the rate transition matrix A' of the aggregated Markov 
chain is obtained as: 
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A'= UA1V= MO [-~ ~]. 
M 2 ,M4 q~ -q~ 

The state transition diagram of this Markov chain in shown in Figure 6.7(b). 

Solving the aggregated process for the steady state probabilities of the 
ergodic classes, we have 

n(SI) = q ~ I(~ + q~), n(S2) =A, I(A, + q~), 
and the steady state probabilities of the SDFSMP are evaluated by 

1lO = n(SI) = q ~ I(A, + q~), and 

1V). = 1!3 = (1I2)n(S2) = (1/2) A, I(A, +q~). 

6.3 Aggregation of Generalized Stochastic Petri Nets 

o 

Ammar et al. implemented the aggregation operation described in the previous 
section, at the GSPN level, on a class of subnets consisting of immediate 
transitions. It makes the solution to GSPN models more effective. This section 
introduce this aggregation technique. 

Definition 6.3: For a GSPN (P, T, I, 0, Mo, A) with a reach ability set S. A 
subnet N=(P1, Tl, 11, 01) is defined such that Tl c T is a set of immediate 
transitions, and PI c P is the set of input and output places of the transitions in 
Tl, i.e., if and only if 

I(tj' Pi) = 1, or O(tj' Pi) = 1, for any tjE T1 

then PiEP1.The function 11 (01) is the input function I (output function 0) 
restricted to PI and Tl. 

The inputs and outputs of the above subnet with respect to the rest of the net 
are defined as follows. 

Definition 6.4: For the subnet N defined above, let the set Pin c PI and the set 
Tin c T - Tl be the set of input places and the set of input transitions of N, 
respectively, such that for any Pi E Pin, O(tj' Pi) = 1, for some tj E Tin. 
Similarly, the set of output places Pout c PI and the set of output transitions 
Tout c T - Tlare defined such that for any Pi E Pout, I(tj' Pi) = 1 for some tj E 
Tout. 

Transitions in Tin deposit tokens into places in the set Pin of subnet N, and 
transitions in Tout remove tokens from places in the set Pout of N. 

Example 6.6: 

Consider the GSPN model shown in Figure 6.8. There are three subnets in 
this model. The first subnet, N1, is defined by the set of immediate transitions 
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Figure 6.8. A GSPN with recurrent and reducible subnets. 

{t7, tg} and the set of places {P6, pg}. The second one, N2, is defined by the set 
of immediate transitions {t9, tlO, tIS, t16} and the set of places {P7, P9}. And the 
third one, N3, is defined by the set of immediate transitions {t3, t4, tl3, t14} and 
the set of places {P2, P3, P4, Ps}. For Nl, 

Pin = {P6}, Tin = {ts}, 

Pout = {Pg}, Tout = {tll}' 

ForN2, 

Pin = {P7}, Tin = {t6}, 

Pout = {PIO}, Tout = {td. 

For N3, 

Pin = {P2,P3}, Tin = {tl. t2}, 

Pout = {P4,PS}, Tout = {ts, t6}. 
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To analyze the above subnet in isolation, we need to define the set of local 
markings of N as follows. 

Definition 6.5: For the subnet N defined above, let the set of markings Sl be a 
subset of the reachability set S, such that for any M; E Sl, Mlp) >0, for some Pj 
E PI. Moreover, define a set of local markings, SN on places in PI, such that the 
markings in SN are the markings in Sl restricted to the set Pl. 

Definition 6.6: The subnet N defined above is said to be recurrent if any MNj, 

MNk E SN, MNj is reachable from MNk by a finite firing sequence of transitions in 
TI. 

Note that for a recurrent subnet, and for each initial marking MNO, the 
marking sequence in the subnet is isomorphic to an ergodic discrete parameter 
Markov chain, and that the steady-state probability distribution of the number of 
tokens in each place can be obtained. However, in order to analyze the subnet in 
isolation from the rest of the net, the following locality condition must be 
satisfied. 

Definition 6.7: The subnet N defined above is said to satisfy the locality 
condition if the probability of firing a transition in N is dependent only on the 
local markings of N. 

Definition 6.8: The subnet N is said to be conservative if it does not create or 
destroy tokens to or from the rest of the net. This implies that the weighted sum 
of tokens in local initial marking is equal to the weighted sum of tokens in any 
local marking that enables an output transition in Tout. 

The aggregation operation on a GSPN containing a subnet of immediate 
transitions can be implemented as follows. 

Proposition 6.2: For a live and bounded GSPN B = (P, T, I, 0, Mo, A), if there 
exists a subnet N = (PI, Tl, /1,01) as defined above, such that 

(1) the set of input places Pin contains only one element, and the set of 
output transitions Tout consists of only timed transitions, and 

(2) the subnet is recurrent, conservative, and satisfies the locality condition. 

Then, an aggregated net B / = (P ~ T~ I: 0 ~ Mo ~ A') is obtained by substituting 
the subnet N with one place pa, such that 

p/= {P-Pl} u {pal, T/= {T- Tl}; 

I ttj' p;) = I(tj, Pi), 0 ttj' Pk) = O(tj' Pk), 

forp;,PkE {P-Pl}andtjE {T-Tl}; 

Itt;, Pa) = I(t;, Pj), 0 ttk, Pa) = O(th PI) 

for Pi, PI E PI and tj, tkE {T - Tl}. 

If A; is the rate of an output transition t; E Tout, i.e., I(t;, Pk) = 1 for some Pk 
E PI, then the rate of such a transition in the aggregated net becomes marking 
dependent, and is given by 
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A.;(]) = A.;Plj) (6.22) 

where j is the number of tokens in pa at current marking, and 

Plj) = Pr[finding at least one token in each place of Pout of subnet N 
Igiven j ]. (6.23) 

These probabilities are obtained by solving the subnet N in isolation for the 
steady-state probabilities at each possible value of j, which is the number of 
tokens in pin of N. The rates of all timed transitions in {T - Tl - Tout} remain 
unchanged. 

This proposition defines an aggregation operation on a class of recurrent 
subnets in a GSPN. The condition of having only one input place pin is due to 
the fact that the number of tokens in pa is equal to the number of tokens in pin, 
which determines the initial marking of the subnet in isolation. This condition 
can be relaxed to include subnets with more than one input place in the set Pin if 
the current and previous markings of the aggregated net B; are both available, 
because in this case, the initial markings of the subnet can be determined. This, 
however, implies that rates of transitions in Tout will depend on the current and 
previous markings in B ~ 

A reduction operation can also be implemented on a class of nonrecurrent 
reducible subnets in a GSPN. A reducible subnet is defined as follows. 

Definition 6.9: A subnet N, defined in 1, is said to be reducible if 

(1) The set of input and the set of output transitions of N, {TIn u Tout}, 
consists of timed transitions only; 

(2) for each Pi E Pout, there exists no transition t j E Tl, such that l1(tj' Pi) 

= 1; and 

(3) each firing of transition in TIn triggers a finite sequence of transition 
firings in Tl which ends on a marking enabling a transition in Tout. 

Proposition 6.3: For a live and bounded GSPN B = (P, T, I, 0, Mo, A), if there 
exists a reducible subnet N = (PI, Tl, 11,01) as defined above such that 

(1) transitions in TIn are single output , and transitions in Tout are single 
input transitions, i.e., for each ti E TIn, (tj E Tout), there exists one 
place Pi E Pin (PN E Pout) such that O(ti, Pk) = 1 (I(PN, tj) = 1), and 

(2) N satisfies the locality and conservation conditions. 

Then, a reduced net B' = (P~ T~ I~ O~ Mo~ Aj is obtained by replacing N, 
except for its places in Pout, by a set of timed transitions Ta such that 

P'= {P -PI} u Pout, T' = { T -Tl} uTa 

/ttj' Pi) = I(tj' Pi), 0 ttj' Pk) = O(tj, Pk), 

foralltjE{T-Tl},andpi,PkE {P-Pl}, 
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/ttj' Pi) = I(tj, Pi), Pi E POUt. 

Also, let Pout ={pOt. P02, ... , pox); then, for each ti E Tin, define a new set of 
transitions til, ti2, ... , ti(x-I) E Ta such that 

Otti' po) = 1, Ottis,PO(s+I) = 1, 

o ttis, Pu) = O(ti' Pu), 

Ittis. Pv) = l(ti, Pv), 

Pu, Pv E {P - PI} and s = 1,2, ... , x - 1. 

(Each ti E Tin is connected to the first place in Pout, and for each ti, (x - 1) 
transitions, tis, S = 1, 2, ... , x-I, are defined in Ta having the same input and 
output places in {P - PI} as ti. Each tis also has pO(s+l) E Pout as an output 
place. Ta is the set of all new transitions defined for each ti) The set A /is defined 
as follows. For each timed transitions tk E {T - T1 - Tin}, ,4' = ,4, and for each 
ti E Tin and its corresponding til, tiZ, ... , ti(x-I) E Ta 

A/ = A;Pil and A;s' = A;sPi(s+I), S = 1,2, ... , x-I, 

where P ij is the trapping probability from a marking defined on Pin with one 
token in the output place of ti to a marking defined on Pout with one token in 
place O. The probabilities Pij' j = 1, 2, ... , x, are obtained from the analysis of 
subnet N in isolation. 

Example 6.7: 

Consider the GSPN model in Example 6.6. We may find that subnet Nl is 
recurrent, and therefore (by proposition 6.2) can be aggregated into place pal as 
shown in Figure 6.9. Similarly, subnet N2 is aggregated into place pa2. 
According to Proposition 6.2, the firing rates of transitions t11 and tI2 in the 
aggregated subnet are given by 

All 'V) = AllPll(j) and A12/V) = A12P12V) 

where P llV)(P12V» is the probability of finding at least one token in place Ps 
(P1O) when there are j token in pal (pa2)' 

Moreover, subnet N3 in Figure 6.8 is reducible and can be reduced using 
Proposition 6.3 as shown in Figure 6.9. The firing rates of transitions tt. tI.t. t2 
and t2.2 are given by 

AI' = AIPI.}, Al,! , = AIPI.2, /tz / = /tzP2.t. and /tz.I ' = /tzP2.2. 

where PI •I (Pu ) is the trapping probability from a marking with one token in P2 
to a marking with one token in pal (pa2). Similarly, P2.1 (P2.2) is the trapping 
probability from a marking with one token in P3 to a marking with one token in 
pal (pa2). 0 
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Figure 6.9. The aggregated model of the GSPN in Figure 6.8. 

6.4 Time-Scale Decomposition of Generalized Stochastic Petri 
Nets 

The analysis of systems comprising activities whose duration differ by several 
orders of magnitude can be greatly simplified using hierarchical decomposition 
techniques. Such techniques were used in the approximate aggregation of 
Markov chain models [Cou77, CWSC83]. The times-scale decomposition 
technique of GSPN's developed by Ammar et al. [AHL87, AI89] is equivalent to 
the hierarchical aggregation of the underlying Markov process. However, such 
decomposition at the SPN level is much more advantageous. 

GSPN's with transition firing rates of different orders of magnitude can be 
decomposed into a hierarchical sequence of aggregated subnets, each of which is 
valid at a certain time scale. The essence of time scale decomposition technique 
is described as follows [AI89]: 

(1) It is applicable to a system containing activities whose duration differs 
by orders of magnitude, which ensures the accuracy for the solution 
technique. 

(2) The given system can be decomposed into a hierarchical sequence of 
aggregated subnets, each of which is valid at a certain time scale. 

(3) The aggregation at each level is done by assuming that the transitions 
included in the lower level are immediate transitions. 
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(4) At each level of the hierarchy, the current marking of an aggregated 
subnet detennines the number of tokens in the subnet at the lower level, 
which are then analyzed to detennine the rate of transitions in the 
aggregated subnet. 

We now illustrate the technique by the following simple example. 

Example 6.8: A single-machine manufacturing system. 

Consider a simple manufacturing system with a single machine and a buffer. 
The capacity of the buffer is 1. Raw parts are arriving as a Poisson process with 
the rate of It. If the buffer is not empty they are rejected. As soon as the part 
residing in the buffer gets processed, the buffer is released and can accept 
another coming part. The processing time of the machine is exponentially 
distributed with the rate of p. Fault may occur in the machine as a Poisson 
process with the rate of f when it is processing a part. An exponentially 
distributed time with the rate of r is needed to repair the machine. After being 
repaired, the machine continues process the uncompleted part. The GSPN model 
of this simple system is shown in Figure 6.10. A description of the elements of 
this GSPN is given in Table 6.2. 

Since the failure and repair rates are normally orders of magnitude smaller 
than the rate of the activities such as jobs arrival and completion. Therefore, the 
transition set T can be easily partitioned into a set of slower transitions, Ts = {t4' 
t5}, and a set of faster transitions, Ts = {tlo t2, t3}. 

In the fast time scale, we can accurately assume that the slow transitions will 
never fire and, therefore, can be eliminated. The net is decomposed into the two 
subnets NI and N2, shown in Figure II(a), consisting of fast transitions together 
with their input/output places. 

In the slow time scale, an aggregated subnet, shown in Figure 11 (b), is 
obtained by considering slow transitions t4 and t5, and aggregating the recurrent 

P5 

Figure 6.10. GSPN model of a single-machine manufacturing system. 
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Table 6.2. Legends of places and transitions in Figure 6.10. 

Place Description 

PI The buffer available 

P2 A part in the buffer 

P3 The machine available 

P4 The machine processing a part 

P5 The machine failed 

Transition Description Firing Rates 

tl A part arrives A. 

t2 The machine starts processing a part --
t3 The machine ends processing a part p 

4 The machine fails f 
t5 Repair the machine r 

subnets Nl and N2 into places pal and pa2, respectively, according to 
Proposition 6.2. This is because, at the slow time scale, all transitions included in 
the fast time scale are assumed to be immediate transitions, and therefore Nl and 
N2 are considered as two recurrent subnets of immediate transitions. 

Let p = Alp. Note that in the original model place P4 can only contain at most 
one token, so as P5. Solving NI and N2 gives 

Pr{P4 contains one token at the fast time-scale subnet} 

= p+p2 
1+ p+ p2 ' 

Pr{P5 contains one token at the fast time-scale subnet} 

=1. 

It follows from Proposition 6.2 that the rates of transitions t4 and t5 become state 
dependent, and are given by 

2 

~' = f p + p , As' = r. 
1+ p+ p2 

Solving the aggregated model gives 

Pr{pal contains one token at the slow time-scale} 

= f(p+p2) 

(1+ p + p2)r +(p+ p2)f ' 
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r-----------------------------------------

t'~t' 
P2 P4 
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ts 
J---M 

Pa2 

(b) 

Figure 6.11. (a) The fast time-scale subnets; 
(b) The slow time-scale aggregated model. 

Pr{pa2 contains one token at the slow time-scale} 

= (1+ p+ p2)r 
(1 + p + p2)r+(p+ p2)f 

Then according to the time scale decomposition technique, 

Pr{P4 contains one token at the original model} 

= Pr{pat contains one token at the slow time-scale model} 

·Pr{P4 contains one token at the fast time-scale model} 

= f(p+ p2) . p+ p2 
(1+ p+ p2)r+(p+ p2)f 1+ p+ p2 
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6.5 Generalized Stochastic Petri Net Model of Ethernet 

Ethernet is a type of network cabling and signaling specifications of OS! Model 
layers 1 (physical) and layer 2 (data link). It was originally developed by Xerox 
in the late 1970. In 1980, Digital Equipment Corp. (DEC), Intel and Xerox 
began joint promotion of this baseband, CSMAlCD computer communications 
network over coaxial cabling, and published the "Blue Book Standard" for 
Ethernet Version 1. This standard was later enhanced, and in 1985 Ethernet II 
was released. 

The IEEE's Project 802 then used Ethernet Version 2 as the basis for the 
802.3 CSMAlCD network standard. The IEEE 802.3 standard is generally 
interchangeable with Ethernet II, with the greatest difference being the 
construction of the network packet header. 

Many methods have been developed for the evaluation of Ethernet protocol. 
These methods drop into two classes: one is global models, which take care of 
strong interactions between all the stations of a network, such as queuing model 
[AL79], the other is isolation models, which describe the complex behavior of 
each station, but give accurate results when interactions between stations are low, 
such as semi-Markov model [MG81]. 

Based on isolation method, Gressier developed the GSPN model of Ethernet 
[Gre85]. In this section we introduce Gressier's GSPN model of Ethernet, which 
further illustrate the modeling power of GSPN' s. 

6.5.1 Frame Transmission in Ethernet Data Link Specification 

The transmission protocol is run by three processes: 

(1) The Frame Transmitter Process (FfP) manages the different operations 
of the protocol: data encapsulation, transmission starting, collision 
handling with Collision Detect Signal, number of attempts increasing, 
and backoff operations. 

