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Introduction

General transport equation is

o(pg)
ot

+div(pgu) = div(l'gradp) + S,

For steady diffusion:
div(l'gradg)+S,=0

Control volume integration gives

j div(Tgrad ¢)dV + j S,dV = j n-(Cgradd)dA+ j S,V
cv cv cv

A

MES555 : Computational Fluid Dynamics 2 1. Sezai — Eastern Mediterranean University



Finite Volume Method for One-dimensional Steady State Diffusion

Steady-state diffusion of a g,
general property ¢ in one-

g 2
. . . . 2 S
dimensional domain 1s
d d
- (r _¢) + S¢ = 0 Control volume Nodal points
dx dx
Step 1: Grid generation: | L Bxp |
| i OxXyp _ | Oxp, _ | |
| |
o Fzozeoron S | s
* B ) )
w w P e E
Ax = dx,,,
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Step 2: Discretisation

Integration of the diffusion equation over the CV gives

[ d (rﬁ)dmjsqﬁw:(m@] —(FA@] +SAV =0

Sdx\ dx x dx

To find expressions at the east and west faces, use
Taylor series approximations

_ o T A
¢(x+Ax)_¢(x)+(axle+[ax2jx 5 +
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¢(x+Ax)=¢(x)+(%j Ax+(— —_—
ox ),

At the east face =
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Rewriting the diffusion equation for an interior point P:

(L [sareo e
AV dx dx AV \ Lo O [
° [ S ——— ) n
40\ _(1492) 3 f————
TA——| -|TA—=| +S,AV =0 ") ‘ e E
( dx ) ( dx jw ’ (4.4) Lo ar-bue |
On a uniform grid linear interpolation of I" 1s
_ 1—‘W +FP _ FP +FE
Le=mm L= (4.5)

Diffusive flux terms are

(Mﬁj =T,4 [—¢E_¢PJ
dc ), °°\ 6x

g\ _
(r428) <roa
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(4.6)

4.7)
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The source term S may be a function of ¢ = express § in linear form as:
S,=S,+S,6 (4.8)
Substituting (4.6), (4.7) and (4.8) into (4.4)
T 4, $=0r +T A, [ =(S, +S ¢,)AV 4.9)
5xPE 5xWP !
Rearranging,
( L L AW—SPAquﬁP —( L AW]¢W —[ L. AEJ¢E _SAV (4.10)
é\xPE xWP 5 wP 5 PE
or. _
) a,¢p +a,d, +a.d, =S (4.11)
where, Ay ag ap S
LA LA ~S AV | S,AV
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1 2 3 4 5 6 7

¢A W oP oE o o o % ¢B
| Nl |
| OXyp | OXpg |

Special case: no source terms (S,= 0), boundary values ¢, , ¢ specified.
For the point near a west boundary (point 2):

P — 0 P =9,
FEA[ OXpp ] FWAW{ OXyp J ’

r, r, r r
A+ -04, —| —=4 =|—-4
( OXpg Xy ’ J " i [ OXpp ‘ J & ( O Xy W] £

or, apfp +ay Py +agp, =S
a,, ! a a, S
. |
0 i == | ~(ay +ap) (@ )i P4
| 5xPE
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s

! <5xWI;| Oxp |

No source terms (S,= 0), heat flux g,, specified at west boundary.
For the point near a west boundary (point 2):

r‘,Ae[M +q.4, =0

wlw
X

.
el S
o, 4ty = ayhy +asdy +5,
a, | a, ap Sp | S,

0 |=*—*|a,+a,-S,| 0 |q,4,
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Summary of Boundary Conditions

For a one-dimensional CV of width Ax near boundary B:

1) Set coefficient ag(i) =0 (i — P) Ax
2) Add source contributions q“—}; °

(a) Fixed value ¢:

kBAB
A2
— _ kBAB

g Ax/2

Add: S, =

]

to the source terms S, and S,
(b) Fixed flux gy:

Add gpA in the form of S, + S,y to the source terms S, and S,
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Step 3: Solution of equations

Discretised equations of the form (4.11)

ap@p = Ay Py +a.P. + S, (4-11)

must be set up at each nodal point.

- We obtain a system of linear algebraic equations
Solve the system for ¢ values

—>Use any matrix solution method.
e.g. Tri-diagonal matrix algorithm (see textbook)
or: Gauss Seidel iteration method.
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Gauss Seidel Iteration Method

For a 2-D problem consider the equation for point P in the form

apdp = Ay By +ap; +ashs +aydy +S,
¢p at iteration n+1 is calculated from

1
#" = —(andhy +ad; +asd +andy + S, )
P

where superscript n refers to the latest available values; ie some
are at the previous iteration n and some at n+1.

