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Chapter3
Fourier Representations of Signals
and Linear Time-Invariant Systems

Objectivesof this chapter
ÅIntroduction
ÅComplex Sinusoids and Frequency Response of LTI 

Systems
ÅFourier Representations for Four Classes of Signals
ÅDiscrete-Time Periodic Signals: The Discrete-Time 

Fourier Series
ÅContinuous-Time Periodic Signals: The Fourier Series
ÅDiscrete-Time Nonperiodic Signals: The Discrete-Time 

Fourier Transform
ÅContinuous-Time Nonperiodic Signals: The Fourier 

Transform
ÅProperties of Fourier Representations
ÅLinearity and Symmetry Properties
ÅConvolution Property
ÅDifferentiation and Integration Properties
ÅTime- and Frequency-Shift Properties
ÅFinding Inverse Fourier Transforms by Using Partial-

Fraction Expansions
ÅMultiplication Property
ÅScaling Properties
ÅParsevalRelationships
ÅTime-Bandwidth Product
Å3.18 Duality
Å3.19 Exploring Concepts with MATLAB 312
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3.3 Fourier Representationsfor Four Classes ofSignals

ÅFourier series (FS) applies to continuous-timeperiodic signals and the 
discrete-time Fourier series (DTFS) applies to discrete-time periodic
signals. 

ÅNonperiodic signals have Fourier transform representations. 

ÅFouriertransform (FT) applies to a signal that is continuous in time and 
nonperiodic. 

ÅDiscretetimeFourier transform (DTFT) applies to a signal that is 
discrete in time and nonperiodic.

ÅTable 3.1 illustrates the relationship between the temporal properties of 
a signal and theappropriate Fourier representation.

3



4



3.3.1 Periodic Signals: Fourier SeriesRepresentations
ÅA periodic signal representedas a weighted superposition of complex sinusoids

ÅThe frequencyof each sinusoid must be an integer multiple of the signalôs 
fundamental frequency.

ÅIf x[n] is discrete-time signal with fundamental period N, we mayrepresent x[n]
by DTFS

ὼὲ В ὃὯὩ (3.4)

Åwhere ɱ= 2p/N is the fundamental frequency of x[n]. The frequency of the k-th
sinusoidin the superposition is kɱ . If x(t) is continuous-time signal of 
fundamental period T, represent x(t) by the FS

ὼὲ В ὃὯὩ (3.5)

ÅWherew0 = 2p/ T is thefundamentalfrequencyof x(t). Here, the frequency of the 
kth sinusoidis kw0 and each sinusoid has a common period T. 

ÅA sinusoid whose frequency isinteger multiple of fundamental is a harmonic5



Åthe complex sinusoidsὩ are N-periodic in the frequency index k, as 

shown by the relationship

Ὡ Ὡ Ὡ Ὡ pὩ Ὡ

ÅWemayrewrite(3.4) as

ὼὲ В ὃὯὩ (3.6)

ÅFor thecaseof continuous-time complex sinusoids, wehave

ὼὲ В ὃὯὩ (3.7)
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ÅTheseriesrepresentationsareapproximationsto x[n] and x(t). 

ÅFor thediscrete-time case, themean-squareerror (MSE) between 
the signal and its series representationcan be written as:

Å(3.8)

ÅFor thecontinous-time case:

(3.9)
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3.3.2 Nonperiodic Signals: Fourier-Transform 
Representations

ÅFourier transform representations areweighted integral of complex sinusoids 
where the variable of integration is the sinusoidôsfrequency.

ÅDiscrete-time sinusoids are used to represent discrete-time signals in DTFT, 
while continuous-time sinusoids used to represent continuous-time signals in FT.

ÅFourierTransformof continuous-time signalsaregivenby:

ὼὸ
ρ

ς“
ὢὮύὩ Ὠύ

ÅHere, ὢὮύ/2prepresents ñweightò or coefficient applied to a sinusoid of 
frequencyw in FT representation
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ÅThe DTFT involves sinusoidal frequencies within a 2pinterval, as shownby

ὼὲ
ρ

ς“
p

p

ὢὩ Ὡ Ὠύ
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3.4 Discrete-Time Periodic Signals:The Discrete-Time Fourier 
Series

ÅThe DTFS representation of a periodic signal x[n] with fundamental period N
and fundamentalfrequency W0 = 2pN is given by

(3.10)

Åwhere

(3.11)

Åare the DTFS coefficients of the signal x[n], wherex[n] and X[k] are a DTFS pair
and denote this relationship as

ÅThe DTFS coefficients X[k] aretermed a frequency-domain representation for 
x[n], while thecoefficients x[n] arethetime-domain representationof X[f]
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