(2) The Deference Process (DP) is used to delay the frame transmission 
when the channel is busy. The DP becomes active when the Carrier 
Service Signal is switched on. Its busy period ends when the interframe 
spacing operation is done. 

(3) The Bit Transmitter Process (BTP) sends frame or jam sequence 
requiring Physical Layer transmission bit procedure. 

These three processes are synchronized by shared Boolean variables. For DP 
and FTP: 

• DEFERRING is true when DP is active. This variable is used to inform 
FfP to wait before sending the ready frame. 

• FRAMEW AITING is true when a frame is waiting to be sent. The DP 
cannot be reactivated as long as FRAMEW AITING is true. 
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For BIP and FfP: 

• TRANSMITIING is true when FfP is starting transmission. This 
variable is used to activate BIP. 

• NEWCOLLISION is true when FfP notifies a collision. NEW
COLLISION allows BTP to send the jam sequence in spite of the next 

Collision detect? 
Yes 

Transmission done? 

Too many attempts? 
Yes 

Yes 

collision error 

Figure 6.12. Frame transmitter process. 
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frame bit. 

Figure 6.12,6.13 and 6.14 give the control flow summary of the three processes. 

Channel busy? 

No 

No 

No 

Yes 
No 

Figure 6.13. Deferrence process. Figure 6.14. Bit Transmitter process. 

6.5.2 Generalized Stochastic Petri Net Model 

Figure 6.15 shows the GSPN model of the FTP. The FTP is ready to receive data 
from the upper layer protocol (place RID marked), consequently no frame is in 
Data Link Layer and no frame is waiting to be sent (NFW marked). The FrP 
encapsulates data (transition DE fired) when the Data Link Layer is required for 
data transmission. Now a frame is waiting to be sent (FW marked). When DP is 
not differing (NDEF marked) the FTP starts transmission (TST fired) and 
watches for collision (WTC marked), consequently the frame is no longer 
waiting (NFW marked again). 

If no collision occurs during the slot time (NCOL fired) then the channel is 
acquired (AC marked). The FrP reinitializes (RJ fired) the number of possible 
attempts to sixteen (NPA marked with sixteen tokens) and ends the concurrent 
transmission (ECT fired). Then FTP is ready to receive new data (RID marked). 
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If at least one collision occurs during the slot time (COL fired) the channel is 
not acquired (NAC marked) and the number of failed attempts is increased (one 
more token from NPA to NFA when COL is fired). If sixteen attempts have 
failed (sixteen tokens in NFW) FTP is aborted with excessive collision error 
(ECE fired) and is ready again to receive upper layer data (RID marked). On the 
contrary (NECE fired). FTP computes backoff delay (BOD marked), and waits 
for the corresponding time (WBOT fired), then it becomes ready to retransmit 
the frame (RTR marked). At this point no frame was waiting (NFW marked), 
FTP retransmits the frame (FR fired), and again a frame is waiting to be sent 
(FW marked). Now, the FTPcanproceed as before. 

RTD 

DE 

NDEF 

el--------. 

NFW 

FR 

WFC 

RTR 

COL 

NECE 

BOD 

WBOT 

Figure 6.15. GSPN model of the frame transmitter process. 
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NDEF 
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NFW 
r-----(e 

TST 

COL 

Figure 6.16 GSPN model of the deference process. 

The DP model and BTP model are constructed in the same way, which are 
given in Figures 6.16 and 6.17, respectively. Figure 6.18 shows the entire model 
of the protocol of Ethernet. 

The shared Boolean variables is presented by places: 

• If FRAMEW AITING is true the place FW is marked. Otherwise, NFW is 
marked. 

• If DEFERRING is false, the place NDEF is marked. Otherwise, CHB, 
WFCD, or CHF are marked. If FRAMEW AITING is true the place FW is 
marked. Otherwise, NFW is marked. 
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TST 

WFC 

COL 

Figure 6.17. GSPN model of the bit transmitter process. 

• If DEFERRING is false, the place NDEF is marked. Otherwise, CHB, 
WFCD, or CHF are marked. 

• TRANSMITTING and NEWCOLLISION are not represented because 
we do not model bit to bit transmission procedure. Consequently, BTP 
model is in the transmission part of FrP model. 

6.5.3 Transition Firing Rates and Switch Probabilities 

The firing rates of timed transitions in the GSPN model of Figure 6.18 are 

determined by the following system parameters and environmental parameters: 
• The slot time period considered as the collision window is denoted by ST. 

It corresponds roughly to the round-trip propagation time, plus the jam 
sequence transmission time. 

• The interframe spacing delay is denoted by IFS. 

• The data encapsulation time depends on the Data Link Layer 
implementation. We assume this parameter equal to interframe spacing 
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delay. The interframe spacing delay is the minimum recovery time for the 
receiving Data Link Controllers (Data Link Layer entities). We assume 
equal duration of assembling and disassembling frame operations. 

• The backoff waiting time depends on k, the number of failed attempts. It 
is a uniformly random number of slot time chosen in the integer interval 
[0, 2min(k,lO)]. 

• The medium capacity, denoted by C, and the number of protocol 
overhead bits, denoted by 0, are used to determine the transmission time 
of a frame. 

RTD RTR 

NFW 

Figure 6.18. Global GSPN model of Ethernet. 
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Table 6.3. Legends of places and transitions of the GSPN in Figure 6.18. 

Place Description 

AC Acquired channel 

ACD Acquired channel while deferring busy period 

BOD Backoff delay 

CHB Channel busy 

CHF Channel free 

FW Frame waiting 

NAC Non acquired channel 

NDEF Not deferring 

NFA Number of failed attempts 

NFW No frame waiting 

NPA Number of possible attempts 

RID Ready to transmit data 

RTR Ready to retransmit 

WFC Watch for collision 

WFCD Watch for collision while deferring busy period 

Transition Description 

COL Collision happens 

COLD Collision while deferring busy periods 

DE Data encapsulation 

DST Deferring slot time 

ECE Excessive collision error 

ECT End of current transmission 

ECID End of concurrent transmission while deferring busy period 

FR Frame to transmit 

NCOL No collision 

NCOLD Collision while deferring busy periods 

NECE Non excessive collision error 

RI Retransmit 

SDEF Start deference process 

TST Transmitting slot time 

WBOT Wait Backofftime 

WIFS Wait interframe spacing 
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• We denote by PD the data field mean length of frames submitted to the 
medium by non modeled Data Link Controllers. This gives FD, the mean 
frame length FD = PD + O. Finally, we get the DP busy period 
transmission duration and DP acquisition time which are respectively 
equal to FDIC and (FDIC - S1). 

• We denote by P the data field mean length of a frame submitted to the 
medium by the modeled Data Link Controller. This gives F the mean 
frame length. Then FIC is the FrP frame transmission time, and (FIC
S1) is the FrP acquisition time. 

• The medium load, denoted by L, determines the activation frequency of 
theDP. 

All these constant durations are approached by exponential time laws. Then 
from these parameters we obtain the firing rates given in Table 6.4. 

Table 6.4. Firing rates of timed transitions of Figure 6.18. 

Transition Firing rate 
DE IIlFS 

DST liST 

ECT lI(FIC-S1) 

ECTD lI(FDIC - S1) 

SDEF L 

TST liST 

WBOT 21«2°un(M(Nt'A), 10) _ 1).S1) 

WIFS lIIFS 

Two random switches may be found in the global GSPN model, swl: {COL, 
NCOL} , and sw2: {COLD, NCOLD}. We now consider their switch 
probabilities. 

Suppose that the network environment is constituted of n identical Data Link 
Controllers. One of them is precisely described by the model, and the influence 
of the (n - 1) others' behavior is approximated in the isolation model. Each of 
the n controllers receives an individual Poisson load of parameter L A raw 
approximation of the medium load is given by nL This assumption seems to be 
reasonable if nA. multiplied by the network mean frame length is sufficiently 
lower than the medium capacity. Then, (n - 1)A. is assumed to be the value of L. 

These switch probabilities are completed under two different cases, which 
correspond to two possible assumptions: 

The low assumption: There is no collision if no frames are sent during the 
DP busy period slot time or the FrP transmission period slot time. In this case, 
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we have 

P NCOL = exp( -(n - 1)A.·S1), 

PCOL = 1 - P NCOL, 

P NCOLD = exp(-(n - 2)A.-81),. 

P COLD = 1- P NCOLD • 
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The high assumption: there is no collision if no frames are sent during the 
DP busy period slot time, and, no Data Link Controllers have begun to defer 
before the previous slot time. h1 this case, we have 

P NCOL = exp(-(n - 1)A.{FIC - S1) + IFS + S1)), 

P COL= 1- P NCOL, 

P NCOLD = exp(-(n - 2)A.·(FDIC - S1) + IFS + S1)), 

P COLD = 1- P NCOLD • 

With all firing rates of timed transitions and all firing probabilities of 
random switches given, we can compute the performance of the Ethernet by 
using the analysis methods of GSPN models proposed in previous sections. 



7 
HIGH-LEVEL STOCHASTIC PETRI NETS 

High-level Petri nets provide a more compact representation of complex 
DEDS's, hence, they represent a natural choice for an alternative representation 
if the time concept can be embedded into them. Different types of high-level 
Petri nets (HLPN' s) have been proposed, for example, predicate/transition (Prff) 
nets [GL79, GL81, Gen90], colored Petri nets [Jen81, Jen90], and relation nets 
[Rei83]. These nets are conceptually similar; the model of a system constructed 
using one type of HLPN can be informally translated into any other type of 
HLPN [Rei83, Jen83]. 

The high-level stochastic Petri nets are an extension of high-level Petri nets 
in which each transition has an exponentially distributed firing time associated 
with it. In this chapter, we present two types of high-level stochastic Petri nets: 
colored stochastic Petri nets, developed by Zenie [Zen85], which is given in 
Section 7.1, and stochastic high-level Petri nets (SHLPN's), developed by Lin 
and Marinesu [LM88, ML87], which is given in Section 7.2. 

7.1 Colored Stochastic Petri Nets 

Colored stochastic Petri nets (CSPN's) are colored Petri nets (CPN's) where all 
transitions are associated with exponentially distributed firing times. Introduced 
by Jensen in [Jen81], a CPN has its each token attached with a color, indicating 
the identity of the token. Moreover, each place and each transition has attached a 
set of colors. A transition can fire with respect to each of its colors. By firing a 
transition, tokens are removed from the input places and added to the output 
places in the same way as that in original Petri nets, except that a functional 
dependency is specified between the color of the transition firing and the colors 
of the involved tokens. The color attached to a token may be changed by a 

J. Wang, Timed Petri Nets

© Kluwer Academic Publishers 1998
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transition firing and it often represents a complex data-value. CPN's lead to 
compact net models by using of the concept of colors. 

7.1.1 Colored Petri Nets 

Definition 7.1: A colored Petri net is a tuple (P, T, C, I, 0, Mo) where 

(1) P = {Pb P2, ... , Pm} is a finite set of places; 

T = {t1' t2, ... , tn } is a finite set of transitions such that PuT"¢ 0 and P 
nT=0. 

(2) C(Pi) and C(ti) are sets of colors associated with place Pi E P and ti E T, 
respectively, given by 

C(Pi) = {ail, ai2, ... , aiu}, U = I C(Pi)l, i = 1,2, ... , m; 

C(tj) = {bjb bj2, ... , bjv }, v = I C(tj)l,j = 1,2, ... , n. 

(3) I(t, p): C(t) X C(P) ~ N is an input function that defines directed arcs 
from places to transitions, where N is a set of nonnegative integers, and 

OCt, p): C(t) x C(P) ~ N is an output function that defines directed arcs 
from transitions to places. 

(4) Mo(P): C(P) ~ N defines the initial marking ofthe net. 

A marking of a CPN is a function M defined on P such that for PEP, C(P) 
~ N. Let M denote the current marking of a CPN. The marking M is an n X 1 
vector with components M(Pi), where M(Pi) represents the marking of place Pi. 
M(Pi) is represented by the formal sum of colors: 

u 

M(p)= Lnihaih , 

h=l 

where nih is the number of tokens of color aih in place Pi, and u = I C(Pi)1. Thus 

M(p)(aih) = nih 

represents the number of tokens of color aih in place Pi in the current marking. 

A transition tj is said to be enabled with respect to a color bjk in a marking M 
if and only if 

M(pi)(aih) ~ I(t, p)(aih' bjk), VPi E P, aih E C(P). 

When a transition is enabled it can fire. When a transition tj' enabled in 
marking M, fires with respect to a color bjh a new marking M / is reached 
according to the following equation [VN92] 

Mtpi)(aih) = M(pi)(aih) + OCt, p)(aih, bjk) - I(t, p)(aih' bjk), (7.1) 

VPi E P, aih E C(P). 

CPN models can be analyzed in three different ways. 
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The first analysis method is simulation. It is very similar to debugging and 
program execution. This means that we can execute a CPN model, e.g., to get 
statistics about the behavior of the modeled system. It is possible to set 
breakpoints and to display the simulation results by means of different kinds of 
business graphics. 

The second analysis method is based on state spaces or reachability graphs. 
The basic idea behind reachability graphs is to construct a directed graph which 
has a node for each reachable system state and an arc for each possible state 
change. Obviously, such a graph may become very large, even for small CPN's. 
However, it can be constructed and analyzed totally automatically, and there 
exist techniques which makes it possible to work with condensed occurrence 
graphs without losing analytic power. These techniques build upon equivalence 
classes. 

The third analysis method is place invariants. This method is very similar to 
the use of invariants in ordinary program verification. The user constructs a set 
of equations which is proved to be satisfied for all reachable system states. The 
equations are used to prove properties of the modeled system, e.g., absence of 
deadlock. 

Example 7.1: A manufacturing system. 

Consider a simple manufacturing system comprising two machines Ml and 
M2, which process three different types of raw parts. Each part type goes through 
one stage of operation, which can be performed on either MI or M2. After the 
completion of processing of a part the part is unloaded from the system and fresh 

Figure 7.1. Petri net model of a simple manufacturing system. 
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Table 7.1. Legend for Figure 7.1. 

Place Description 

p, Machine MI available 

P2 Machine M2 available 

P3 A raw part of type 1 available 

P4 A raw part of type 2 available 

Ps A raw part of type 3 available 

P6 MI processing a raw part of type 1 

P7 M 1 processing a raw part of type 2 

Ps MI processing a raw part of type 3 

P9 M2 processing a raw part of type 1 

PIO M2 processing a raw part of type 2 

Pl1 M2 processing a raw part of type 3 

Transition Description 

t, MI begins processing a raw part of type 1 

h M 1 begins processing a raw part of type 2 

t3 MI begins processing a raw part of type 3 

4 M2 begins processing a raw part of type 1 

ts M2 begins processing a raw part of type 2 

~ M2 begins processing a raw part of type 3 

t7 Ml ends processing a raw part of type 1 

ts MI ends processing a raw part of type 2 

t9 MI ends processing a raw part of type 3 

tlO M2 ends processing a raw part of type 1 

tl1 M2 ends processing a raw part of type 2 

t12 M2 ends processing a raw part of type 3 

part of the same type is loaded into the system. Figure 7.1 shows the (uncolored) 
Petri net model of the system and Table 7.1 gives the interpretation of the places 
and transitions in the model. By reachability analysis, we may find that there are 
19 reachable markings as listed below (for simplicity, we indicate a marking by a 
string of its marked places): 

Mo: P,P'2P3P4[JS, M,: P'2P4[JsP6. 

M3: P'2P3P4[JS, M4: P,P4[JSP9, Ms: P,P3PSPIO, 
Ms: P4[J6Pl1 , 
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M9:PSP7P9, 

M 12: P3PsPIO· 
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The CPN model of this manufacturing system is shown in Figure 7.2. Notice 
that in the CPN model, there are only 3 places and 2 transitions. The legends of 
these places and transitions are given in Table 7.2. 

<Ml,M2> <11,12,13> 

Figure 7.2. Colored Petri net model of the manufacturing system. 

Table 7.2. Legend for Figure 7.2. 

Place Description 

PI Machines available 

P2 Raw parts available 

P3 Processing in progress 

Transition Description 

tl Processing starts 

t2 Processing ends 

In the CPN model, we have three color sets: SM, SP and SM x SP, where 
SM ={MI, M2}, SP ={JI, J2, 13}. Also, it can be seen that 

C(Pl) = {MI, M2}, 

C(P2) = {11, J2, 13 }, 

C(P3) = SM x SP, 

CUI) = C(t2) = SM x SP. 