Iterations are repeated until the changes in all ¢, values fall below
a prescribed tolerance.

For one dimensional problems the iteration equation is

4t =—(andh +apdi +5,)

P

MES555 : Computational Fluid Dynamics 12 1. Sezai — Eastern Mediterranean University



Worked Examples: 1) One-dimensional steady state diffusion

Governing equation — i(k d—Tj +85=0
dx\ dx

k— T, ¢$— T, S=heatgeneration per unit volume

Consider the problem of source-free heat conduction in an insulated
rod whose ends are maintained at constant temperatures of 100 °C and
500 °C respectively. Calculate the steady state temperature in the rod.
Take thermal conductivity £ = 1000 W/mK, cross-sectional area 4 =
10x10-3

E

In this case, S=0
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Solution: Let us divide the rod into 5 equal control volumes (CV’s).
Rules for grid generation:

1) Locations of the CV faces are defined first.

2) Then nodal points are placed at the centers of the CV’s.

3) Numbering starts from the boundary node at left.

4) All CV’s have a volume of dx.4

5) Inter-nodal distances are equal to dx, (0xyp = Oxpp = OX)

6) Near west boundary (node 2), dxp = ox/2

7) Near east boundary (node 6), dxp; = 0x/2
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1 2 3 4 5 6 7
4.8
4 %’ ® o U A%cP o E +¢B 48)
‘ l l | ‘
) OXpyy ) Oxp |
For interior nodes (nodes 3-5): E (4.9)
reAe ¢E _¢P _FWAW ¢P _¢W =0
5xPE 5xWP
(4.10)
L. A+ L A, \T,= I A, T, + L. A, (T,
OXpp OXyp OXyp Oxpp
or, Gl = @I SR O (4.11)
where, Ay ag dp
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General equation: app = Ay Py +ap P + S,
1 2 3 4 5 6 7
¢A % o o W A(_))CP (o] E o + ¢B
‘ L. le | ‘
e | exp |
E
. S | S
Interior nodes (nodes 3-5): D | % i L
FwAw reAe a., +a.— S 0 0
$,=0,8,=0,I"= k Sxpp | Oxpy | EE
ay ar ap Sp Su
For boundary node 2: rA kA | kA
0 ay +a, =S, |- T,
§xPE 5xWP é‘xWP
aW aE ap Sp Su
For boundary node 6:
ry LA | o g va, - 5, |- ke | kA
Oxyp Oxpp | Oxpp
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—dp 4,
aW3 _aps aE3
aW4 _ap4 aE4
Ay,

(TDMA) for T, T, ...T

MESSS5

: Computational Fluid Dynamics

The solution is:

(7.1 [100]
T,| |140
T,| |220
T, |=| 300
T, | |380
T, | | 460
L7;] 500

Exact solution is:

T =800x+100

MESSS :
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n-1-

The resulting system of equations are

Tz _Suz
T3 _Sus
T, —Su,
n Y T —Su,
aWu—Z "% aEn—z 22 _Sun_z
aWH —apnil & n—1_| __Sun—l _

Solve the system of equations using Tri-diagonal matrix algorithm

where (n = 7). Or use Gauss-Seidel method

17 I. Sezai — Eastern Mediterranean University

g

g

&

Numerical

Temperature (°C)
[
=

200
100
i | 1 | 1 | | | I |
0 0.05 0.15 0.25 0.35 0.45 05
Distance x (m)

Comparison of the numerical result with the
analytical solution.
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Write a computer program to find the temperature distribution in
the problem given in Example 1. Use 5 control volumes.

Use the algorithm given in the “Pseudo program to find the a;
coefficients and source terms in 1-D Diffusion Problems™ given in
page 34 of the lecture notes.

Area (A)
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Example 4.2 Now we discuss a problem that includes sources other than those arising from
boundary conditions.

