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Preface

Time and Petri nets – do they not contradict each other? While time deter-
mines the occurrences of events in a system, classic Petri nets consider their
causal relationships and represent events as a concurrent system. At first,
these two appear to be at odds with each other, but taking a closer look
at how time and causality are intertwined, one realizes that time actually
enriches Petri nets. There are many possible ways in which time and Petri
nets interact, this book takes a deeper look at three time-dependent Petri
nets: Time Petri nets, Timed Petri nets, and Petri nets with time-windows.

The aim of this book is to introduce different algorithms that can be used to
analyze these three time-dependent Petri nets, as well as the principal meth-
ods for analyzing nets in general. To give the reader a general understanding
of Petri nets and their origins, we will first take a look at classic Petri nets
and their fundamental properties. Once the basis has been laid, we will take
a dive into time-dependent Petri nets, which are an extension of classic Petri
nets.

There are many different possibilities to associate time to classic Petri nets.
For the three time-dependent Petri nets this book focuses on, time is asso-
ciated to transitions or to places. For the first nets that we will take a look
at, Time Petri nets, enabled transitions may fire only during specified time
intervals. The transitions must fire the latest at the end of their intervals if
they are still enabled then. At any given moment only one transition may
fire. This firing does not take time. For the second class of nets, Timed Petri
nets, a maximal set of just-enabled transitions fires, and the firing of each
transition takes a specific amount of time. The third class of nets, Petri nets
with time-windows, portrays time as a minimum and maximum retention for
tokens on places. In these nets tokens can be used for firing only during their
minimum and maximum retention. At the end of the maximum retention
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PREFACE

time for a token its time is reset to zero if it was not used for firing. The
next period of its retention time on this place then restarts. This repetition
can continue indefinitely.

The pivotal contribution of this book is the introduction of algorithms that
allow the analysis of the different kinds of time-dependent Petri nets. For
each class of time-dependent nets, we will consider different algorithms that
have specifically been invented for the analysis. For Time Petri nets, we
provide an algorithm which proves the behavioral equivalence of a net where
time is designed once with real and once with natural numbers. One can
also say that the dense semantics of Time Petri nets can be replaced with
discrete semantics. The added value of this approach is that at this point
we can reduce the state space of a Time Petri net and consider its integer-
states exclusively. The result then allows for a qualitative and quantitative
analysis.

As a new approach for Timed Petri nets, we introduce two time-dependent
state equations. These provide a sufficient condition for the non-reachability
of states. We also define a local transformation for these nets into Time Petri
nets. Eventually we show possible variations of them.

Last but not least, we prove that Petri nets with time-windows have the
ability to realize every transition sequence fired in the net omitting time
restrictions. Despite the first experience that time has no influence on the
behavior of such nets, we verify that the time can change the liveness behavior
of Petri nets with time-windows.

Finally, we choose these three classes of time-dependent Petri nets to show
that time alone does not change the power of a Petri net. In fact, time can or
cannot be used to force firing. For Time Petri nets and Timed Petri nets we
can say that they are Turing-powerful, and thus more powerful than classic
Petri nets. The reason for this is that there is a compulsion to fire at some
point in time. For Time Petri nets this is at the latest point of an interval,
and for Timed Petri nets this is immediately after enabling. In contrast to
these two nets, Petri nets with time-windows have no compulsion to fire.
Their expressiveness power is less than that of Turing-machines.

This book is based on a script I have been using for my advanced lecture on
Time and Petri nets. To read and understand it, you do not need advanced
mathematical knowledge, except for the section on quantitative evaluation
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of Time Petri Nets, where some insight into operational research and graph
theory will be useful.

This book would not have been possible without the help and support of
many people. Special thanks go to Jan-Thierry Wegener, Matthias Werner
and Jörg Bachmann for the countless hours they spent discussing Time and
Petri nets with me. I would like to thank Maria Tammik for her devotion and
the time she invested in proofreading the English version of this book and
giving valuable suggestions as to how to improve the content. For drawing
all the graphics in the English version, I thank Eva Sandig and Phillipp
Schoppmann. Finally, my heartfelt gratitude goes to Monika Heiner, my
students and my colleagues for encouraging me to write this book.