From the above color sets we can define the input function of transition tl with 
respect to its various colors: 

lCtI, PI)(MI, (Ml, 11» = 1, 
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I(th PI)(Ml, (Ml, 12» = 1, 

I(th PI)(Ml, (Ml, 13» = 1, 

I(th PI)(Ml, (M2, J1» = 0, 
I(tlo PI)(Ml, (M2, J2» = 0, 

I(tlo PI)(Ml, (M2, J3» = 0, 

I(tlo PI)(M2, (Ml, J1» = 0, 

I(tlo PI)(M2, (Ml, J2» = 0, 
l(tIoPI)(M2, (Ml, 13» = 0, 

I(tlo PI)(M2, (M2, J1» = 1, 

I(tlo PI)(M2, (M2, J2» = 1. 

I(tlo PI)(M2, (M2, J3» = 1, 
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More concisely, we can represent the I(tlo PI) by the IC(PI)I x IC(tI)1 matrix: 

l(tlo PI) = [1 1 1 0 0 01]. 
o 0 0 1 1 

Similarly, we have 

l(th~= [~ o 0 1 0 0] 
10010

1
, 

o 1 0 0 

O(tlo P3) = l(t2' P3) = 16, 

0(t2' PI) = l(th PI), 

0(t2' P2) = I(tlo P2). 
The initial marking of the CPN model is 

Mo= [J~:~~~3l 
In this marking transition tl is enabled with respect to all its 6 colors. It can fire 
individually with respect to anyone of the colors. Also, it can fire concurrent 
with respect to one of the following 6 color pairs: 

(Ml, 11) and (M2, 12), (Ml, 11) and (M2, 13), 

(Ml, 12) and (M2, 11), (Ml, 12) and (M2, 13), 

(MI, 13) and (M2, 11), (MI, 13) and (M2, J2). 

The marking reached in all these cases are given by 
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M4 = [J2~IJ3l' Ms = [ 11~~3l' 
(M2,JI) (M2,12) 

M6 = [ 11~~2l' 
(M2,J3) 

[ 0 1 M7 = J3 ' 

(MI,JI) + (M2,12) 
[ 0 1 Ms= J2 ' 

(MI, JI) + (M2, J3) 

[ 0 1 M9= J3 ' 

(MI,J2)+ (M2,JI) 
[ 0 1 MIO= 11 ' 

(MI,12) + (M2,J3) 

[ 0 1 Mil = J2 ' 

(MI,J3) + (M2,JI) 
[ 0 1 M12 = 11 . 

(MI, J3) + (M2,12) 

We now may find that these reachable markings are exactly same as those 
obtained from the traditional Petri net model shown in Figure 7.1. 0 

7.1.2 Colored Stochastic Petri Nets 

Definition 7.2: A colored stochastic Petri net (CSPN) is a tuple (P, T, C, I, 0, 
Mo, A) where 

(1) (P, T, C, 1,0, Mo) is colored Petri net, and 

(2) A: T ~ R is a set of firing rates where each color of C(t) of transition t E 

T has a entry corresponding to rate of the exponential individual firing 
time distribution associated with the color of C(t). 

A race model for the execution policy of CSPN's has been selected. Since 
we have restricted the distribution of firing times to the negative exponential, the 
memoryless property of this distribution makes the distinction between different 
race models (with resampling R-R, with age memory R-A, and with enabling 
memory R-E) immaterial. 

When unfolded, a CSPN gives an ordinary SPN. Therefore, it can be 
analyzed by using the same method as that for SPN's. 
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Example 7.2: Five dining philosophers. 

Consider the famous synchronization problem consisting of five hungry 
philosophers who spend some time thinking between copious meals [Pet81, 
Jen81, Zen85, LM88]. There are only five forks on a circular table and there is a 
fork between two philosophers (Figure 7.3). To eat, each philosopher needs the 
two adjacent forks. When they become free, the philosopher hesitate for a 
random time, exponentially distributed with average 1/ AI. and then moves from 
the thinking phase to the eating phase where spends an exponentially distributed 
time with average 1/~. This system is described by the SPN model in Figure 7.4. 
The model has 15 places and 10 transitions. Table 7.2 gives their descriptions. 

phI 

o 
ph2 

fork3 

t 
fork4 

Figure 7.3. Five dining philosophers. 

Table 7.2. Legend for Figure 7.4. (i = 1,2, ... ,5) 

Place Description 

thi The ith philosopher thinking and waiting for forks 

fi The ith fork available 

ei The ith philosopher eating 

Transition Description Firing rate 

ai The ith philosopher takes forks Al 

hi The ith philosopher puts down forks ~ 
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b2 Az b3 Az b5'---__ • 

Figure 7.4. SPN model of the philosophers system. 

This SPN model has 11 reachable markings: 

t~ thz t~ th4 ths 11 12 13 14 Is e1 e2 e3 e4 es 

Mo 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 

Ml 0 1 1 1 1 0 0 1 1 1 1 0 0 0 0 

M2 1 0 1 1 1 1 0 0 1 1 0 1 0 0 0 

M3 1 1 0 1 1 1 1 0 0 1 0 0 1 0 0 

M4 1 1 1 0 1 1 1 1 0 0 0 0 0 1 0 

Ms 1 1 1 1 0 0 1 1 1 0 0 0 0 0 1 

M6 0 1 0 1 1 0 0 0 0 1 1 0 1 0 0 

M7 0 1 1 0 1 0 0 1 0 0 1 0 0 1 0 

Ms 1 0 1 0 1 1 0 0 0 0 0 1 0 1 0 

M9 1 0 1 1 0 0 0 0 1 0 0 1 0 0 1 

MlO 1 1 0 1 0 0 1 0 0 0 0 0 1 0 1 

The steady-state probabilities that the system is in state i (corresponding to 
marking Mi), 7r;, can be obtained as: 



204 HIGH-LEVEL STOCHASTIC PETRI NETS CHAP. 7 

A; . 
5~(~ +~)+A;' 1 =0, 

1Ci = 5~(~~i)+A;' i =1,2,3,4,5, 

A; . 
~ ~ 1 2,1=6,7,8,9,10. 

5,'1 (''1 + ''"2) + ~ 

The same problem can be solved using CSPN model as is shown in Figure 
7.5. It is obtained by coloring places, transitions and firing rates. 

think 

Figure 7.5. CSPN model of the philosophers system. 

The first step is to replace the five places thJ, th2, ... , th5 by a single place 
"think", which can carry up to five tokens. To distinguish between these tokens, 
which represent different philosophers, we attach to "think" a set of colors PH = 
{phI. ph2, ... , ph5}, and let all tokens on "think" be labeled by an element of PH. 
Markings of "think" are functions in [PH ~ R]. They are represented as formal 
sums over PH. 

Analogously the places eJ, e2, ... , e5 are replaced by a single place "eaf' with 
PH as the set of possible colors, and the place fl ,f2, ... ,f5 are replaced by a single 
place "free forks" with FF = {ffl, if2, ... , if5} as the set of possible colors. 

Next, we replace the five transitions aJ, a2, ... , a5 by a single transition "take 
forks", which may fire in five different ways corresponding to the five 
philosophers. To distinguish between these different ways of firings we attach to 
this transition the set of colors, PH, representing the individual philosophers. 
Also, define 
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I(take forks, think) = Is, 
ph, phz p~ ph4 phs 

fh 1 1 0 0 1 

ff2 0 1 1 0 0 
I(takeforks,freeforks) = ff3 0 0 1 1 o ' 

ff4 0 0 0 1 1 

ffs 1 0 0 0 1 

OUake forks, eat) = Is. 
Analogously, we replace the five transitions ht. h2, ... , hs by a single 

transition "put down forks" with PH as the set of possible firing colors. We also 
define 

l(put down forks, eat) = 15, 

O(take forks,free forks) = I(take forks,jree forks), 

O(take forks, eat) = Is. 
The five firing rates of transitions at. a2, ... , a5 are replaced by a single 

function 0 which maps each color of C(take forks) into a nonnegative real 
number, and indicates the firing rate of the transition "take forks" respect to this 
color. Since we have assumed that these five transitions have the same firing rate 
AI, so we know that o [C(take forks)]={AI , At. At. At. Ad. 

Analogously, the five firing rates of transitions ht. h2' ... , hs are replaced by 
a single function f.L which maps each color of C(put down forks) into a 
nonnegative real number, and indicates the firing rate of the transition "put down 
forks" respect to this color. Since we have assumed that these five transitions 
have the same firing rate A,z, so we know that f.L[C(put downforks)]={A,z, A,z, A,z, 
A,z, A,z}. 

The initial marking of the CSPN model is such that 

Mo(think) = 'LPH = phi + ph2 + ... + phs, 

Mo(jree forks) = 'iFF = ffl + ff2 + ... + !!S, and 

Mo(eat) = O. 

7.2 Stochastic High-Level Petri Nets 

Stochastic high-level Petri nets (SHLPN's) are defined based upon 
predicate/transition (PrlT) nets (also called high-level Petri nets) augmented with 
exponentially distributed transition firing times. An important concept with 
SHLPN models is compound markings. Roughly speaking, a compound marking 
is a group of individual markings with some similarities in an SHLPN. The main 
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advantages of introducing SHLPN's with compound markings include: (1) the 
model of a system has a considerably lower number of states than the same 
model constructed using SPN's or CSPN's; (2) the graph associated with the 
model is simpler, easier to read, often invariant to system size; and (3) the 
analysis methods for Petri net models can still be applied to SHLPN models. 
Since the SHLPN model with compound markings is isomorphic to a Markov 
chain, its steady-state probability can be determined using techniques well 
developed by stochastic analysis. 

7.2.1 Predicatetrransition Nets 

Definition 7.3: A predicate/transition net consists of the following elements: 

(1) A directed graph (P, T, C, I, 0), 

(2) A structure set I consisting of some types of individual tokens (u i ) 

together with some operations (OPi) and relations (r;), i.e., I = 
(up u2,''', um; 0Pp OP2' ''', 0Pn; 1j, r2,''', rk )· 

(3) A labeling of arcs with attributes of token variable (including the zero
attributes indicating a non-argument token). 

(4) An inscription on some transition being a logical formula constructed 
from the operation and relations of the structure I and variables 
occurring at the surrounding arcs. 

(5) A marking of the places of P with n attributes of individual tokens. 

Each element of T represents a class of possible changes of markings. Such a 
change, due to transition firing, consists of removing tokens from a subset of 
places and adding them to other subsets according to the expressions labeling the 
arcs. A transition is enabled whenever, given an assignment of individual tokens 
to the variables which satisfies the predicate associated with the transition, all 
input places carry enough copies of proper tokens. 

Example 7.3: Five dining philosophers. 

Figure 7.5 presents the PrfT net model of the same philosopher system 
described in Figure 7.3 using an SPN. In the PrfT net model, each place and each 
transition stands for a set of places or transitions in the SPN model. The number 
of places is reduced form 15 to 3, the place "think" stands for the set {th i }, "eat" 
stands for lei}, and ''free forks" stands for {.ti}, for i =1,2, ... ,5. The number of 
transitions is reduced from 10 to 2; the transition "take forks" stands for the set 
{ad and "put down forks" stands for the set {bd with i =1,2, ... ,5. 

The three places contain two types of tokens, the first type is associated with 
the philosophers and the second is associated with forks. The arcs are labeled by 
the token variables. A token has a number of attributes. The tokens residing in 
both the places "think" and ''free forks" have two attributes: the first attribute 
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being its type and the second attribute being its identity, id. The tokens residing 
in the place "eat", have four attributes: the first two ones are the same as in place 
"think", and the last two ones are the ids of the forks currently used by the 
philosopher. The transition "take forks" is associated with the predicate which 
specifies the correct relation between a philosopher and the two forks used by 
him. The predicate inscribed on transition "take forks" as i = j is a concise form 
of expressing that the second attribute of a <p, i> token should match the second 
attribute of the two tokens representing the forks. This means that a philosopher 
can eat only when the two adjacent forks are free. For example, the forks <f, 3> 
and <f, 4> must be free in order to allow the philosopher <p, 3> to move to the 
eating place. Note that a predicate expresses an imperative condition which must 
be met in order for a transition to fire. A predicate should not be used to express 
the result associated with transition "put down forks", although there is a well
defined relationship between the attributes of the tokens released when "put 
down forks" fires. 

Table 7.3 lists all reachable states of the PrfI' model. Cl 

free 
forks 

<p, i> <f, j> <f, j 1> 

Figure 7.6. PrfI' net model of the philosophers system. 

7.2.2 Stochastic ffigh-Level Petri Nets 

Definition 7.4: A continuous time stochastic high-level Peri net (SHLPN) is a 
predicate/transition net extended with the set of marking related, transition firing 
rates, A = {A" ~,. .. , Aq }. The value of q is determined by the cardinality of the 

reachability set of the net. 

SHLPN's adopt the race model for the execution policy. 
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Table 7.3. States of the philosopher system generated from the Prrr net model. 

Place index 
State 

think eat free forks 

0 
<p,I>,<p,2>,<p,3>,<p,4>, 

0 
<f,I>,<f,2>,<f,3>,<f,4>, 

<p,S> d,S> 

1 <p,2>,<p,3>,<p,4>,<p,S> <p,I,I,2> <f,3>,<f,4>, <f,S> 

2 <p,I>,<p,3>,<p,4>,<p,S> <p,2,2,3> <f,I>,<f,4>, <f,S> 

3 <p,I>,<p,2>,<p,4>,<p,S> <p,3,3,4> <f,I>,<f,2>, <f,S> 

4 <p,I>,<p,2>,<p,3>,<p,S> <p,4,4,S> <f,1>,<f,2>, <f,3> 

5 <p,I>,<p,2>,<p,3>,<p,4> <p,S,S,I> <f,2>,<f,3>, <f,4> 

6 <p,2>,<p,4>,<p,S> <p,I,I,2>,<p,3,3,4> <f,S> 

7 <p,2>,<p,3>,<p,S> <p,I,I,2>,<p,4,4,S> <f,3> 

8 <p,I>,<p,3>,<p,S> <p,2,2,3>,<p,3,3,4> <f,1> 

9 <p,I>,<p,3>,<p,4> <p,2,2,3>,<p,S,S,I> <f,4> 

10 <p,1>,<p,2>,<p,4> <p,3,3,4>,<p,3,3,4> <f,2> 

A one-to-one correspondence between each marking of an SHLPN and a 
state of a Markov chain representing the same system can be established. 
Following the arguments presented in [Mo182], we may conclude: 

Theorem 7.1: Any finite place, finite transition, stochastic high-level Petri net is 
isomorphic to a one-dimensional, continuous time, finite Markov chain. 

As in the case of SPN's, this isomorphism is based upon the marking 
sequence and not upon the transition sequence. Any number of transitions 
between the same markings is indistinguishable. 

Compound Markings 

In many systems, a number of different processes have a similar structure 
and behavior. To simplify the system model, it is desirable to treat similar 
processes in a uniform and succinct way. In the Prrr net models, a token type 
may be associated with the processes. A process description, a subnet, can 
specify the behavior of a type of process and defines variables unique to each 
process of that type. Each process is a particular and independent instance of an 
execution of a process description (subnet). 

The tokens in an SHLPN have several attributes: type, identity, environment, 
etc. In order to introduce compound markings, such attributes are represented by 
variables with a domain covering the set of values of the attribute. 
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The compound marking concept is based on the fact that a number of entities 
processed by the system exhibit an identical behavior and they have a single 
subnet in the SHLPN model. The only distinction between such entities is the 
identity attribute of the token carried by the entity. If, in addition, the system 
consists of identical processing elements distinguished only by the identity 
attribute of the corresponding tokens, it is possible to lump together a number of 
markings in order to obtain a more compact SHLPN model of the system. 
Clearly, the model can be used to determine the global system performance in 
case of homogeneous system when individual elements are indistinguishable. 

Definition 7.S: A compound marking of an SHLPN is the result of partitioning 
an individual SHLPN marking into a number of disjoint sets such that 

• the individual marking in a given compound marking have the same 
distribution of tokens in places, except for the identity attribute of tokens 
of the same type, 

• all individual markings in the same compound marking have the same 
transition rates to all other compound markings. 

A compound marking has following properties: 

PI. A compound marking enables all transitions enabled by all individual 
marking lumped into it. 

P2. If the individual reachability set of an SHLPN is finite, its compound 
reachability set is finite. 

P3. If the initial individual marking is reachable with a nonzero probability 
from any individual marking in the individual reachability set, the SHLPN initial 
compound marking is reachable with a nonzero probability from any compound 
making in the compound reachability set. 

We denote by Pij the probability of a transition from the compound marking 

i to the compound marking j and by p.. as the probability of a transition from 
1.1t. 

the individual marking in to the individual marking jk' where in E i and jk E j. 
The relation between the transition probability among compound markings and 
the transition probability among individual markings is 

Pij = LPinj. 
k 

(7.2) 

The relation between the transition rate of compound makings and the transition 
rate of individual markings is 

(7.3) 

(7.4) 
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If the system is ergodic, then the sojourn time in each compound marking is 
an exponentially distributed random variable with average 

where H is the set of transition that are enabled by the compound marking and 
q jk is the transition rate associated with the transition i firing on the current 

compound markingj. 