Figure 4.6 shows a large plate of thickness Z =2 cm with constant thermal
conductivity k¥ = 0.5 W/m/K and uniform heat generation g = 1000 kW/m®. The
faces A and B are at temperatures of 100 °C and 200 °C respectively. Assuming that
the dimensions in the y- and z-directions are so large that temperature gradients are
significant in the x-direction only, calculate the steady state temperature distribution.
Compare the numerical result with the analytical solution. The governing equation is

d [ dT
‘Tx(k E) +g=0 (4.25)

20 1. Sezai — Eastern Mediterranean University
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The governing equation is: i[kd_Tj +¢=0

dx\ dx
o d(_ dg
: —| '— [+8=0
The general equation is: n ( o j +
Comparing the above equations, where SAV =S, +5,¢,
=TI =k S,=qAV §5,=0 where, AV = AAx
Take area 4 =1 in the y-z plane
1 2 3 4 5 6 7
4 %’ ® o A%cP o E ° + 95
‘ L l | ‘
) OXpyy ) Oxp |

E
Solution is similar to the previous example.
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General equation: apdp = Ay Py +ap s + S,
1 2 3 4 5 6 7
¢A %) (0] o W A(?XfP [e] E (0] % ¢B
‘ | l | ‘
OXpy ! Oxp |
E
Interior nodes (nodes 3-5): %y 9 il 5, | S,
rAd |TI' A4
S, =qAAx, S,=0,I"=k —ww e g t+a,-S, | 0 |gAdAx
w9 > Op 5 5xpp | 0%, w T A =9, q
S S,
For boundary node 2: al Fa; ar o i
0 e’ e aw+aE_S _wiw q'AAx_,’_ w WTA
OXpg 3 OXyp wp
ClW aE ap Sp Su
For boundary node 6:
ry FwAw 0 aw +aE _S _ keAa qAAx+ keAe TB
2 Xyp ! SxPE Xpg
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Node number 2 3 4 5 6
x (m) 0.002 0.006 0.01 0.014 0.018
Finite volume solution 150 218 254 258 230
.. Exact solution 146 214 250 254 226
The solution is: Percentage error 273 1.86 1.60 157 176
(7] [100] 300 — : —
T, 150 250 |-
5)
T, 218 gm .
— =
T;t - 2 5 4 §- 150 Exact
&
TS 258 100 Numerical ]
1 230
50 s 1 L | ' I L 1
X 0. 08 1.2 6 .
i ]”7 | i 200_ 0.0 4 - 1 2.0
istance (cm)
Comparison of the numerical result with the
analytical solution.
. T.-T, ¢
Exact solution is: T = %+E(L—x) x+T,
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Shown in Figure 4.9 is a cylindrical fin with uniform cross-sectional area 4. The
base is at a temperature of 100 °C (T) and the end is insulated. The fin is exposed to
an ambient temperature of 20 °C. One-dimensional heat transfer in this situation is

governed by
d dT
= (ch E) —hP(T—T.) =0 (4.40)

where 4 is the convective heat transfer coefficient, P the perimeter, & the thermal
conductivity of the material and T, the ambient temperature. Calculate the
temperature distribution along the fin and compare the results with the analytical
solution given by
T — T _ coshln(L —x)]
Ts— T cosh(nl)

(4.41)

where n® = hP/(kA), L is the length of the fin and x the distance along the fin. Data:
=1m, hP/(kA) = 25 m™? (note kA is constant).
Insulated

(zero heat flux
across this boundary)

Ts

Tambient
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i d (dT
The governing i(kAd—Tj—hP(T—Tw) ~0 or —(—J—nz(T—Tw) ~0
equation is: dx\ dx dx \ dx
.. d _d¢ where n*=—
The general equation is: —('—5)+S, =0 kA
dr " dx SAV =S, +S,4,
Comparing the above equations, AV = AAx
p=T,T =1, S, =n’T AV S, =-n*AV
1 2 3 4 5 6 7
Ty %’ o oW A%CP o B o q_:6
| le |
‘ ) OXpyy ) Oxp |
E
Solution is similar to the previous example. Find coefficients of
app = Ay Py + a0 + S,
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General equation: apfp = ay @y +apd; + S,
1 2 3 4 5 6 7
P
T, % o C|>W Aof cl, E S ey 1
‘ I OXpy ! Oxp |
Interior nodes (nodes 3-5): o aEE a, s, S,
S, =n’AVT,, S,=-nAv, |L.A4, |LA a,+a,~S, | -wPAV | RAVT,
=k Sxyp | Oy ’
Ay | 9g 4p Sﬁ S,
Egg:;?ndary 0 g;f; ay +a, =S, | —n’AV —waif; n’AVT, +%TB
ay, | ag ap S, S,
For boundary node 6: % 0 |ay+a,—S, |-n’AV | n°AVT,
wp
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The solution is

7] [ 100 ]
T, | |64.22
T,| |36.91
T, |=26.50
T, | |22.60
T, | |21.30
7,] |21.30]
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Comparison with the analytical solution

Node  Distance Finite volume Analytical Difference Percentage
solution solution Error
2 0.1 64.22 68.52 430 6.27
3 03 36.91 37.86 0.95 2.51
4 05 26.50 26.61 0.11 041
5 0.7 22.60 2253 -0.07 —031
6 0.9 21.30 2121 -0.09 —0.42

Maximum error: 6.27%

The numerical solution can be improved by employing a
finer grid.