Berlin, July 2013 Louchka Popova-Zeugmann
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Chapter 1

Introduction

Und überall hingen, lagen und standen Uhren.
Da gab es auch Weltzeituhren in Kugelform,

welche die Zeit für jeden Zeitpunkt der Erde anzeigten.
[. . .]

“Vielleicht”, meinte Momo,
“braucht man dazu eben so eine Uhr.”

Meister Hora schüttelte lächelnd den Kopf.
“Die Uhr allein würde niemand nützen.

Man muß sie auch lesen können.”
Michael Ende, Momo

Clocks were standing or hanging wherever Momo looked
– not only conventional clocks but spherical timepieces

showing what time it was anywhere in the world
[. . .]

“Perhaps one needs a watch like yours to recognize them by”
said Momo.

Professor Hora smiled and shook his head.
“No, my child, the watch by itself would be no use for anyone.

You have to know how to read it as well.”1

Michael Ende, Momo

The objective of this book is to bring into accordance the two obviously com-
pletely contrary concepts of time and Petri nets. Introduced by C. A. Petri

1Trans. J. Maxwell Brownjohn (Doubleday & Company Inc., New York, and Penguin
Books Ltd., 1984).

, L. Popova-Zeugmann Time and Petri Nets, DOI 10.1007/978-3-642-41115-1_1,
© Springer-Verlag Berlin Heidelberg 2013
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2 CHAPTER 1. INTRODUCTION

in [Pet62], Petri nets can be used to study concurrency in the sense of causal
independence, but they do not directly deal with time; time is involved only
implicitly through the causal relationships. However, the explicit indication
of time is indispensable for a great variety of real problems. Even qualita-
tive studies of strongly time-dependent systems are very inexact if time is
included only implicitly through causality. The question arises, whether one
should at all try to describe and analyze such systems using Petri nets and
whether it is even possible.

The first publications in which time and Petri nets are connected, were al-
ready published a good ten years after the introduction of Petri nets. As
expected, time attributes were first assigned to transitions (cf. [Mer74],
[Ram74], [MF76] etc.). After occasional studies in the 1970s and some articles
in the 1980s (cf. [BM83], [Sta87], [PZ89] etc.) an avalanche of new time-
dependent extensions of the classic Petri net followed in the 1990s. Times in
the form of durations or intervals were assigned to places, tokens, and input
and output arcs. Furthermore, various different firing rules were defined:
earliest possible or latest possible firing, firing single transitions or firing in
maximal-step mode, firing with certain probabilities, etc. These extensions
arose from practical considerations. With some of these newly developed
Petri nets, the originally central idea of concurrency can be found merely as
simultaneity, but their practical significance is immense.

Classic Petri nets, i.e., Petri nets without any explicit indication of time, are
excellent means for the depiction, simulation and analysis of systems of the
most diverse origin. In the description of systems by means of classic Petri
nets, events are mostly modeled as transitions. The pre- and postconditions
of the events are represented by places and are considered as fulfilled if those
places contain any tokens. Directed arcs connect all places which are precon-
ditions of an event with the transition which models this event. Directed arcs
analogously connect every transition with all places which represent postcon-
ditions for the event modeled by the transition. It is possible to refine these
models as and when required by adding time to different elements of the net.

In a classic Petri net, any possible situation is expressed by the assignment of
tokens to places, i.e., by a marking. Obviously this is a discrete description,
whereas a situation in a time-dependent Petri net is a snapshot of a marking
at a particular point of time. This means that in Petri nets with continuous
time, the situation depends on a discrete parameter (the marking) as well as
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a continuous one (time). Therefore time-dependent Petri nets are a hybrid
means of describing a system.

When defining a time-dependent Petri net the following generally need to be
fixed:

• the type of time extension: time interval or duration.

• the manner of time modeling: continuous or discrete.

• the specific type of elements of the net to which the time extension is
assigned: places, transitions or arcs.

• the firing rule.

When defining a firing rule, there are time-independent characteristics that
need to be determined, such as:

• solution of conflicts.