Since there is an isomorphism between stochastic high-level Petri nets and 
Markov chains, any compound markings of an SHLPN correspond to grouping, 
or lumping of states in the Markov domain. 

In order to be useful, a compound marking must induce a correct grouping in 
the Markov domain correspond to the original SHLPN. Otherwise, the 
methodology known from Markov analysis, used to establish whether the system 
is stable and to determine the steady-state probabilities of each compound 
making, cannot be applied. The problem of state grouping for a Markov process 
is treated in [GM80] and [los80]. While emphasis is placed upon discrete time 
Markov chain [los80] also gives the group ability conditions for a continuous 
time Markov process as well. The compound marking of an SHLPN induces a 
partition of the Markov state space which satisfies the conditions for grouping. 
Without proof, we can state the following theorem. 

Theorem 7.2: A stochastic high-level Petri net with a compound marking 
operation is homomorphic with a continuous time Markov chain with a grouping 
operation. 

As a conclusion, given the SHLPN model of a system, after constructing a 
compound marking, we can study the behavior of the system using Markov 
techniques. In particular, we can determine the steady-state probabilities for each 
compound marking (grouped state) if the system is ergodic. 

Example 7.4: Five dining philosophers. 

Consider again the philosopher system described in Figure 7.3. The 
markings (states) of the philosopher system based upon Prrr net are given in 
Table 7.3. The initial population of different places is five tokens in "think", five 
tokens in ''free forks", and no token in "eat". When one or more philosophers are 
eating, "eat" contains one or more tokens. 

We use a variable i to replace the identity attribute of the philosopher. The 
domain set of the variable i is [l, 5], i.e., the <p, i> represents anyone among <p, 
1>, <p, 2>, <p, 3>, <p, 4> and <p, 5>, and the <f, i> represents anyone among 
<f, 1>, <f, 2>, <f, 3>, <f, 4>, and <f, 5>. The compound marking (state) table of 
the philosopher system is shown in Table 7.4. The size of the state space is 
reduced compared to the previous case. 



TIMED PETRI NETS: THEORY AND APPLICATION 

2~ 

Figure 7.7. The state transition diagram of the philosopher system 
with compound markings. 

Table 7.4. States of the philosopher system with compound markings. 

Place index 
State 

Think Free/orles eat 

0 
<p,i>,<p,il>,<p,i2>,<p,i3>, 

0 
<p,i>,<p,i1>,<p,i2>, 

<p,i4> <p,i3>,<p,i4>, 

1 <p,il>,<p,i2>,<p,i3>,<p,i4> <p,i,i,i1> <p,i2>,<p,i3>,<p,i4> 

2 <p,i1>,<p,i3>,<p,i4> <p,i,i,i 1 >,<p,i2,i2,i3> <f,i4> 

211 

The markings in Table 7.4 correspond to the Markov chain states shown in 
Figure 7.7 and are obtained by grouping the states generated from Figure 7.4. 
The transition rates between the grouped states (compound markings) can be 
obtained after determining the number of possible transitions from one individual 
marking in each compound marking to any individual marking in another 
compound marking. In our case, there is one possible transition from only one 
individual marking of the compound marking So to each individual marking of 

the compound marking SI with the same rate. So, the transition rate from So to 

S, is SA.,. Using a similar argument, we can obtain the transition rate from S, 

to S2 as 2A." from S2 to SI as 2,12' and from SI to So as ,12' The steady
state probabilities of each compound marking (grouped Markov state) can be 
obtained as 

n= A; 
o 5~(~ +~)+A;' 

n = 5~~ 
I 5~(~ +~)+A;' 
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5A? 
1& = I 

2 5~(~ +~)+A;. 

The probability of every individual marking of a compound marking is the 
same and can be easily obtained since the number of individual marking in each 
compound marking is known. Cl 



8 
SEMI-MARKOVIAN 

STOCHASTIC TIMED PETRI NETS 

Semi-Markovian stochastic Petri nets are a class of STPN's which can be 
mapped into a semi-Markov process. Due to the memoryless property of 
exponentially distributed firing times, the analysis of SPN's is highly simplified 
since a wide gamut of results based on CTMC are available. However, 
exponential timing may in some cases imply a gross approximation of the system 
characteristics. Although in GSPN models exponentially distributed firing times 
coexist with firing delays that are deterministically equal to zero, this doesn't 
represent a significant extension of the type of firing distributions available in the 
model. Semi-Markovian SPN models, however, permit the existence of 
transitions with non-exponentially distributed firing times. Such an extension to 
SPN models helps increase the modeling power of STPN' s. 

In this chapter, we present two types of semi-Markovian SPN models. The 
first one is extended stochastic Petri nets (ESPN's), introduced by Dugan et al. 
[DDGN84]; the second one is Petri nets with deterministic and exponential firing 
times, also called deterministic-stochastic Petri nets (DSPN's), introduced by 
Ajmone Marsan et al. [AC86, AC87, ACF88]. 

8.1 Extended Stochastic Petri Nets 

8.1.1 Extended Stochastic Petri Nets 

In ESPN's, timed transitions are partitioned into three classes: 

• Exclusive transitions. A timed transition ti is said to be exclusive if, for 
every reachable marking Mk that enables ti> Mk enables no other 
transition. That is, whenever transition ti is enabled, no other transition is 
enabled. 

J. Wang, Timed Petri Nets

© Kluwer Academic Publishers 1998
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• Competitive transitions. Let tj be a non-exclusive transition and Mk be a 
marking in which tj and some other transition tj are enabled. If for every 
such tj in every such marking Mk, the fIring of tj disables the transition ti, 
then tj is said to be a competitive transition. 

• Concurrent transitions. Let tj be a non-exclusive transition and Mk be a 
marking in which ti and some other transition tj are enabled. If for every 
such tj in every such marking Mk, the firing of tj does not disable the 
transition ti, then ti is said to be a concurrent transition. 

Definition S.l: An extended stochastic Petri net is a 6-tuple (P, T, I, 0, Mo, G), 
where 

(1) (P, T, I, 0, Mo) is a Petri net. 

(2) G: R(Mo) x T ~ R is a fIring function that associates 

• any arbitrarily distributed firing time to each exclusive transition and 
competitive transition, and 

• an exponentially distributed fIring time to each concurrent transition. 

(3) The firing policy of all competitive transitions is such that, when they 
become enabled, the new firing delay is resampled from the distribution. 

Definition S.2: Consider a continuous time stochastic process {X(t), t ~ O} 
taking on values in the set of non-negative integers. We say that the process 
{X(t), t ~ O} is a semi-Markov process if it exhibits the Markov property at the 
times when state changes occur. 

Theorem S.l: The marking process of an ESPN can be mapped into a semi
Markove process [DDGN84]. 

Proof: We are going to show that the marking process of an ESPN satisfies the 
Markov property at the times that state changes occur. Notice that a state 
represents a marking for the ESPN, and that state changes occur when enabled 
transitions fire. In examining the markings for the ESPN we consider the 
following three cases: 

Case 1: The marking enables an exclusive transition. 

The time spent in the marking is the time needed for the exclusive transition 
to fire and is independent of the past history of the process. 

Case 2: The marking enables non-exclusive transitions. 

Without loss of generality, assuming that the marking enables both a 
competitive and a concurrent transition, the future of the process depends on 
which fires first. If the competitive transition fires fIrst, then the concurrent 
transition may still be enabled upon entry into the next state. In this next state, 
the remaining time for the concurrent transition depends on the time needed for 
the competitive transition to fire in the previous state. The memoryless property 
of the exponential distribution ensures that this remaining time distribution will 
be identical to the original firing time distribution. 
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If the concurrent transition fires first, then by definition, the competitive 
transition is disabled. If the process subsequently enters another marking in 
which the competitive transition re-enabled, the resampling policy ensures that 
the firing time distribution of a re-enabled transition is identical to the original 
firing time distribution. 

Case 3: The marking enables no transitions 

If a marking enables no transition, then this marking is an absorbing state of 
the process, and no further state changes may occur. 

It follows from the above discussion that the marking process of an ESPN is 
a semi-Markov process. 0 

Example 8.1: 

Figure 8.1 shows a simple Petri net. In this net, tl and t2 are competitive 
transitions, t3 and t6 are exclusive transitions, t4 and t5 are exclusive transitions. 
When we associate t4 and t5 with exponentially distributed firing times, while 
associated all other transitions with arbitrarily distributed firing times, this net 
turns to be an ESPN. 0 

Figure 8.1. A simple ESPN model where 4 and t5 are associated with 
exponential times, and all other transitions with arbitrary times. 

8.1.2 Analysis of Extended Stochastic Petri Nets 

In this section, we consider the analysis of recurrent ESPN models. Let {X(t), t> 
O} be a semi-Markov process, Xn be the nth state visited, then {Xn' n > O} is 
called the embedded Markov chain (EMC) of this semi-Markov process. A semi
Markov process {X(t), t> O} is said to be irreducible if its EMC {Xm n > O} is 
irreducible. Let Tii denote the time between successive transitions into state i and 
let liii = E[Tii]. Let Hi denote the distribution of the time that the semi-Markov 
process spends in state i before making a transition, and let Iii denote its mean. 
We have [She83] 

Theorem 8.2: If the semi-Markov process is irreducible and if Tii has a non
lattice distribution with finite mean, then 
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!ti = limPr{ X (t) = ilXo = j} 
t->-

(8.1) 

exists and is independent of the initial state. Furthermore, 

ft. =.!:!:L 
I 

l1ii 

(8.2) 

Theorem 8.3: Suppose the conditions of Theorem 8.1 and suppose further that 
the EMC {Xn, n > O} is positive recurrent. Then 

(8.3) 

where Yi is the steady probability of state i of the Markov chain {Xn' n > O}. 

Let U be the transition probability matrices, then the steady state probability 
distribution { Yi } of the EMC {Xn' n > O} can be obtained by solving the system 

of linear equations 

Y=Y·U 

(8.4) 
i=1 

In the remainder of this section, we assume that the initial marking Mo of a 
ESPN indicates that its modeling system I is in the state ready to operate, and 
after a circle (a complete operation) Iretums to Mo and repeats itself. We have 

Theorem 8.4: If an ESPN has finite reachable markings and if the associated 
firing time distribution Gi(XlMk) is a non-lattice distribution for each ti E T and 
Mk E R(Mo), then the mean circle time (MeT) of the ESPN can be given by 

L!tjJ.l j 

MeT= j (8.5) 
!to 

where /1j can be obtained by solving 

-
11k = f xd{ LF(x,i I M k )} 

o t;EE(M1 ) 

= fxd{l- II(l-Gi(xIM k )}· (8.6) 
o l;eE(M1 ) 

Proof: It is easy to know that Too is a non-lattice distribution under the given 
conditions. Hence, the result follows from Theorem 8.1, Theorem 8.2 and 
assumptions on the ESPN model. 0 

Now we tum to the probability distribution function of the circle time of an 
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ESPN. Assume that for any pair M;,M j E R(M 0), there is at most one 

transition tk such that MJtk > M j' and that no transition changes the marking 

into itself. Suppose IR(Mo)l=a,aE N,a<+oo. Let 

d .. = {Pk (M) if MJtk > M j (8.7) 
v 0 otherwise 

and 

{ f(X,kIM) if MJtk>M j 
q .. (x) == 

v 0 otherwise 
(8.8) 

Then D = (d;)axa and Q(x) = (qij(x))axa are two feature matrices of the 

reach ability graph RG of an ESPN. In (8.8), f(x,k I M;) is the density function 

corresponding to F(x,k 1M;), i.e., 

n dG.(xIM.) 
f(x,kIM)== (l-G/xIM) Jdx I 

I jEE(M i )\(t;) 

(8.9) 

Now we modify the reach ability graph RG by adding the (a + l)th vertice 
M a' which also indicates the initial marking M 0' to it such that the first vertices 

M 0 only has output arcs and all its input arcs are now connected to M a' The 

original and modified reachability graph RG and RG~ of the ESPN are illustrated 
in Figure 8.2(a) and (b), respectively. 

Mo 

(a) (b) 

Figure 8.2. (a) Reachability graph RG; 
(b) Modified reachability graph RG ~ 
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Based on Figure 8.2(b), we define D and Q(x) as follows: 

D = (dij)(a+l)x(a+l) 

0 dOl dOl dO,a-l doo 

0 dll d12 d1,a_1 dlO 

= 

0 da_I,1 da_I,2 da-1,a-1 da-1,0 
0 0 0 0 0 

Q(x) = (qq(x»(a+I)x(a+l) 

0 %1 %2 qO,a-1 qoo 

0 %1 %2 ql,a-I %0 
= (x) 

0 qa-I,l qa-I,2 qa-I,a-I qa-I,O 

0 0 0 0 0 

Theorem 8.5: [WH91] Let D be defined on an ESPN and let 

If the ESPN is recurrent, then 

do' =1-,a 

CHAP. 8 

(8.10) 

(8.11) 

(8.12) 

(8.13) 

Let ai (x) = (ail (x),ai2 (x),," ,ain (x» and b J (x) = (b1j (x),b2/x),···, bn/x» . 

The convolution of ai(x) and bj(x) is defined as 
n 

ai(x) *b/x) = ~>;k(X) *bkj(x). (8.14) 
k=1 

Assume that a; (x) is the ith row vector of n x n function matrix A(x) and 

b/x) is the jth column vector of n x n function matrix B(x). Let 

C(x) = A(x)* B(x), then C(x) is defined as 

ci/x) = a; (x)*bj (x) . (8.15) 

Let 

A'm(X) = A(x)*A(x)*···*A(x). (8.16) 

Theorem 8.6: [WHW91] Let Q be defined on an ESPN and let 

Q'(x) = LQ'k(X)' (8.17) 
k=l 
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Then the probability density function of the circle time of an ESPN, I(x) , is 
given by 

I(x) = q~,a(x). (8.18) 

Proof: Since we have assumed that the ESPN is recurrent, we can view the circle 
time of the ESPN as the weighted sum of the time delays of the ESPN executing 
along each possible execution path, the weighting coefficient of such a path 
being the probability with which the ESPN selects this path to execute from M 0 

to M a' We know that the probability that the ESPN selects tj to be the next 

transition to fire is included in distribution F(x,i I M k) (Notice that F(x,i I M k) 

is a defective distribution. See Section 5.1). Moreover, since the ESPN has 
Markov property at the times when state changes occur, the weighted time delay 
probability density function of any of its execution path is the convolution of all 
transition firing time density functions defined by (8.9) along the path. Then the 
result follows from the expansion of (8.17). 0 

It is easy to know that if no circuits exist in RG', there will be finite paths 
from M 0 to M a' and each of those paths involves at most a steps of state 

transitions, which gives 

(8.19) 

Therefore, 

Q'(x) = t Q*k (x) (8.20) 
k=l 

If one or more circuits exist in RG', there will be infinite execution paths 
from M 0 to M a' But we know that the longer an executing path is, the less the 

probability (called path probability) with which system performs along the path 
is. Thus it is not necessary for us to solve for f(x) by strictly using (8.17) and 
(8.19). We only need to calculate the first finite items of (8.17) according to 
engineering requirements. For example, if we ignore the influence of any 
execution path whose path probability is less than I, IE (0,1), on f(x) , then 
we can determine an integer r by using 

{
D* = IDk 

k=l 

d;a+l ~ 1- r 
(8.21) 

Hence we can solve for f(x) approximately by using 

Q'(x) "" t Q*k (x) (8.22) 
k=l 
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Example S.2: An assembly system 

Consider an assembly system shown in Figure 8.3, which is composed of 
three assembling machines (MI, M2 and M4) and two processing machines (M3 
and MS). Each of the three assembling machines assembles two workpieces into 
one. The assembled workpieces by both MI and M2 are sent to M3 for 
processing. When machine MS finishes processing and exports a product, 4 
workpieces will be immediately sent to MI and M2 to assemble and the system 
thus repeats itself. The capacity of each prefixing buffer of all machines is 
assumed to be 1. The ESPN model of this assembly system is shown in Figure 
8.4. 

Figure 8.3. An assembly system. 

Figure 8.4 ESPN model of the assembly system of Figure 8.3. 
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Table 8.1. Legend for Figure 8.4. 