Consider the same problem, but use 10 control volumes.

Comparison of the results is given as follows

MES555 : Computational Fluid Dynamics 28 1. Sezai — Eastern Mediterranean University
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g, 4.11 Comparison 100 T T T T T T T T
numerical and T —
. Its — anal solution -
palytical resu ® Numerical solution (coarse grid)
BO |- B Numerical selution (fine grid) =
o | i
£
& 60 -
g
uEJ b i
=
40 - ]
20 I [ | L 1 1
0.0 0.2 0.4 0.6 0.8 1.0
Distance (m)
able 4.6 Node Distance Finite volume Analytical Difference Percentag
solution solution error
1 0.05 80.59 8231 1.72 2.08
2 0.15 56.94 57.79 0.85 1.47
o 3 0.25 42.53 4293 0.40 0.93
Maximum 4 0.35 33.74 3392 0.18 0.53
5 0.45 28.40 28.46 0.06 021
error: 2.08% 6 0.55 25.16 25.17 0.01 0.03
7 0.65 23.21 23,19 —-0.02 —0.08
8 0.75 22.06 22.03 —0.03 -0.13
9 0.85 2147 21.39 —0.08 —0.37
10 0.95 21.13 21.11 —0.02 -0.09

Write a computer program to find the temperature distribution in the
rod in example 4.3. Compare the results obtained using 10 and 50
points on a graph. Use the algorithm given in the pseudo program
appearing in the following slide.

Insulated
(zero heat flux
across this boundary)

T
8( n/

Tambiem

The geometry of example 4.3.
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Finite Volume Method for Two-dimensional Diffusion Problems

Consider the two-dimensional steady state diffusion equation

i(r%j+i(r%j+5=o
axl ax) ol oy

.................

..........................................................

Integrating the above equation over the CV,
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| [ a¢jd d +j [ @dx-dy}j%w:o
L Ox\ Ox oy \ Oy A
Noting that 4, = 4,,= Ay and 4, = A, = Ax, we obtain:

3] ra (%) Jra(3) %) Jror=o |

Equation (4.53) represents a balance of the generation of ¢in a CV and the fluxes
through its cell faces

Flux across the west face =" 4 — % =T A4 — b=ty
ox|, OXyp
Flux across the east face =1",4, — o9 =TI 4, b4
ox|, OXpp
Flux across the south face =T 4, o9 =T 4+ b=ts
6y o OYysp
Flux across the north face =I", 4, o¢ =I A, bbr
"oy ,, OYpy
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By substitution of the above expressions into eqn. (4.53) we obtain

.4, b5 =0 ruA/’ ¢W+FnAn¢ _¢”—F,AY =05 | SAv =0
5xPE 5xWP

OVpy T Oy
Substituting the linearised form of the source term SAV =S, +S,4,

r,A4, r,4 TI' A T,A
wiTw + + + n-’n _S ¢P
OXyp  OXpy  Oygp  OVpy

r A, A WA,
[5xij¢w [5 PE]¢E [5yspj¢s £5yPNj¢N+S

This eqn can be written in the form:

apbp = ay @y, +a,@, +a,P; +a,d, +S,

where
@y ag s Ay ap
Aw = Ae = Ay FWAW reAe l—‘s AS rl’l An S
A=A =Ax ay +aptag+ay — 2
s T OxXyp | Oxpp | OVsp | Oy
MES555 : Computational Fluid Dynamics 33
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Finite Volume Method for Three-dimensional Diffusion Problems

Steady state diffusion in a 3D situation is governed by

8(p28), 0(r29), 0 (.08
Ox(rax}—ay(r@y}r@z( 82} #5=0 (4.58)

A typical control volume is shown below.

z

Ay
S i
—

s %
\
N
Ly

S
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|
Integration of eqn (4.58) over the control volume gives