• concurrency of a transition with itself (also called auto-concurrency or
self-concurrency).

as well as the following specifications:

• firing mode: whether the transitions fire in single firing mode or in sets
(steps).

• at what time the transitions fire: compulsive firing immediately after
being enabled, compulsive firing at the latest possible moment after
being enabled, without compulsion to fire, or according to a random
distribution.

The monograph [Sta95] describes these fundamental construction principles
and introduces basic classes of time-dependent Petri nets. According to these
modeling specifications we systematize the basic classes of time-dependent
Petri nets in the chronological order of their emergence.

The seminal studies of Merlin ([Mer74] in January) and Ramchandani ([Ram74]
in February) about the combination of time and Petri nets appeared almost

CHAPTER 1. INTRODUCTION



4 CHAPTER 1. INTRODUCTION

simultaneously. Merlin uses Petri nets to study the formal analysis and syn-
thesis of recoverability of communication protocols. He extends Petri nets to
overcome certain practical restrictions by introducing time in the following
way: An interval [at, bt] is assigned to every transition t. The firing rule is
modified in relation to time: An enabled transition t cannot fire immediately
after being enabled. At least at time units must pass before t may fire and
it must fire no later than bt time units after being enabled, except if it be-
comes disabled in the meantime. The times at and bt are considered relative
to the latest enabling of t. Firing itself takes no time. Merlin called these
time-dependent nets Time Petri nets.

Timed Petri nets were introduced by Ramchandani to model speeds of oper-
ations or of parts of processes. He assigns to every transition t a duration dt.
In a Timed Petri net if a transition t is enabled, it has to fire immediately.
Thereby a maximum number of (just) enabled transitions is always fired, i.e.,
they are fired according to the maximal-step rule. The firing of a transition
t lasts dt time units and cannot be interrupted.

Petri nets with indication of time in the places were introduced by Sifakis
[Sif77]. He assigns a minimum retention time dp to every place p. If a token
reaches place p at time τ , it must remain there for at least dt time units,
before a transition is allowed to fire using this token. The transitions in
these nets fire according to the maximal-step rule.

Finally, Petri nets with time-dependent arcs were introduced at the beginning
of the 1980s in [Wal82]. A period of time τk is associated with each arc k.
A transition t can fire in such a net if the number of tokens on every input
place p of t is at least as great as the multiplicity of the arc (t, q). These
tokens must remain on p for τ(p,t) time units before they are used for firing.
Then, τ(t,q) time units after the firing of transition t to each post-place q of
t, the number of tokens corresponding to the multiplicity of the arc (t, q) is
added.

In the course of the last two decades all kinds of variations and combinations
of the time-dependent Petri nets specified above have arisen. Some of them
can be translated into each other. The introduction of each new class is
nevertheless justified if it is a natural means of specifying practical systems.
A study about the expressive power of Time Petri nets and their extensions
as well as a comparison to timed automata is done in [BCH+13].
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In addition to Petri nets with deterministic time extensions, time-dependent
Petri nets in which firing occurs according to a random distribution over
time have been examined, see [MBC+96], [BK02] etc. These nets are called
stochastic Petri nets. An essential difference between stochastic and non-
stochastic Petri nets is the relationship between the state spaces of the time-
dependent Petri net and that of the underlying timeless Petri net: A stochas-
tic Petri net has the same state space as the underlying Petri net. The state
space of a deterministic time-dependent Petri net on the other hand in gen-
eral comprises only part of the state space of the underlying timeless Petri
net. This alone leads to different analysis algorithms. For the analysis of
deterministic Petri nets, for example, it is essential to try to determine the
state space.

In this book we will look at the first three classes of Petri nets with time
extensions mentioned above, Time Petri nets, Timed Petri nets and Petri
nets with retention time in the places. We will introduce new methods of
analysis for these types of nets. Petri nets with time-dependent arcs can
be reduced to these three classes. An important aspect of the analysis is
the description of the state space. We can consider a complete, reduced, or
parametric state space. Fundamental properties such as boundedness and
liveness are defined anew, under consideration of the time specification, and
methods of analysis are introduced. The behavior of time-dependent and
timeless nets is compared and algorithms for qualitative and quantitative
analysis are presented. Applications of these nets are mentioned together
with their use in specification and analysis.