Place Description 
Ph i:I-4 Workpiece Wi available 

P5 Assembled workpiece W 12 waiting for M3 

P6 Assembled workpiece W 34 waiting for M3 

P7 M3 processing W 12 

P8 M3 processing W 34 

P9 M3 available 

PIO Processed workpiece W'12 waiting for assembling at M4 

Pll Processed workpiece W' 34 waiting for assembling at M4 

P12 W 1234 M5 processing assembled w01:kpiece 

Transition Description Firing time density 

tl MI assembles 1 - exp(-AIX) 

t2 M2 assembles 1 - exp(-lizx) 

t3 M3 begins processing W 12 --
4 M3 begins processing W 34 --
t5 M3 ends processing W 12 1 - exp(-Asx) 

~ M3 ends processing W 34 1 - exp(--4x) 

t7 M4 assembles 1 - exp(-A7X) 

t8 M5 processes I(x-x\) -l(x -X2), XI < X2 

From the Figure 8.4 and Table 8.1 we know that the STPN model of the 
assembly line is an ESPN. Figure 8.5 shows its reach ability graph, where M\l, 
M 12, M13 and MI4 are vanishing markings. The embedded Markov chain of the 
marking process of this ESPN model is shown in Figure 8.6. From this chain and 
the firing time distributions of all timed transitions, we can compute the steady 
state probability distribution and evaluate some performance indices of the 
assembly line. 0 

8.2 Analysis of Extended Stochastic Petri Nets Based on Moment 
Generating Functions 

Zhou, Guo and Dicesare [ZGD93, GDZ91] developed a different solution 
method for ESPN's. It is based on deriving the moment generating function of 
interesting performance measures, and thus closed-form analytical solutions are 
at least theoretically possible. For some simple cases, a very straightforward 
solution technique can be shown. 
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Figure 8.5. Reachability graph of the ESPN of Figure 8.4. 

Figure 8.6. Embedded Markov chain of the ESPN of Figure 8.4. 
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8.2.1 Moment Generating Functions and Transfer Functions 

Moment generating functions (MGF's) are derived from Laplace transformation. 
They offer a solid mathematical foundation for GERT analysis and the approach 
discussed in this section. 

A moment generating function (MGF) of random variable is defined as 
follows: 

M(s) = J: estf(t)dt, (8.23) 

or 
M(s) = E[f(t)]. (8.24) 

where s is an arbitrary parameter and f (t) is a probability density function of 

random variable t . Note that 

M(O) = J:f(t)dx = 1. (8.25) 

We can find the nth moment by differentiating the MGF n times and setting s = 
O. 

Example 8.3: 

Given a probability density function 

f(t) = {k- At , n~ 0, 
0, t<O 

we can compute its corresponding MGF as 

M (s) = J- est f(t)dt =J- kste-Atdt = _A_. 
-- -- A+S 

Its first moment and second moment are give as 

(; A 1 
E(1') = -.--:;--Is=o= 'l ' 

OS/L-S /L 

2 a2 A 2 
E(1' )=~-'l-Is=o= 12' 

os /L-S /L 

If the probability density function is 

{
_l_ tE [a,b] 

f(t) = b-a ' 

0, tE[a,b] 

(8.26) 
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then 
ebs _eas 

M(s)=--
(b-a)s 
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o 

Suppose that t represents the time duration for event or activity E whose 
probability to occur at a certain state is q (0 < q < 1). Then a transfer function of 
E is defined as qM(s). The following property lays down a theoretical foundation 
for moment generating function approaches to evaluating ESPN's. 

Property 8.4: Suppose that tl and t2 are two transitions whose ftring time delays 

are XI and X2, respectively. XI and X2 are independent. For i = 1 and 2, Xj has 
MGF Mj(s), tj fires at probability qj and has transfer function Wj(s), 0 < qj ~ 1. t 
is a transition with time delay Y with MGF M(s), ftring probability q, and has 
transfer function Wj(s). Then we have the following three properties: 

PI: For a sequence Petri net structure (Figure 8.7(a» and the equivalent 
transition t : 

M(s) = M I (s)M2(s) , 

W(s) = w; (s)"i (s) . 

(8.27a) 

(8.27b) 

P2: For a parallel choice Petri net structure (Figure 8.8(a» and the equivalent 
transition t: 

M(s)= %M I (s)+q2M 2(S) , (8.28a) 
ql +q2 

W(s) = w; (s) + W2 (s) . (8.28b) 

P3: For a loop Petri net structure (Figure 8.9(a» and the equivalent transition 
t, if q2 ;t 1: 

M(s) = (l-q2)M I (s) , (8.29a) 
l-q2M 2(s) 

W(s) = W; (s) . (8.29b) 
I-W2 (s) 

Proof: Assume that X I , X 2 and X have the probability density functions 

II (x), 12 (x) and I (x) , respectively. 

For PI, since t (Figure 8.7(b» ftres implies that tl fires followed by t 2, 

X = XI +X2 • 

F(x) = Pr{X ~ x} = P(XI + X2 S; x) 

= f_ dxlf~J:l fl(xl )fl (x2)dxl , 
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t2 P3 

.1 ·0 
WI(S) W2(S) 

(a) (b) 

Figure 8.7. Sequence structure and its equivalent. 

(a) (b) 

Figure 8.8. Parallel choice structure and its equivalent. 

PI tJ WI(S) 

(a) 

PI P2 

o---+-.a 
W (s)=WI(s)[1-W2(s)r l 

(b) 

Figure 8. 9. Loop structure and its equivalent. 

dF(x) f-f(x)=--= ~(xl)f2(X-Xl)dxl' 
dx --

M(s) = J~ esx f(x)dx 

Letting x = XI + Z , we have 

225 
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= r~eSXl.t;(~)~r~ eSZf 2 (z)dz 

= M,(s)M2(s). 

Since Pr{ t fires}= qlq2, therefore 

W(s) = q,q2M(S) = q,q2M,(s)M,(s) = ~(S)W2(S) 

For P2, t (Figure 8.8(b» fires means that either t, or t2 fires (Figure 8.8(a». 

Furthermore, if t, fires, X = X I and otherwise X = X 2' Thus, Pr{ t 

fires}=% +q2' 

F(x) =-q-, -Pr(X,:S x) +~Pr(X2:S x), 
q, +q2 % + q2 

f(x)=-q-'-f.(x)+~f2(X)' 
q, +q2 q, +q2 

Therefore, 

M(s)= q,M,(S)+Q2M2(S) , 

q, +q2 

W(s) = (q, + q2)M(s) = q,M(s) +q2M (s) 

= ~ (s) + W2 (s) . 

Combining PI and P2 and using the above method, we can easily prove P3, 
by noting that 

~ 

q = Pr{Lh fires for i consecutive times followed by t,} 
i:O 

PI and P2 can certainly be extended to the cases of more than two transitions. 0 

8.2.2 Procedure for System Performance Evaluation 

The procedure for system performance evaluation based on ESPN models 
includes five stages: ESPN modeling, generation of reachability graph, 
generation of state machine Petri net, derivation of the transfer functions, and 
evaluation of performance measures. 
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ESPN Modeling. Using the Petri net design methodologies, we can 
synthesize an ordinary Petri net model for a system based on its operations 
relationship among these operations. After we get such an ordinary Petri net, 
time requirements for various operation result in an ESPN model, in which every 
transition is associated with an appropriate time delay that is either constant or 
random. 

Generation of Reachability Graph. Using conventional approaches, we can 
automatically generate a reachability graph of a Petri net. Such a graph 
represents all reachable states and their relationship among these states. Firing of 
a transition often implies a change from a state to another. 

Generation of State Machine Petri Net. A state machine Petri net is 
generated based on the derived reachability graph and information on firing 
delays of transitions. In fact this state machine Petri net is an ESPN with a 
particular structure, i.e., each transition has exactly one input place and one 
output place. A place in the net can have multiple input and output transitions. 
The place with more than one output transition is called a choice place. It should 
be noted that in this net, a transition, which may differ from the original 
transition, is attached with time delay variable computed based on that of the 
original transition in the ESPN and its relationship with other transition in the 
net. The MGF of the firing delay of each transition in this state machine Petri net 
is computed. For a choice place, its branch probability is also calculated. Then 
the transfer function of each transition is derived, which also depends on 
different execution policies. 

Derivation of Transfer Functions. For the above state machine Petri net, the 
transfer functions of interesting indices can be derived in two steps. The first step 
is to identify the places or states of interest in the state machine Petri net and 
create a new one as a sink place such that their output arcs and transitions will be 
directed to that sink place. The sink place will absorb any number of tokens like 
a sink transition. Next, all Petri net structures of a sequence, parallel choice, or 
loop form are stepwise reduced to a transition with an equivalent transfer 
function being stepwise calculated. The final equivalent transition is the one 
between the source place and the sink one. 

Evaluation of Performance Measures. To obtain the ith moments, we simply 
take the ith derivative of a transfer function of a performance index. Means and 
derivations of certain measures can be obtained. The analytical results may be 
obtained by inverting their transfer functions. Example 8.4 illustrates application 
of this methodology to a robotic assembly system. 

Example 8.4: An assembly system. 

Consider a robotic assembly system consisting of two robot arms, Rl and 
R2, and two workstations, WSI and WS2, as shown in Figure 8.10. The 
specification of this system is as follows: 

(1) When either of WS 1 and WS2 is ready to complete the assembly task, it 
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requires its right robot and acquires it if it is available. This operation of 
WS I (WS2) takes an exponentially distributed random time whose firing 
rate is Al (,ul)' 

(2) After a workstation acquires its right robot, it requires its left robot and 
acquires it if it is available. This operation of WS I (WS2) needs an 
exponentially distributed random time whose firing rate is 11.2 (,u2)' 

(3) When a workstation starts an assembly task, it cannot be interrupted 

Robot! @=J= ~ Robot2 

Figure 8.10. The layout of a 2-robot and 2-workstation assembly system. 

PI 

Figure 8.11. ESPN model for the assemble system (dotted lines and t 
mean deadlock resolution). 
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until it completes. It takes an exponentially distributed random time to 
finish the assembly in WS1 (WS2), with firing rate A3 (f..l3). 

(4) When WS1 (WS2) completes, it releases two robots in a constant time 
CI (C2 )· 

For this system, its Petri net model can be easily designed as shown in 
Figure 8.11 with neither dotted arcs nor transition t. The meaning of places and 
transitions is indicated in Table 8.2. 

Table 8.2. Legend for Figure 8.11. 

Place Description 

PI WS 1 requests R1 

P2 WS 1 requests R2 

P3 WS 1 has R1 and R2 

P4 WS 1 ready to release robots 

Ps WS2 requests R1 

P6 WS2 requests R2 

P7 WS2 has R1 and R2 

P8 WS2 ready to release robots 

P9 R1 available 

PIO R2 available 

Transition Description Firing time density 

tl WS 1 acquires R1 1 - exp(-AIX) 

t2 WS 1 acquires R2 1 - exp(-kx) 

t3 Assembles at WS 1 1 - exp(-A3X) 

4 Release robots from WS 1 ~x- CI) 

t5 WS2 acquires R1 1 - exp( -f..lIX) 

~ WS2 acquires R2 1 - exp( -f..l2X) 

t7 Assembles at WS2 1 - exp(-f..l3X) 

t8 Release robots from WS2 ~x- C2) 

t9 Deadlock resolution l(x - a) -l(x - b), a< b 

Notice that the firing of transitions tl and t5 leads to a system deadlock. To 

resolve such a deadlock, we can model deadlock detection and resolution as a 
transition t with the dotted arcs in Figure 8.11. In particular, the function of t is to 
release two robots and two requests from both workstations when each 
workstation takes its right robot. Its time delay is a random variable distributed 
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uniformly over [a, bJ. The firing time delays of transitions t p t2 ,t3 ,t5 ,t6 and t7 

in Figure 8.11 are exponentially distributed random variables with rate 
,1 p ,1 2,,13,,up,u2 and ,u3' respectively. The firing delays of transition t4, t8 are 

constants, c1 and c2 respectively. Firing delay of t has the uniform distribution 

over [a, bJ. The following discussion focuses on the derivation of closed-form 
analytical performance results. 

The reachability graph as shown in Figure 8.12 is very easily derived from 
the Petri net model as shown in Figure 8.11. There are totally eight states: 

M,:1000100011, M 2 :0100100001, 

M 3: 0 0 1 0 1 0 0 0 0 0, 

M5: 100001001 0, 

M 7 : 1 0 0 0 0 0 0 1 0 0, 

M 4 : 0 0 0 1 1 0 0 0 0 0, 

M 6: 1 0 0 0 0 0 1 0 0 0, 

M 8 : 0 1 0 0 0 1 0 0 0 O. 

M,: Initial state representing that both stations are requesting their robots 

and both robots are ready 

M 2 : WS 1 acquires R 1 and requests R2 

M 3: WS 1 acquires R2 

M 4 : Two robots are performing assembly at WS 1 

M5: WS2 acquires R2 and requests Rl 

M 6: WS2 acquires Rl 

M 7 : Two robots are performing assembly at WS2 

M 8 : Deadlock state representing that WS 1 acquires R 1 and WS2 acquires R2 

Figure 8.12. The reachability graph of the ESPN in Figure 8.11. 
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Corresponding to the reach ability graph, the state machine Petri net follows 
as shown in Figure 8.13. There are eight places represented by M i' i = 1, 2, . ",8 , 

and 11 transitions. For simplicity, ~ will be used to represent transition i and is 
actually the transition functions of the corresponding transition in the following 
discussion and figures. M 0 is a source place that functions as a source of tokens 

for this net. It can be regarded as a source transition that can produce an infinite 
number of tokens. M 0' as well as M ~ in Figure 8.14 which is a sink place to 
absorb any number of tokens, is used to derive equivalent transfer functions. 

The transfer function of the transitions are derived by using the results in 
Section 8.2.1 as follows: 

~ = Al Al +/11 
Al + /11 Al + /11 - s 

W3 = ,.12 ,.12 + /11 
A2 + III A2 + /11 - s 

Ws = Al Al +/12 
Al + 112 Al + /12 - s 

w=~ 
7 A-s 

3 

W
2 
= /11 Al + /11 

Al +/11 Al +/1I- S 

W
4 
= /11 ,.12 + /11 

A2 + /11 A2 + III - s 

W6 = /12 Al + /12 
Al + 112 Al + 112 - s 

TIT _ eelS. 
YYs - , 

Figure 8.13. The state machine Petri net. 
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In order to find the deadlock rate, we cut the flow from transition ~l to Ml 

and add a sink place M~ to obtain the net in Figure 8.14. M~ is used to absorb 

all token generated by its input transitions. Then stepwise reduction is applied to 
this net as shown in Figure 8.15. 

Figure 8.14. A net for solution of deadlock rate. 

Simplifying the sequence block, ~ M 3 ~ M 4 Ws into a single transition WA , 

and W6 M 6 W9 M 7 ~o into a single transition WB, leads to a reduced net shown in 
Figure 8.15(a). Further reduction of two loops and sequence blocks results in the 
net in Figure 8.15(b). All these reductions are based on the property of transfer 
functions proved in Section 8.2.1. As the net size is reduced, the transfer 
functions of the equivalent transitions become complicated. Fortunately, all 
calculations are simple algebraic and can be easily computerized. 

During the reduction process, we obtain according to PI 

WA =W3W7Ws ; WB=W6W9~O; 

and according to PI, P3 and their variations [MZ60 ] 
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(a) 

(b) 

Figure 8.15. The reduced Petri net. 

~W;. W;Ws WA 8 = , WB8 = ----""......::.--
l-~WA -W;WB 1-W2WB -~WA 

From Figure 8.15(b), according to PI and P2, we find the equivalent transfer 
function from source place M 0 to sink place M ~ , is 

WE(s) = (WAS + WB8 )W;!· 

Since the relationship between the transfer function and its moment generation 
function [GDZ91] is 

WE(S)=PEME(s) where PE = WE (0) since M E(O)=l. 

We obtain the equivalent moment generation function: 
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M £(s) = W£(s)IW£(O) 

The mean recurrence time of deadlock of the system is 

o 
TR = -_-M £(s) Is=o 

o s 

To compute the mean sojourn time of transition ~I' the transitions except ~I 

need to be changed into immediate transitions with the branch probabilities 
unchanged. That is, let s = 0 in transfer functions ~ - ~o' Suppose that 

ME (s) results from ME (s) where the above changes are included. Then, 

o -
TS = -_ - M E (s) Is =0 . 

o s 

The steady-state probability of the place M 8 equals the ratio of the mean sojourn 
time of t to the mean recurrence time of deadlock and is in fact the deadlock rate 
is 

Rd =TSITR . 

Let AI =0.8, 11.2 =1, 11.3=1, f.LI =1, 112 =1, f.L3 =1, c1 =2, c2 =2, a = 1 and b = 5. 
The computing results are: 

• The mean recurrence time of deadlock: 

o 
TR = -_-M E(S) Is=o = 8.721; 

o S 

• The mean sojourn time of transition t: 

o 
TS = -_-M E(S) Is=o = 3.000. 

os 

• Therefore, the system deadlock rate: 

Rd =TS ITR = 0.344. 

8.3 Petri Nets with Determinstic and Exponential Firing Times 

o 

Petri nets with deterministic and exponential firing times, also called 
deterministic-stochastic Petrin nets (DSPN's), allow firing delays of timed 
transitions to be either constant, or exponentially distributed random variables. 
Pictorially in this book, timed transitions with constant firing times are drawn as 
box, and those with exponential firing times are drawn as thick bars as they are 
in SPN's. 