{u (%) ey (%) Hr y (%j Yy (%H
elac ), " ax ), ey ) T \ex ),

J{F,A, (@J -T,4, (@) }FEAV:o
0z ), 0z ),

which can be discretized as

T 4 ¢E_¢P_FWAW ¢g_¢w +rnAn ¢N_¢P T 4 ¢P_¢S
X,

- 5xPE wP 6)/ PN - 6)/' SP

+T,4, —¢g" b -T,4, —¢g 0 +(S,+8)p, =0

Zpr Zpp

Rearranging apPp = ay Py +ayPy +asds +aydy +azds +ardr + S,

a, a, ag a, a, a, a,
r4 |\r,A A |I'A |4 | I' 4 |4y Tag+as+ay
OXyp | OXpp | OV | OVpy | O2Zpp | OVpy | Hap+ar— S »
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Summary of Discretized Equations for Diffusion Problems

aP¢P = Z anh nb + Su

ap zzanb_Sp
source terms: SAV =S, +S,4p

Ay ag A ay ap ar ap
1D L4, LA ay +a;—S
OXyp | OXpp P
D rA4, |I,4 |4 |T A, ay tagtag+ay
OXyp | OXpp | OV | OVpy =S,
D rA, |r,4 |4 |T,A | T,4, | T4 |aytagtagtay
OXyp | OXpg | OVsp | OVpy | Ozgp | OVpy | T +ar — S »
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Consider a 2D plate
Thickness = lcm, £ = 1000W/m/K

Calculate the temperature distribution

T=100°C

N

¢.=500 — 0.4m

W /m? insulated

03m

insulated

37 I. Sezai — Eastern Mediterranean University

T'=100°C

1,6) (2,6 \ 3,6 4,6) (5,6
Meg)j=6 {029 | 8O 4666

j=5 o ? o Ay(5)
&,i4)
j=4 e % ----------- © Ay(4)
_ ox,3) * &x)3)
4, = 500kW/m? insulated
34 i
j=3 o 3 o Ay(3)
Ax(2) Ax(3) Ax(4)
(1,2) (2,2) (3,2) (4,2) (5, 2)
j=2 o o o Ay(2)
1,1 @1 G, 1 [CRVNES]
j=1 o

i=1 =2 i=3 i=4 i=5(N=5)
insulated
First draw control volumes, with equal spacings

Then, place nodes at the center of the control volumes.

Ax=L/N-2=03/(5-2)=0.1,Ay=L/M~2=0.4/(6-2)=0.1
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|
The governing equation is
22
ox\_ ox) oy\ oy
which can be discretised as

a T, =ay,T, +a, T, +ad+ay,T, +S,

This equation is written for each node (i, j) in the domain

ap (i, NT G, j) = ay (4, NT (=1, j) +ap (i, T +1, /)
+aS(isj)T(i7j_1)+aN(i:j)T(i’j+l)+Su(i9j)

For interior points: (i=2—-4,j=2—06)

T4, T4, T4, T4, by,
aW:—; aE:—; aS: ’ aN: ax éx

ox, ox, ox, ox, L o <yl ay
ap=ay +a;+ag+ay-S, §,=0, § =0 1 T

MES555 : Computational Fluid Dynamics
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After finding ap, agaysay,ag coefficients solve for all ¢, values using the
Gauss-Seidel iteration method.

MES555 : Computational Fluid Dynamics 40
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Repeat iterations until scaled residual norm becomes R <& where ¢ =
tolerance (use ¢ = 1.E-6)

R= r
2 2 lap (. )T )

where 7 is the residual norm defined as

r= Z Z|r (@) (Note the absolute value sign)
joi

and

I"(Z,_]) = aW(Za.])T(Z_15])+aE(Zaj)T(l+19])
+ag(i, DT, j—1) +ay (i, HT G, j+1)
+8,(, ))—ap(i, T, j)
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Fast Iterative Solvers for Linear Systems of Equations

Apart from TDMA, there are other iterative methods for solving the
system of equations which are faster. Unlike TDMA, which solves
the problem line by line, these iterative methods solves all
equations simultaneously. As a result these methods are faster than
TDMA. Some of the fast iterative methods are

1) SIP (strongly implicit procedure)
2) MSIP (modified SIP)
3) CG (Conjugate gradient method)

4) BiCGSTAB (bi-conjugate gradient stabilized method)

CG method is used for solving linear systems of equations which
have a symmetric coefficient matrix. All other methods mentioned
above are used for systems of equations involving non-symmetric
coefficient matrices.
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Write a computer program to find the temperature distribution in the
2-D plate problem given in the previous example. Use the algorithm
given in the pseudo program on the next page. (a) Use 5x6 grids (b)
51x51 grids and plot the temperature countours.

Thickness = 1cm, £ = 1000W/m/K

T=100°C
. _
04m
q, =500 insulated
K 2
W/m B
N v
0.3m
insulated
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