This book is structured as follows: In Chapter 2 classic Petri nets without
time are introduced. In the subsequent chapters Time Petri nets and Timed
Petri nets as well as Petri nets with time-dependent places (Petri nets with
time windows) are studied.

CHAPTER 1. INTRODUCTION
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Notation

In this book the set of all natural numbers is denoted by N whereas N+ stands
for the set of all natural numbers excluding 0. Q+

0 stands for the non-negative
rational numbers and R+

0 for the set of non-negative real numbers.

Nn denotes the n-ary Cartesian product over the set of natural numbers N.

Let u and v be vectors of dimension n. Then u is less than or equal to v
(u ≤ v) if every component of u is less than or equal to the corresponding
component of v. The sum u + v of the two vectors u and v is also a vec-
tor of dimension n, whose components are the sums of the corresponding
components of u and v. The difference u− v is defined analogously.

Let A be a finite set. Then A∗ is the set of all finite words (sequences) over
A. ε is the empty word. �(w) denotes the length of the word w. A+ stands
for the set A∗ \ {ε}. The number of elements of A is denoted by |A|.
For an arbitrary function f : A −→ B the set A is called the domain and B
the codomain of f .

An n-ary function f is called arithmetical or number-theoretical if its domain
is the set Nn and its codomain is the set N .

Furthermore WD is defined as the set of all functions with domain D and
codomain W .

Finally, the real number r rounded down is written as �r� and r rounded up
as �r�.



Chapter 2

The Classic Petri Net

In this chapter the basic principles of classic Petri net theory are introduced
and basic properties are explained. With the latter, the emphasis will not
be on a complete listing but on the systematization of qualities as static or
dynamic and qualitative or quantitative.

2.1 Definitions

Definition 2.1 (unmarked Petri net) An unmarked Petri net is a 4-tuple
(P, T, F, V ) such that

1. P and T are finite sets with P ∩ T = ∅ and P ∪ T �= ∅.
2. F is a relation of arity 2 with F ⊆ (P × T

) ∪ (T × P
)
.

3. V : F −→ N+.

The elements of P are called places and the elements of T are called transi-
tions. The elements of F are called arcs and F is called the flow relation of
N . The function V is the multiplicity (weight) of the arcs.

This definition covers the static aspects of a Petri net. An unmarked Petri net
is therefore a 2-colored, weighted, directed, finite graph. The vertices of one
color represent the places and the vertices of the other color the transitions.

, L. Popova-Zeugmann Time and Petri Nets, DOI 10.1007/978-3-642-41115-1_ ,
© Springer-Verlag Berlin Heidelberg 2013
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8 CHAPTER 2. THE CLASSIC PETRI NET

In Petri net theory, the places are graphically represented by circles and the
transitions by rectangles or bars.

Definition 2.2 (Petri net) A marked Petri net is a 5-tuple N = (P, T, F,
V,m0) (short: Petri net) such that

1. (P, T, F, V ) is an unmarked Petri net.

2. m0 : P −→ N is the initial marking1.

Thus, a Petri net has an initial marking which assigns a natural number to
each place. This marking is graphically represented by the corresponding
number of tokens (points) on the places, so m0(p)-tokens are drawn in the
circle representing the place p. Any distribution of tokens on the places is a
marking:

Definition 2.3 (marking) Let P be the set of places of a Petri net N . A
marking in N is a total function m : P −→ N.

Example 2.4

p2

t1 t2 t3 t4

p3

p1

p4

2

Figure 2.1: N1 is a Petri net with the initial marking m0 = (1, 0, 0, 0)

1The function m0 is a total one.
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The initial marking of a Petri net can generally change into a successor mark-
ing according to certain rules and this can itself transform in turn into suc-
cessor markings. The rules describing the possible changes from one marking
to the next one are called firing rules, the occurring change itself is called a
firing. Throughout such firings, the distribution of tokens over the places of
a Petri net can change and thereby the whole view of the net changes. In
other words: The Petri net also has a dynamic aspect which is defined by
the firing rules.