Definition 8.3: A deterministic-stochastic Petrin net (DSPN) is a tuple (P, T, I, 
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0, Mo) where 

(1) (P, T, 1,0, Mo, G) is a Petri net. 

(2) T is partitioned into two sets: TE of exponential transitions, and TD of 
deterministic transitions. 

(3) G: R(Mo) x T ~ R is a firing function that associates 

• an exponentially distributed firing time to each exponential 
transition, and 

• a deterministic firing time to each deterministic transition. 

The firing policy entailed by DSPN is race with enabling age memory (R-E). 
Local preselection among conflicting activities can be implemented using 
random switches of immediate transitions as in GSPN's. 

If all markings are restricted to enable at most one concurrent deterministic 
transition, then it is possible to map the DSPN on a semi-Markov process, using 
an approach quite similar to the EMC technique for the analysis of M/G/l 
queuing systems. Indeed, it is possible to define a discrete-time Markov chain by 
sampling the continuous-time process at the instants of deterministic transition 
firing if a deterministic transition is enabled, and at the instants of firing of any 
exponential transition otherwise. For the sake of explanation convenience, we 
distinguish deterministic transitions in two classes: independent transitions that 
cannot be disabled by the firing of another transition, and preemptable transitions 
that can. 

When either no deterministic transition or an exclusive deterministic 
transition is enabled in a given marking M i, this marking trivially maps into a 
state Si of the EMC. The average sojourn time in Si is ( LAk)-1 if no 

deterministic transition is enabled at this marking, where ~ is the firing rate of 

transition tk' The state transition probability Pr{Si ~ Si} is ~( L~rl if 
tkEE(M j ) 

there exists a transition th in Mi whose firing changes the marking to Mj• 

When a independent deterministic transition td is enabled at marking M i, 

together with some exponential transitions, the next state of the EMC is sampled 
only at the instant of firing of td, i.e., the EMC state evolution does not account 
for the marking changes due to the firings of exponential transitions during the 
enabling interval Td of td, but "delays" those possible state changes to the instant 
of firing of the deterministic transition. The state transition probability of the 
EMC is then computed using the Chapman-Kolmogorov equation. 

In the case of either a competitive or a preemptable deterministic transition td 

the next state of the EMC is sampled either at the instant of firing of td, or at the 
instant in which td is disabled. We can compute the probability of actually firing 
of td by studying the transient evolution of the stochastic part of the process 



236 SEMI-MARKOVIAN STOCHASTIC PETRI NETS CHAP. 8 

during the time interval rd. 

In [AC87], Ajmone Marsan and Chiola presented a solution technique for 
DSPN's, which considers one deterministic transition at a time, the steps of the 
analysis thus have to be repeated for all deterministic transitions defined in the 
net. Below we give a brief introduction to this technique. 

Assume for notational convenience that markings are partitioned into two 
classes MD and ME depending on the fact that td is enabled or not at them. 
Reordered so that the states Sj E MD of the EMC come first. Define the matrix 

Q= MD[D H], 
ME Q21 Q22 

(8.30) 

which represents the infinitesimal generator of a continuous-time Markov chain 
in which the submatrix H contains the rates due to the firing of exponential 
transitions in conflict with the deterministic transition (preemption rates leading 
from MD to ME), then D submatrix contains the rates due to the firing of 
exponential transitions not conflicting with the deterministic transition (transition 
rates among states of MD, i.e., enabling transition td), and Q21 and Q22 represent 
the rates due to exponential transitions enabled at markings belonging to ME. 

Define matrix 

'= MD[D H]. 
Q ME 0 0 

(8.31) 

Consider a preemptable deterministic transition td. For "if Sj E MD and "if Sj E 

ME, we have 

TJ ' [0 H] T Pr{Sj ~Sj,td preempted}=uj exp(Qx) dxu j , 
o 0 0 

(8.32) 

where Uj is the unity row vector of all zeros but the ith entry, and u/ is the unity 
column vector of all zeros but the jth entry. Equation (8.32) can be shown to be 
equivalent to 

Pr{Sj ~Sj,td preempted}=ujexp(Q'rd)uJ . (8.33) 

The probability of preemption of a preemptable transition td conditioned on 
having been enabled upon entering in state Sj E MD can then be formally 
expressed as: 

Pr{t, preempted I S,}: u, exp(Q',,) [~:l (8.34) 

where aT and IT are column vectors (of suitable dimension) of all zeros and all 
ones, respectively. If the deterministic transition is independent, (8.34) can still 
be applied, since it returns the value zero. 
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If the deterministic transition eventually fires, the transition probability of 
the EMC can be computed as: 

Pr{Sj ~Sj,td fires}=ujexp(Q'1"d)~dUr ,'if SjE MD, (8.35) 

where the matrix exponential accounts for the state probability evolution during 
its enabling interval Td due to the activity of the exponential transition; Ilu. 
represents the state-change probability matrix due to the firing of td and can be 
expressed as: 

Ad = [ A~D ~;E]. (8.36) 

Combining (8.33), (8.34) and (8.35) we obtain the ith row (corresponding to 
states Sj E MD) of the EMC transition probability matrix can always be 
computed (both for independent and preemptable transitions) as: 

P(i) = uj exp(Q' 'Z d )~d' 'if Sj E MD, (8.37) 

The mean sojourn time in state Sj E MD is formally expressed as: 

E[S,]-1 u,exP(Q'x{ ~:]dx' V Sf. MD, (8.38) 

Obviously E[Sj] reduces to Td when td is independent. In the case of preemptable 
transitions, it can be computed as: 

E[S;1 = L u;[D-1 exp(DTd) - I O}r. (8.39) 
SjeMD 0 0 

From the steady-state solution of the EMC it is possible to compute the 
steady-state probability distribution of the DSPN by weighting the state 
probabilities with the mean sojourn times, and converting the probabilities of 
states enabling concurrent deterministic transitions with a conversion matrix Cd 
which accounts for the difference between E[Mj], the average sojourn time in the 
DSPN marking and E[Sj], the average sojourn time in the EMC state. 

The (i, J) entry of the conversion matrix may be formally expressed as: 
Td 

Cd(i,j) =_l_u. Jexp(Q'x)dxu:, V Sj, Sj E MD, (8.40) 
E[S;1 '0 J 

that yields 

C (i ">=_1_u.[D-1eXP(DTd)-I 
d ,J E[S;] I 0 

O]uT , 'if Sj, Sj E MD. o j 
(8.41) 

The EMC transition probability matrix (8.37), the state mean times (8.39) 
and the probability conversion matrix (8.40) can all be efficiently computed 
using truncated Taylor series expansion of matrix exponentials. 
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Example 8.5: A M/D/1I2/2 queue [AC87]. 

Figure 8.16 shows the DSPN model of a M/D/1I2/2 queue. Place PI contains 
tokens that represent "think" customers, i.e., customers neither requesting nor 
receiving service. Transition tl models the request for service issued by a 
thinking customer. Hence it is exponentially timed, and fires at a load dependent 
rate to M(PI)A, where A is the rate at which each thinking customer issues a 
service request. Place P2 contains tokens representing customers that have issued 
a service request but have not yet started their service. Place P4 may contain a 
token representing the empty service station. The immediate transition t2 models 
the start of a service, and place P3 may contain a token representing a customer in 
the service station, during the service time. Transition t3 is with deterministically 
timed delay, and it models the service time To 

Figure 8.16. DSPN model of the M/D/1/2/2 queue. 

Table 8.3. Legend for Figure 8.16. 

Place Description 

PI Customers ready to issue service requests 

P2 Customers that have issued service requests 

P3 A customer in the service station 

P4 Service station available 

Transition Description Firing time 

tl Customers issue service requests 1- exp[-M(pI)A.x] 

t2 The service starts --
t3 The service ends l' 

The applicability conditions for the analytical solution of the model are 
satisfied, since the only deterministic transition (t3) can be enabled only once. 
The reachability graph generated by the DSPN of Figure 8.16 is shown in Figure 
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8.17(a). It contains three tangible markings labeled To, Tl and T2, as well as one 
vanishing marking labeled V. The possible transitions among markings are 
represented by arrows labeled with letters e, i and d to specify whether the 
transition that causes the change of marking is exponential (tl), immediate (t2) or 
deterministic (t3)' The vanishing marking can be removed from the reachability 
graph, obtaining the reduced reachability graph of Figure 8. 17(b). 

The matrix Q of (8.30) is easily obtained as 

Q= MD[-oA ~! ~ ]. 
ME 2l-0-!-2l 

The reordering of the tangible markings: 

SoH Mo = Tt. SI H Ml = T2, and S2H M2 = To, 

is needed because MD = {Tt. T2} and ME = {To}. Clearly, the deterministic 
transition can never be preempted. 

In order to compute the transition probability matrix P, we need to know the 
matrices Q' and 41. In our case, we have 

(1 
(2001) (To) (2001) (M2) 

~e d \1,+; d 

(110 I)(V) 

~i (1010) (Mo) 

'l~ d (10 1 0) (TI) d 

e~ 
(0 11 0) (T2) (0110) (MI) 

(a) (b) 

Figure 8.17. (a) Reachability graph of the DSPN model of Figure 8.16; 

(b) Reduced reachability graph of the DSPN model of Figure 8.16. 
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[
- A. A. 0] 

Q'= 0 0 0, 

o 0 0 

[
0 0 

!1d = 1 0 

o 0 

which gives the transition probability matrix: 

[
1_e-..tT 0 e-..tTj 

p= 1 0 0 . 

100 

The stead-state "visit" probabilities of the EMC can be computed in this case, 
obtaining the following closed from expression: 

lr'=[ 1..t ,0, e-..tT..t]. 
1 + e- T 1 + e- T 

From the reduced reachability graph of Figure 8.17 (b) we see that from 
markings MI and M2 the net always jumps to marking Mo, whereas from Mo it 
can jump either to M2 (if the deterministic transition fires before the exponential 
one) or to MI. This latter jump is not recorded by the EMC, but the return to Mo 
generates the element P(O, 0). Therefore, the time spent in state So by the EMC 
(which in this case is deterministically equal to ~ must be redistributed between 
Mo and MI. In fact, the EMC never visits state SJ, while the continuous-time 
process does visit marking MI. The average fraction of time spent in Mo by the 
continuous-time process while the EMC visits state So is to obtained from (8.41) 
as: 

1 iT -.b: 1- e-..tT 
c=- e dx=---

~ 0 A.~ 

The steady-state probability distribution of the continuous-time process is then 
obtained as: 

o 



9 
ARBITRARY STOCHASTIC PETRI NETS 

Recall Section 5.1.3. When the firing policy for an STPN is the race with 
enabling age memory (R-E), the marginal distributions in (5.5) are the residual 
life distributions of t k conditioned to age variable ak : 

(/),t(xIM,Z) Gk(x+ak)-Gk(a,t). 
I-Gk (a k ) 

In this case, if arbitrarily distributed firing times are associated with 
transitions in an STPN with concurrent transitions, then the underlying marking 
process is neither Markovian, nor semi-Markovian; it is a non-Markov process. 
However, the age variable ak defined above coincide with the supplementary 
variables which make the SPP a Markov process with partly discrete and partly 
continuous state space [Cox55]. Such an STPN is called an arbitrary stochastic 
Petri net (ASPN) to distinguish them from the other proposed STPN's [ZGD93]. 

Wang, Huang and Zhou [Wan91, HWZ92, HW95] developed a hybrid state 
analysis method for the solution of ASPN models. The basic idea of the hybrid 
state analysis method is to make extended states, or hybrid states, which is 
composed of a marking and the enabling times of transitions enabled in this 
marking, of an ASPN propagate as a Markov process by the inclusion of 
supplementary variables, i.e., enabling times. This section addresses the hybrid 
state analysis method for ASPN models. 

9.1 Arbitrary Stochastic Petri Nets and Hybrid State Probability 
Density Function 

Definition 9.1: An arbitrary stochastic Petri net (ASPN) is a 6-tuple (P, T, 1,0, 

J. Wang, Timed Petri Nets

© Kluwer Academic Publishers 1998
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Mo, G), where 

(1) (P, T, 1,0, Mo) is a Petri net. 

(2) G: T ~ R is a firing function that associates each transition with an 
arbitrarily distributed firing times. 

The discussion in this chapter is based on the following two assumptions: 

(AI) The individual firing time distributions Gk(xlM) is independent of the 
current marking M, i.e., Gk(xlM) = Gk(x); 

(A2) If M ~ I(t) , i.e., transition t is k-enabled in marking M, then the 
enabling time of t is resampling in the new marking, say M', reached by 
firing t, and t is viewed as a new enabled transition in M'. 

In order to introduce the hybrid state analysis method, we first discuss the 
division of enabled transition set in a given marking. 

9.1.1 Division of Enabled Transition Set in a Given Marking 

By definition, for any tq E E(M;), the set of transitions which are competitive 

with t in marking Mi is described as 
q 

C'(Mi'tq)={tj ItjE E(MJ\{tq }, and 

l(tq'p) + l(tj'p) > Mi(p) for some pE P}. (9.1) 

Let 

(9.2) 

Suppose that M; [ t q > M j' then we divide E(Mj) into two subsets En (Mj) and 

Ei2(Mj ), such that 

E(Mj)=Eil(M)+Ei2(Mj) (9.3) 

E;2(M)=E(M;)rtE(M)\C(M;,tq) (9.4) 

E;l (M ) = E(M ) \[E(M;) n E(M j) \ C(M ptq)] 

= E(M j) \ ([E(M;) \ C(M;, tq)] n [E(M j) \ C(M p tq)]) 

=E(M) \[E(M;) \C(Mi'tq)] U (E(M) \[E(M) \C(M; ,tq)]) 

= E(M) \ E(M) u[E(Mj) n C(Mi'tq)] u([E(Mj) n C(Mi'tq)]) 

=E(Mj ) \[E(M;) u[E(Mj) rt C(M;,tq)] 

=ECMj)\[E(MJ\C(M;,tq)] (9.5) 

The first subset Eil (M j) is the set of new enabled transitions in marking M j , 
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which includes two parts: the first part consists of the transitions that are enabled 
in marking M j but not enabled in marking M;, and the second part consists of 

the transitions that are enabled in both the two markings M. and M., but 
I ] 

competitive with t in marking M. In the latter case the enabled transitions 
q I 

count their enabling times from ° at the epoch of the firing of t q (basic 

assumption (A2)). The second subset Ei2 (M) is of those enabled transitions 

inherited from marking M;, i.e., they are enabled and concurrent with t q under 

marking M;. It is obvious that the division of E(M j) varies with the 

predecessor marking M; of M j . 

Example 9.1: 

(a) (b) 

Figure 9.1. A simple Petri net and its reachability graph. 

Figure 9.1(a) shows a Petri net model, and Figure 9.1(b) shows its reachable 
graph (RG), where 

Mo: 200, 

M2: 101, 

M4: 020, 

M\: 110, 

M3: ° 11, 
Ms: 002. 

From the RG we can easily obtain the division of enabled transitions for each 
marking. For example, it is easily to know that E(MI ) = {t P tZ ,t3} , U(MI ) = 

{Mo}, E(Mo) ~ {tpt3}, Mo [t\ > Mb and C(Mo,t l ) = {t l }· Thus, 
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EOI(M1) = E(M1) \[E(M 0) \ C(Mo,tl )] = {tl ,t2}, 

E02 (M1) = E(Mo) nE(M1) \ C(Mo,tl ) = {t3}· 

Also we have E(M 3) = {t 2 }, M 1 E U (M 3)' E(M I) = {t p t2 ,t3}, MJ [13 > 

M3, andC( M l't3 ) = {tptJ, thus, 

Eu(M3) = E(M3) \[E(MJ) \ C(Mo,tI)] = 0, 

o 

9.1.2 Hybrid State Probability Densities of an ASPN 

Suppose that an ASPN is in marking Sf (-r) at time ~ and the enabling time of 

t; E T is x(~) with 111 = n, then 

{(M (-r), XI (-r),x2(-r), . ·,xn(-r)?, -r ~ O} 

defines a hybrid state stochastic process, where Sf (-r) is a discrete state variable 

with its range in reachable set R(Mo), and Xj (~) is a continuous state variable of 

non-negative real number, i = 1, 2, ... , n. If M (-r) = M k' then we have 

Pr{x;(-z) = O} = 1 for any t; E T \ E(M k)' 

So we define the hybrid state of an ASPN as a composition of the marking and 
the enabling times of transitions enabled in the marking. 

