
2019-2020 SPRING SEMESTER 
MATH163 DISCRETE MATHEMATICS 

FINAL EXAMINATION 
ANSWER KEYS 

1. Of 32 people who save paper or bottles (or both) for recycling, 30 save paper and 14
save bottles. Find the number m of people who

a) save both
b) save only paper, and
c) save only bottles

Answer (each item is out of 2 points: 1 point for the formula and 1 more for the numeric 
value) 

|P| = 30, |B| = 14, |PUB| = |P| + |B| - |PꓵB| = 32
a) |PꓵB| = |P| + |B| - |PUB| = 30 + 14 – 32 = 12
b) |P-B| = |P| - |PꓵB| = 30 – 12 = 18
c) |B-P| = |B| - |PꓵB| = 14 – 12 = 2

2. Students need to answer 8 out of 10 questions in biology exam.
a) Find the number of the ways a student can choose the 8 questions.
b) In how many ways can a student choose 8 questions if the first three questions

are mandatory?
c) In how many ways can a student choose 8 questions if at least 4 of the first 5

questions must be answered?

Answer (each item is out of 2 points: 1 point for the formula and 1 more for the numeric 
value) 

a) (10 choose 8) = 10!/8!2! = 45
b) (7 choose 5) = 7!/5!2! = 21
c) (5 choose 4)(5 choose 4) + (5 choose 3) = (5!/4!1!) (5!/4!1!) + 5!/3!2! = 25 +

10 = 35

3. The English alphabet contains 5 vowels and 21 consonants.
a) Find the number of 5-letter words (with or without any meaning) composed of 3

different consonants and 2 different vowels
b) Find the number of 5-letter words if in addition to the conditions of a) the word

must contain ‘B’
c) Find the number of 5-letter words if in addition to the conditions of a) the word

must contain both ‘B’ and ‘C’
d) Find the number of 5-letter words if in addition to the conditions of a) the word

must contain at least one of ‘B’ and ‘C’
e) Find the number of 5-letter words if in addition to the conditions of a) the word

starts with ‘B’ and ens with ‘C’
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Answer (each item is out of 1 point) 

a) (21 choose 3)(5 choose 2)5! = (21x20x19/6)(5!/3!2!)x120 = 7x10x19x10x120
= 1596000

a) (20 choose 2) (5 choose 2)5! = 1900x120=228000
b) (19 choose 1)(5 choose 2)5! = 190x120 = 22800
c) |BUC| = |B| + |C| - |BꓵC| = 228000 + 228000 – 22800 = 433200
d) (19 choose 1)(5 choose 2)3! = 190x6 = 1140

4. Find the number of arrangements of 3 white, 4 red, 5 blue and 1 black marbles.

Answer (2 points for the formula and 2 more for the numeric value)

13!
1! 3! 4! 5!

= 360360 

5. Solve the recurrence relation 𝑎𝑎𝑛𝑛 = 2𝑎𝑎𝑛𝑛−1 + 8𝑎𝑎𝑛𝑛−2,𝑛𝑛 ≥ 2 with the initial conditions
𝑎𝑎0 = −5,𝑎𝑎1 = −2.

Answer (3 points for the general solution and 2 points for the constants 2 and 3)

𝑎𝑎𝑛𝑛 = 2 ∙ 4𝑛𝑛 + 3 ∙ (−2)𝑛𝑛 

6. What is the coefficient of 𝑥𝑥−2 in the binomial expansion of �𝑥𝑥
2
− 3

𝑥𝑥
�
30

?

Answer (2 or 3 points for correct fragment, e.g. 2 points for  2−14316) 

30! 2−14316

16! 14!

7. Trace Kruskal’s algorithm on the following connected weighted graph and also calculate
sum of the waieghts of the selected edges.

Answer (3 points for the edges and 1 point for the sum) 

One possible answer is given below. 

Edge AF BE CD BD AG EF 
Weight 9 9 9 9 10 11 
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Sum of the weights is 57 

8. Which of the followings is the dual of the proposition (𝑝𝑝 ∧∼ 𝑞𝑞) ∨ (𝑞𝑞 ∧ 𝐹𝐹) 
 

a) (𝑝𝑝 ∨∼ 𝑞𝑞) ∧ (𝑞𝑞 ∨ 𝐹𝐹) 
b) (𝑝𝑝 ∨∼ 𝑞𝑞) ∧ (𝑞𝑞 ∨ 𝑇𝑇) ✓ 
c) (∼ 𝑝𝑝 ∨ 𝑞𝑞) ∧ (∼ 𝑞𝑞 ∨ 𝐹𝐹) 
d) (∼ 𝑝𝑝 ∨ 𝑞𝑞) ∧ (∼ 𝑞𝑞 ∨ 𝑇𝑇) 

 
9. Which of the followings is equivalence relation on the set of all people 

 
a) “is an ancestor of” 
b) “is a father of” 
c) “have the same parents”  ✓ 
d) “is an uncle of”  
e) “have the same child” 

 
10. Give an example of a function N -> N which is 

a) One to one but not onto 
b) Onto but not one to one 
c) Neither one to one nor onto 
d) Both one to one and onto 

Answer (Each item is out of 1 point) 

a) 𝑓𝑓(𝑛𝑛) = 𝑛𝑛2 
b) 𝑓𝑓(𝑛𝑛) = �𝑛𝑛

2
� 

c) 𝑓𝑓(𝑛𝑛) = 7 
d) 𝑓𝑓(𝑛𝑛) = 𝑛𝑛 

 
11. There are 3 classrooms and n students. What is the minimum number of students to 

guarantee that we have at least 5 students in at least one classroom? 
a) 15 
b) 16 
c) 12 
d) 13  ✓ 
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