Definition 9.2: Let MkE R(Mo), E(Mk) = {tkl'tk2 , .. ·,tkr } where r::;; n. Define 

p(~; Mk ,xkP xk2 ,",xkr ) 

= lim lim ... lim [Pr{M (-r) = M k' Xkl ::;; Xkl (~) < Xu + Llxki' 
ax" ..... 0 ax., ..... o ax.,. ..... o 

Xu ::;;xU(~)<Xk2 + Llxk2 , ... , 

Xkr :s; xkr (-r) < Xkr + Llxkr }(LlXk1 Llxk2 ... LlXkr )-1] (9.6) 

p(~; M k' Xki' Xk2 ,···, Xkr ) is called the hybrid state probability density (HSPD) 

of the ASPN. 

From (9.6) we know that P(-Z;Mk,XkpXk2,",Xkr) represents the 

probability density that ASPN is in marking M k at time ~ and that the enabling 

time x k; ( ~) oftransition t ki enabled in M k is just X k i ' for i = 1, 2, ... , r. 

Since a transition's enabling time is always non-negative, we have 

p( -z; M k' Xki'XU"" ,xkr ) = 0 if min{xkp x k2 ," ,xkr } < O. (9.7) 
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9.1.3 Computation of Hybrid State Probability Densities 

For any Mk E R(M 0) \{Mo} , divide its predecessor markings U(Mk) into two 

subsets: U I (M k) and U 2 (Mk ), such that 

U(Mk)=UI(Mk)+ U2 (Mk) (9.8) 

Ejl(Mt ) *0, VMj E U1(Mk) 

En (Mk )=0, VM/E U 2(M k ) 

(9.9) 

(9.10) 

That is, if the ASPN reaches from a marking in U 1 (M k ) there will be at least 

one new enabled transition in M k' whereas if the ASPN reaches M k from a 

marking in U 2 (M k ) , no new transition will be enabled by M k • 

We begin our discussion with the assumption that U 2 (M k ) = O, 

U1(Mk)={M),and Mj[tq > M k • 

Let mini XkPXu''', X/cr }>f > 0, and 8'% be sufficiently small such that 
there is no transition fires during the period ['% , '% + 8'% ), and the following holds: 

p('% +A'%;M k,Xkl +A1,Xk2 +A1,'" ,x/cr +A'%) 

(9.11) 

where gk;(Xk) = dxd Gk;(Xki ). Suppose that P('%;Mk,Xtl'Xk2,",Xk,) is 
ki 

differentiable to 'Z and to each x/ci' i = 1, 2, ... , r. The Taylor expansion of the 
left hand of (9.11) gives 

p('% +A'%;M k,Xkl +A1,Xu +A'%,'" ,xU +A1) 

(; p('Z;Mk,xkpxu,"',xkr) 
= p( '%; M k , X k I' X k2 ' ••• , X k, ) + [-:.....;,.--'----"'--'-'-'---"=--=

o'Z 

+ t a p(r;Mk ,xkl ,XU '···'X/cr)]8T+O(8T). 
;=1 a xki 

From (9.11) and (9.12), and let 8'% ~ 0, we have 

(9.12) 
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Let 

It follows from (9.13) and (9.14) that 

(; Z(-z;M k '~kl'Xk2' •.• ,xu) + I, Z(r;M k'Xkl'XW···'XU ) 

o -Z i=1 a Xkj 

= - t gA;j(XA;j) 
i=II-GA;j(xki ) 

(9.13) 

(9.14) 

(9.15) 

Equation (9.15) is a non-homogeneous linear partial differential one. Its 
corresponding homogeneous one is 

(; Z(-Z;Mk'~ki'Xk2' •.. 'xu) +I, Z(T;Mk,xk!'xU'···'xu ) =0 

o -z i=1 a Xki 

The set of the ordinary differential equations corresponding to (9.16) is 

d-z = dxkl = dxu = ... = dxk" 

which has a set of first integral solutions which are independent each other: 

-z -X(k) = Co' 

where 

X kl -X(k) = CI , 

Xk2 -X(k) = C2 , 

(9.16) 

(9.17) 

X(k) = min { Xki ,XU"· ·,xkr } , (9.18) 

and Co' CI , C2 , ••• , C, are all constant. Hence the general solution of (9.16) is: 

Z(-z; Mk ,xu ,xu'· ·,xk,) 

=E>'(-z -X(k),Xkl-X(k)'XU -X(k)'···'xu -X(k» (9.19) 

where E>'(-z - X(k)'Xkl - X(kP Xu - X(kp··· ,Xu - X(k» is an arbitrary 

differentiable function. Moreover a particular solution for (9.15) can be easily 
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obtained as 

r 

Zo('z; Mk .Xk!'Xk2 .···.Xkr ) = ~)n[1-Gki(Xki)] 
1=1 

Thus we have: 

r 

=8'('z - X(k)' Xkl - X(k)' X k2 - X(k).··· • Xkr - X(k» + Lln[I-Gkl (xki )] 

1=1 

Then the following result is obtained 

r 

=8(1-X(k)'Xkl -X(k)' XU -X(k)'··· ,Xkr -X(k» ·ll[1-Gki (Xki )] 

i=1 

where 

8( 1 - X(k)' Xkl - X(k)' Xu - X(k).··· • Xkr - X(k» 

= exp[8'(1-X(k)'Xkl -X(k),Xk2 -X(k)'···.Xkr -X(k»] 

247 

(9.20) 

(9.21) 

(9.22) 

Replacing variables 1.Xk1>Xk2 .. ··.Xkr in (9.22) with 1-X(k),Xk1 -X(k» 

Xu - X(kl' •• ·,xkr - X(k)' respectively. results in 

P(1-X(k);M k,Xkl -X(k»Xk2 -X(k).··· 'Xkr -X(k» 

=8(1 -X(k),Xk1 -X(k),Xk2 -X(k»··· ,xkr -X(k» 

r 

. II[1- Gki(Xkl - X(k»] (9.23) 
1=1 

It follows from (9.22) and (9.23) that 

p( 1; M k .Xk1 .Xk2 .. •• .Xkr ) 

= p( 1 - X(k); M k' X k1 - X(k)' Xk2 - Xo:)'··· • Xkr - X(k» 

(9.24) 

where G~(xk)=I-Gki(xki). 

As we has assumed that U(Mk)={M) and Ej1(Mk ) :;t:0. from (9.18) we 

know that X(k) represents the elapsed time form the epoch of the net entering 

M k to current time 'Z. and therefore 'Z - X(k) represents the epoch of the net 
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entering M k. Hence, (9.24) describes the relation between the HSPD of the net 

at time 'l and that at the epoch of its entering M k • 

Next, we consider the relation between the HSPD's of the ASPN in 
markings M j and M k at the epoch of the net entering M k from M j . It follows 

from M j [ t q > M k that 

Let 

then 

Ej2 (Mk ) = {tk(s+l),tk(s+2),···,tkr }. S ~ 1 

C(M j,tq ) = {tjptj2,···,tjb,tq}' 

E jl (M k) = {t ki' t k2 ' ••• , t ks }, 

E(Mk ) = {tkl'tk2,···,tks,tk(s+1),tk(s+2),···,tkr}· 

Since M j eUI(M k ), Ejl(M k ) is not empty. 

For the small time interval [-r 0 - 111" 12, -r 0 + a -r 12], the event 

{M (-ro + ~-r 12)= M k'O ~ Xkl (-ro + ~-r 12)< ~-r, 

X~(S+I) ~ XX(HI) (-ro + ~ -r 12)< x~(s+1) + ~ -r , 

X~(S+2) ~ Xx(H2) (-ro + ~ -r 12)< X~(s+2) + ~ -r , ... , 

X~ ~ Xxr (-ro + ~ -r 12)< x~ + ~ -r } 

(9.25) 

(9.26) 

(9.27) 

(9.28) 

(9.29) 

(9.30) 

implies that the marking of the ASPN changes in [-r 0 - ~ -r 12, -r 0 + ~ -r 12], and 

t k1 e E jl (M k) starts enabling after the changing. According to probability 

theory, we have 

Pr{M (-ro + ~-r 12)= M k'O ~ Xkl (-ro + ~-r 12)< ~-r, 

X~(S+2) ~ Xx(k+2) (-ro + ~ -r 12)< X~(s+2) + ~ -r , ... , 

x~r ~ xxr{-ro +a-r/2)< x~r +a-r} 

= L L··· L L[pr{M(-ro -~-r/2) = M j 
i j1 ;lij2;1 ijb;lijq;1 
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X~(S+I) - AT ~ Xk (s+l) (1'0 + AT 12)< X~(S+I)' 

X~(S+2) - tJ.:r::;; Xk(H2) (1'0 + A1' 12)< X~(S+2)"··' 

x~ - A l' ~ xXI" (1'0 + AT 12)< x~, 

XII' - A1'::;; Xli (1'0 + A1' 12)< xII', 

x~j; -A1'~xj2(1'o+A1'I2)<x;; , ... , 

x]:, -A1'::;; Xjb (1'o +A1'/2)< x]:" 

io A < - f. A 12) iO} II' G~(x~) Xq -ll1'_Xq\1'O+ll1' <Xq· • 0 
i=s+1 Gki (Xki -A1') 

.rr G;/,<X~) . gq,(X;) .A1'], 
/=1 G;/(xft -AT) G;(x~qI -AT) 

249 

(9.31) 

where x~ =ij/·A1', i j /=1,2, ... ;1=1,2,···,b;and x~· =iq ·A1', iq =1,2,···. 

Also we know that: 

the left of (9.31) 

A-z MOo 0 0) (A ),-s+1 = p(1'o +2; k,Xkl = ,Xk (s+I),Xk(H2)'··'Xkr • l' , 

and 
the right of (9.31) 

= L L ... L L[p(1'o - AT / 2); Mj,X~(HIl'X~(H2) , .. , 
iJI=lij,=1 ij.=li,.=1 

b G* ( i jI ) ( i.) .n jl,Xjl • gq,Xq ·A1']. 
1=11 G;I(X'j! -AT) G;(x~qI -AT) 

By letting 1:1~ ~ 0 we have 

p( 1'; ; M k' X~I = 0, x~(s+l)' X~(.+2)'··· , x~) 

r-r- r - 0 0 0 0 = Jo Jo ... 0 p(1'o ;Mj,xkl =0,Xk(HI),Xk(s+2)'···'xkr , 

(9.32) 
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Since at time "l'~ holds xZ2 = xZ3 = ... = xZr = xZ, = 0, thus 

p(r;;M k,XZI = Q,xZ2 ,oo., x~,XZ(S+I)' XZ(s+2)"'" xZr ) 

- p(r+' MOO 0 0 0 ) 
- 0 ' k ' Xu = , xk (s+I) ' Xk (s+2)' ... , xkr 

. f(X~2 I x~,)f(x~3 I X~I)'" f(x~ I X~I) 

= p( r;; M k ,xZI = 0, XZ(s+I) ' XZ(s+2)" .. , xZr ) 

(9.33) 

where f (xZi IxZI ) represents the conditional density function when the enabling 

time of transition tkJ is xZ, and that of transition tki is xZi , i = 2, 3"", s; 60 
is Dirac function. It follows from (9.32) and (9.33) that 

g (Xq) 
Xkr - xk\'XjPXj2' ",Xjb,Xq) ~ dxj,dxj2 • ··dxjb dxq 

G/xq ) 

·6 (X k2 - X kl )6 (xu - X kl )··· 6 (xb - Xli) (9.34) 

Equation (9.34) describes the relation between the HSPD's of the ASPN in 
marking M j and M k at the epoch to of the net entering M k from M j . 

Let X(k) = xk\ (X(k) satisfies (9.18». From (9.33) and (9.34), the recursive 

relation between the HSPD's of the net in Mk and M j conditioned on the 

assumption of V (M k ) = U I (M k ) = {M j} can be given as 

-IIr G~(Xki) r- r- r- . 
- G*( _ )JoJo"'Jop("l'-Xkl ,Mj ,Xk(s+I)-Xk1 , 

i=1 ki x ki xk\ 

Xk (s+2) - X kl ,'" , xkr - xk\' X jI' X j2"" , X jb' Xq) 

. g~(Xq) dxjldxj2 ... dxjb dxq'TIO(Xki-Xkl ) 

Gq(Xq) i=2 

(9.35) 

Now we assume that U 1(Mk )=0, U2 (M k )={M j },and M/[tu>M k • In 
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this case, 

El1 (Mk ) = 0, 

EI2 (Mk ) = E(Mk ) = {tkl,tW •• ·,tler }· 

By using the same analysis method as given above we obtain the following 
equation: 

p( 1; M k ,Xkl ,Xk2 '· ·,xk,) 

. g~(xu) dxlldxl2 ••• dx1edxu. 
Gu(xu) 

(9.36) 

From (9.35) and (9.36) the recursive equation of HSPD's of the ASPN in 
marking M k and its predecessor marking M j in general case can be obtained as 

M j , Xk(s+l) - Xkl ' Xk(s+2) - x k1 , •.• ,xkr - x k1 ' 

Xj'I,Xj'2, •• ,Xj'b,Xq). g~(xJ dx. ldx. 2 ••• dx. bdx 
Gq(xJ j j j q 

;=2 

(9.37) 

9.2 Hybrid State Probability Densities of Acyclic Arbitrary 
Stochastic Petri Nets 

In order to compute the HSPD's of an ASPN, we divide Petri nets into two 
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classes: acyclic Petri nets and cyclic Petri nets. In this section we consider the 
computation of the HSPD's of acyclic ASPN's; the computation of the HSPD's 
of cyclic ASPN is referred to [Wan91]. 

9.2.1 Cyclic Nets and Acyclic Nets 

Definition 9.3: A Petri net is cyclic if there exists a marking M; E R(M 0) and a 

non-empty firing sequence 0 E L( M 0) such that M; [0 > M;; Otherwise it is 
acyclic. 

Theorem 9.1: A Petri net is cyclic if and only if 

diag(f Bk I> 0 
;=0 ) 

(9.38) 

where a = IRGI, B is the incidence matrix of reachable graph RG, i.e., if there is 
some tk E E(M;) such that M; [ tk > Mj , then bij =1, otherwise, bij = O. 

Proof: Necessity. Let N be a cyclic net. According to the definition, there exists 
at least one marking M; in R(M 0) such that starting form M;, the net can 

always return to M; within a steps of transitions because there are only a 
different markings in the net. If the net takes one step to return to marking M;, 
then 

b;; = 1; 

If the net takes two steps to return to marking M;, then 
a-I 

"Lbi/cbki ~ 1; 
k=O 

If the net takes a steps to return to marking Mi' then 
a-I a-I a-I 

I. I. ... I.b;.k,bk,.k2bk2.k3 • .. bka_,.i ~ 1 
k, =Ok2 =0 ka_, =0 

Thus corresponding to that the net returns to Mi within a steps of transitions, 

we have 
a-I a-I a-I a-I 

b;; + "Lb;kbk; + I. I. ... I.b;.k,bk,.k2bk2.k3 .. ·bka_,.; ~ 1. 
k=O k, =Ok2 =0 ka_, =0 

Representing the above inequality in matrix form gives (9.38). 

Sufficiency. The sufficiency is obvious since the above analysis is reversible. 
o 

It is easy to prove that Theorem 9.1 is equivalent to Theorem 9.2, the latter is 
given as: 

Theorem 9.2: A Petri net is acyclic if and only if 
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(9.39) 

9.2.2 Level Division of Reachability Set 

The concept of level division originates from the explanation structure modeling 
theory in large-scale systems. Here, by the level division of reachability set, we 
will obtain an order by which Wf~ compute the HSPD's for each reachable 
marking. 

Definition 9.4: A division of reachable set R(M 0) 

R(M 0) = RI + R2 + ... + Rs 
is said to be a level division, if 

(1) RI = {Mol, 

(2) For any M k E Rj' i = 1, 2, .. " s there must exist some M j E Rj _ l , such 

that M j E U (M k) ; Meanwhile, there is no direct predecessor marking 

of M k in sets Rp Rj+l'" " Rs ' that is, 

(Rj + Rj+1 +···+R.)nU(Mk) =0. 

Also, any marking M k E Rj is said to be an ith level marking of R(M 0) . 

Theorem 9.3: There is one and only one level division for the reachable set of 
any acyclic net. 

Proof: Consider the incidence matrix of reachable graph RG 

Mo boo bOI bO,a-l 

B= 
Ml blO bll b1,a-l 

M a_1 ba-I,o ba_I,2 ba-1,a-l 

Since the net is asyclic, so all entries in the first column of B are 0, i.e., 
boo = blO = .. , = ba-1,o = O. Since all markings of R \ {Mol are reachable form 

M 0' so there is no other column with all 0 entries. Let Rl = {Mol, Moving 
away the first row and the first column from B, BI is obtained, which is given as: 

MI b1l bl2 bl,a_1 

B -
M2 b21 b22 b2,a_1 

1-

M a_1 ba_I,1 ba_I,2 ba-1,a-l 

The reachable graph RGI with respect to BI is the subgraph of RG, and it is easy 
to prove that RGI is also acyclic, 
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Now we prove that there exists at least one column with all 0 entries in BI • 

The proof is by contradiction. Suppose that b;j = 1, then M; E U (M j) . Since the 

ith column is not of all "0" entries, we can assume that bk; = 1, and it results in 

M k E U (M;). Going on in this way, we can find a marking sequence which has 
more that a markings and any adjacent two markings have the one-step
reachable relation. Since there must be some marking occurring more than one 
time in this sequence, the net must be cyclic, which conflicts with the fact that 
RGI is acyclic. Thus there exists at least one column with all 0 elements in BI • 

Denote by R2 the set of markings which correspond to columns with all 0 

elements in BI> and remove away all rows and columns corresponding to all 
markings of R2 form BI> the resulting matrix being denoted by B2• For the same 
reason, there exists at least one column with all 0 elements in B2• Repeating the 
above process, we complete the division of R(M 0) within a steps, since the 

dimension of Bi is less then that of Bi-I • 

Next, we prove that the above division of reachability set satisfies the 
conditions of the definition of level division. First, for any M k E R(M J ' it must 

belong to and only belong to some R;, i E {1,2,. .. , s} . Thus sets Rp R2 ,.", Rs 
determine a division of R(M 0)' and such a division exists and is exclusive. For 

any M k E Ri' since in matrix Bi-I> the column corresponding to marking M k is 
of all 0 entries, so there is no the direct predecessor marking of M k in set 

R; + Ri+1 +- .. +Rs' While in matrix Bi-2, the column corresponding to marking 
M k is of at least one "1" element. Thus there must exist a direct predecessor 

marking of M k in set Ri-I . 0 

Example 9.2: 

Consider the Petri net shown in Figure 9.1. It is obvious that the net is 
acyclic. The incidence matrix of RG is 

0 0 1 1 0 0 0 

1 0 0 1 1 1 0 

2 0 0 0 1 0 0 
B= 

3 0 0 0 0 0 1 

4 0 0 0 1 0 0 

5 0 0 0 0 0 0 

where the first column is with all 0 entries. Let Rl = {M o} . Moving away the 
first column and the first row results in 
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1 0 1 1 1 0 

2 0 0 1 0 0 

Bl =3 0 0 0 0 1 

4 0 0 1 0 0 

5 0 0 0 0 0 

In Bt. the column corresponding to marking M 1 is with all 0 entries. Let 

R2 = {M 1 } • Moving away the first column and the first row results in 

2 0 1 0 0 

3 0 0 0 1 
B2 = 

0 1 0 0 4 

5 0 0 0 0 

where M 2 and M 4 are corresponding to columns with all 0 entries. Let 

R3 = {M 2' M 4 } • Moving away from B2 the columns and rows corresponding to 

markings M 2 and M 4 ' results in 

B3=~ [~ ~] 
In B3, the column corresponding to marking M 3 is with all 0 entries, thus we 

have R4 ={M3 } and 

B4 = 5 [0] 

Obviously, Rs = {M s}' Now the level division for R(M 0) is completed. 0 
To represent a reachable graph in the form of leveled reachable graph will 

bring in convenience for the computation of the HSPD' s. 

9.2.3 Computation of Hybrid State Probability Densities of Acyclic ASPN's 

In the rest of this chapter, when we say an ASPN starts operation from some 
epoch, we mean: (1) the ASPN lies in the initial marking Mo with probability 1, 

and (2) the enabled transitions in M 0 count their enabling times form this epoch. 

A. An ASPN Starts Operation from 'l = o. 
First we need to get the HSPD of an ASPN in initial marking Mo' Since the 

ASPN is assumed to be acyclic, the ASPN is in Moat time 'l implies that during 

interval [0,1] no transitions fire, and its probability is 
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Pr{M(r)=Mo}= TIG;(T) (9.40) 
'ieE(Mo) 

Moreover, the enabling time of each enabled transition in M 0 must be ~ at 

the epoch ~. Thus the conditional density of the enabling times of enabled 
transitions t l"tI2 ,",t" at time ~ being X\"X I2 ,",X\s' respectively, is 

p(T;Xj"Xj2 ,''',Xis IM(T)=M o) 

=15 (x11 -~)(j (x\2 - ·n .. · (j (Xis -~) = TI o(xj -T) C9.41) 
'ieE(Mo) 

Denote by array X k the enabling times of r enabled transitions of M k ' i.e., 

X k = {xk\,xU,"·,xkr }· 

Then the hybrid state density for initial marking M 0 is 

p(T;M 0' Xo) = peT; X 0 1M (T) = M 0)' Pr{ M (T) = M o} 

= TIGj·(T)' TIO(Xj-T) 
tieE(Mo) tieE(Mo) 

C9.42) 

(9.43) 

With the HSPD p( ~; M 0' X 0) available, we can compute the HSPD's in 
other reachable markings using the recursive equation (9.37). First we compute 
the HSPD of each second level marking of set R2 , which can be determined from 

p( ~; M 0' X 0)' Then concern the third level markings. For any M k E R3 , the 
corresponding HSPD can be computed using C9.37) directly, because all 
predecessor markings of M k belong to set R\ u R2 • In this way, we can obtain 

the HSPD's for allM k E RCM 0) . 

If we only concern the HSPD's of reachable markings of some subset 
R'(Mo)of R(Mo), then we can first find the union set, U U·CMk), of the 

M.eR' 

predecessor markings for each Mk E R'(Mo)' Mter that, we may compute the 

HSPD's for each marking in sets U U·CM k )nR2 , U U·CMk)n~, 
M.eR'(Mo) M.eR'(Mo) 

... , U·CR'CMo»nRs ' From them we can compute the hybrid state density for 

each marking in set R'(M 0) . 

B. An ASPN Starts Operation from ~ = 'Z 1 > 0 

Denote by Po ( 'Z; M k ' X k ) the HSPD in marking M k E RCM 0) under the 

condition that the ASPN starts operation from 'Z = 0, and P .. , ( 'Z ; M k , X k) the 

HSPD in marking M k E R(M 0) under the condition that the ASPN starts 
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operation from ~ = ~ I > O. Since ~ is only a time parameter, so the following 
holds: 

(9.44) 

So in this case, we can fIrst compute the HSPD's in all markings under the 
condition that the ASPN starts operation fIrm time ~ = 0 , then shif the parameter 
~ into ~ - ~ 1 ' which gives the HSPD's under the condition that the ASPN starts 

operation from time ~ = ~ I > O. 

c. An ASPN StIlrts Operation from Random Instant 

Denote by PI ( ~ I) the probability density that the ASPN starts operation from 

time ~=~I >0, and p['fd(~;Mk,Xk) the HSPD for marking MkER(Mo)' 

then 

p[~llr;Mk,Xk) = J:PI(rl)p~1 (T;Mk,Xk)dTI 

= J:Pl(TI)Po(T-TI;Mk,Xk)dTI· (9.45) 

Thus in this case, we can fIrst compute Po ( ~; M k ' X k ), then compute 

Po(~ - ~ I; M k , X k ), and finally compute p['ftl(~; M k , Xk) using (9.45). 

The above analysis shows that the key to computing the HSPD's in the last 
two cases is to compute the HSPD's in the fIrst case. Without loss of generality, 
the rest discussion in this chapter is based on the assumption that ASPN starts 
operation form time ~ = 0 . 

Example 9.3: 

Figure 9.2 shows an acyclic ASPN in which individual fIring time 
distributions GI(x), Gz(x) and G3(x) are associated with transitions tptzand 

t 3 , respectively. 

(a) (b) 
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The HSPD in initial marking M 0 is 

p(I;Mo,~,X2) 

= G~(~)G~(Xz)O(~ -'Z')o(x2 -'Z') 

There are two second-level markings in R(Mo)' namely R2 = {MI'M2}. 

For M I ' since 

EO! (M I ) = E(M, ) \[E(Mo) \ C(Mo,t , )] 

= {t2 } \ [{t"t2 } \ {tl }] = 0, 

so U(M,) = U2(M I ) = {Mo}' It follows from (9.37) that 

p(-z; MI' XI) = p(-z; Ml'x2) 

-r- G;(x2) r-. ) g,(x,)dxdx - J(. J( p('Z'-x(2l'Mk ,X2 -X(2),XI .-.- I 2 
o G2 (x2 - X(2» 0 G, (x,) 

·O(x2 -'Z'). g:(~) f'G;(x2)g,('Z'-X(2»O(X2 -'Z')dx(2) 
G, (x,) 0 

= [G,('Z') - G,('Z'-x2)]G;(X1 )O(X2 -'Z'). 

Using the same approach, we can obtain that 

p( -z; M 2' X 2) = p( -Z; M 2' XI) 

= [G2('Z') -G2('Z'-~)]G;(~)o(~ -'Z'). 

M3 is a third-level marking in R(Mo) , and U(M3) = {M" M 2}. We know 

that MI'M2 E U, (M3), and E l1 (M3) = E2,(M3) = {t3}. Thus we have 

p( -z; M 3' X 3) = p( -z; M 3' X3) 

= G; (-X:3)[G, ('Z' - -X:3)g2('Z' - -X:3) + G2('Z' - -X:3)gtC'r - X3)] • 

Finally we consider M 4' the forth-level marking of R(M 0)' It is easy to 

know that U(M4) = {M3}, and since E(M4 ) =0, we have M3 E U(M4)· 
Thus the following holds: 

p('Z'; M 4,X4) = Pr{M('Z') = M 4 } 

-II ( 'M) g3(X3)dx dx 
- 0 0 P 'Z'-X(4)' 4,X3 G;(x3) 3 (4) 
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9.3 Time Delay Analysis of Arbitrary Stochastic Petri Nets 

9.3.1 Time-Delay Nets 

Definition 9.5: A Petri net N is said to be a time-delay net, if and only if 

(1) there is an absorbing marking Ma E R(Mo) such that E(Ma) = 0, and 

(2) for any marking M k E R(M 0) \ {M a} there exists a non-empty firing 

sequence 0 E L( M k) such that M k [0 > M a . 

Property 9.1: There is one and only one absorbing marking in a time-delay net. 

Proof: It follows the definition of time-delay nets that a time-delay net can reach 
an absorbing marking. Now we assume that there are two different absorbing 
markings Ma and Mb. Since M bE R(M 0)' there exists 0 E L(Mb) such that 

Mb[o > Ma' If 0 is empty, then Ma = Mb, which conflicts with the 

assumption that M a is different from M b . If 0 is not empty, then E( M b) is not 

empty, which conflicts with the assumption that Mb is an absorbing marking. 

Thus the property holds. 0 

It is obvious that the best way for the discussion of the time delay of a given 
system is based on its time-delay net model. 

Definition 9.6: Let Ma E R(M 0)' E(M a) = 0, and there exists at least one place 

PoEP such that for any MkER(MO)\{Ma} holds Mk(Po)<Ma(po)' 

Adding to N an additional transition to such that 

{
M a(P) -M o(p) if M a(P) > M o(p) 

I(t p) = , 
0' 0 if Ma(p)5: M O(p) 

(9.46a) 

{o if Ma(p»MO(p) 
O(~,p)= , 

Mo(p)-Ma(P) if Ma(P) 5: Mo(p) 
(9.46b) 

the resulting net is denoted by N c ,and N c is said to the closed-net of N . 

Definition 9.7: N is said to be recurrent net, if for any Mi,M j E R(M 0)' there 

always exists a limited firing sequence 0 E L( Mi ) such that Mi [0 > M j . 

A recurrent net is also called a completely controllable net [Mur89]. 

Property 9.2: Let N be a net with a finite number of markings. If there exist two 
markings M i' M j E R(M 0) such that Mi > M j , then N is non-recurrent net. 
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Proof: The proof is by contradiction. Suppose that N is recurrent, then there 
exists someo E L(M,.) , such that M.[o > M.. Since M. > M., so 

'} '} 

o E L( M j ), which implies that there exists a M (I) E R(M 0) such that 
J 

M .[0" > M(l). It follows from M(l) - M. = M. -M. > 0 that M(I) is different 
J J }} }' } 

from M j and O"E L(M(l»). Thus there exists some M(2)E R(Mo) such that 
J J 

M (I) [0" > M (2). The recursive use of such a inference may give an infinite 
J J 

number of different markings, which contradicts with the precondition that N is 
a net with finite markings. Therefore, N is non-recurrent. 0 
Corollary 9.1: In a recurrent net with a finite number of markings, there are no 
two such markings M j , M j that M j > M j" 

Theorem 9.3: Let M a be an absorbing marking of N, then N is a time-delay 

net if and only if the close-net N c of N is a recurrent net. 

Proof: Denote by R N the reachable set of N, LN (M j) the firable sequence set 

from Mj' RNc the reachable set of N c' and LNc(Mj) the firable sequence set 
from M j • 

Necessity It follows from the definition of time-delay nets that for any 
Mj,Mj ERN' there must exist sequence 0 1 ELN(Mo)and O 2 ELN(Mj) 

such that Mo[ol > M j and M;[02 > Ma. Also from (9.45) and (9.46) we 

have 

Mo = Ma + OCto) - IUo)' 

i.e., MJto > Mo. Thus M;[02toOI > Mj" 

SUfficiency It follows from Definition 9.5 that for any M j ERN there exists 

sequence 0 E LNc(MJ such that M;[o > Ma. If 0' doesn't appear in 0, then 
o E LN(MJ; If 0' appears in 0, then always we can truncate a subsequence 
0' from the first part of 0 such that (1) 0' doesn't appear in 0, and (2) in 
sequence 0 the next element of 0' is to. Since Definition 9.5 has assumed that 

for N there exists at least a place Po such that for any M j ERN \ {Ma} holds 

M/po) < Ma(PO)· Thus from (9.46a) we know that only Ma can enable 

transition to' i.e., M;[o' > Ma, where 0' E LN(Mj). 0 

The introduction of the concept of close-net together with Theorem 9.3 
makes the determination of N being a time-delay net turn into the determination 
of the close-net of N being a recurrent net. For a net being recurrent or 
completely controllable, we have [Mur89] 

Theorem 9.4: If a Petri net N with m places is completely controllable, then 
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RankD=m (9.47) 
Theorem 9.5: A Petri net N is recurrent if and only if 

a-I 

'LBk?Io-I. (9.48) 
k=1 

where B is the incidence matrix of the reachability graph of N, I' = (l)axaand I 

is a unity matrix with the same order as B. 

Proof: Necessity Let M., M . E R(Mo) and M. "¢: M .. Then N can reach M. 
I J 'J J 

from M; within (a -1) steps. If N reaches M j from M; with one step, then 

bij =1 

If N takes two steps to reach M. from M., then 
J I 

If N takes (a -1) steps to reach M j from M;, then 

Hence the necessary condition that M j is reachable from M; is 

(9.49) 

Representing it in the form of matrix results in (9.48). 

Sufficiency Expanding (9.48) results in (9.49). It shows M j is reachable 

from M;. 

The proof ends. o 

9.3.2 Computation of Time Delay Probability Density 

Let N be the time-delay net model of some discrete event system with an 
absorbing marking M a' i.e., E(M a) = 0. Let p( 'Z; M a' x(a) be the HSPD that 

N is in absorbing marking M a at time 'Z , and has already been staying in M a 

for time x(a) • It is easy to know that the time delay density f ( 'Z) takes value of 

(9.50) 

It follows from E(Ma) =0 that U(Ma) = U 2 (Ma). Based on the analysis 

given in Section 9.1 we have 
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= 

Equation (9.51) is based on the assumption that M1[tu > Ma. Thus 

f(T)= ~ r-r- ... r-p(rM X)gu(xJ dX 
£... Jo Jo Jo 'I' 1 C*( ) 1 

M,EU(M,) u Xu 

Example 9.4: 

(9.51) 

(9.52) 

Consider the ASPN N given in Example 9.3. Obviously it is a time-delay 
net with U(Ma) = U(M4) = {M 3 } and 

p('l; M 3' X 3) = p( 'l; M 3 'X3 ) 

It follows from (9.52) that 

f(T) = r per M x) g3(X3) dx 
, 3' 3 C;(x3 ) 3 

= r C;(X3)[G1(T-X3)g2(T-X3) 

+C (T-X)g (T-X)] g3(X3) dx 
2 3 1 3 G; (x3 ) 3 

= {:T[G1(T)G2(T)]} * g3(T) 

where "*,, is the operator of convolution. o 
In order to compute the time delay of complex ASPN models, Wang et al. 

developed a hierarchical aggregation technique for a class of ASPN's 
[WWHX92]. The basic idea of this technique is to substitute subnets by 
transitions such that these transitions' firing time distributions only depend on 
the subnets substituted, and the probability nature the time delay of the ASPN 
model under discussed keeps unchanged after such substitution. In this way the 
time delay analysis of a complex ASPN model can be done by solving several 
smaller models. 
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