Before we define the firing rules for classic Petri nets, some basic static notions
need to be explained: Let N be an arbitrary Petri net with a set of places P ,
a set of transitions T and a flow relation F . All places which are connected to
a transition by an arc form the set of pre-places and post-places of a specific
transition. A pre-place of a certain transition is a place which is directly
connected with the considered transition through an arc directed from the
place to the transition. If the arc points in the opposite direction, that place
is a post-place of the transition. The set of pre-places of the transition t
is denoted by •t := {p | p ∈ P ∧ (p, t) ∈ F}. The set t• := {p | p ∈
P ∧ (t, p) ∈ F} is the set of post-places of t. Analogously, for every place p
the set •p := {t | t ∈ T ∧ (t, p) ∈ F} denotes the set of pre-transitions of p
and the set p• := {t | t ∈ T ∧ (p, t) ∈ F} denotes the set of post-transitions
of p.

The dynamic aspect of a Petri net is defined by the firing rules. The firing
rules reflect causal relations within a permanently changing system: The
events of the real system are modeled by transitions of the Petri net. The
causes or preconditions of an event are represented by the pre-places of the
transition modeling the event. The post-places of the transition describe the
post-conditions of the event, which of course in turn can be preconditions
of other events. Whenever a pre-place is marked, the respective condition
is considered to be fulfilled. In the real system an event can take place
provided that all preconditions of the event are fulfilled. In the Petri net the
occurrence of the event is represented by firing of the respective transition.
After an event has taken place, its preconditions (in general) are not fulfilled
any more. The corresponding pre-places are therefore no longer marked.
Instead the post-conditions of the event are fulfilled and in the Petri net the
post-places of the transition are marked. This atomic process in the real
system provides the basic idea for the firing rule in the Petri net. In classic
Petri nets this basic idea is carried out with the multiplicity V ≡ 1 (these are
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the so-called ordinary Petri nets) and each place holds at most one token, i.e.,
for each reachable marking m (cf. Def. 2.10) it holds that m : P −→ {0, 1}
(these are the so called 1-safe Petri nets). Ordinary, 1-safe Petri nets are
also called condition/event nets.

If not all multiplicities of arcs of a Petri net are 1, the firing rule is extended
consistently. The preconditions of an event are fulfilled if, for each place,
the number of tokens it holds is no smaller than the multiplicity of the arc
from this place to the respective transition. After an event has taken place,
every post-place of the transition obtains the number of tokens equivalent to
the multiplicity of the arc from the transition to the respective post-place. A
transition t can therefore fire if the Petri net is in a marking m, which assigns
at least as many tokens as t needs in each pre-place of t. All preconditions
can be regarded as fulfilled. This minimum number of necessary tokens on
the places is defined by the marking t−:

t−(p) :=
{

V (p, t) , if (p, t) ∈ F
0 , if (p, t) �∈ F

.

Analogously the marking t+ describes the number of tokens which are added
to each place upon firing of t:

t+(p) =

{
V (t, p) if (t, p) ∈ F
0 if (t, p) �∈ F

.

The difference in tokens on the places after firing of transitions t is represented
by the marking Δt :

Δt := t+ − t−.

Furthermore, let us consider the Petri net N = (P, T, F, V,m0) with T =
{t1, · · · , tn} and P = {p1, · · · , pm}. The matrix CN = (cij) with m rows and
n columns and

cij := Δtj(pi)

is called the incidence matrix of N .

Example 2.5 We consider again the Petri net N1 introduced in Example
2.4. Its incidence matrix CN1 is:
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CN1 =

⎛⎜⎜⎝
1 −1 −1 1

−1 1 0 0
0 1 0 −2
0 0 1 −1

⎞⎟⎟⎠
P1

P2

P3

P4

.

Δt1 Δt2 Δt3 Δt4

We can now formally introduce the notions enabled and firing:

Definition 2.6 (enabled) Let N = (P, T, F, V,m0) be a Petri net and let
m be a marking in N . A transition t ∈ T is enabled in m if it holds that:
t− ≤ m.

Definition 2.7 (firing) Let N = (P, T, F, V,m0) be a Petri net and let m

be a marking in N . A transition t ∈ T can fire in m (notation: m
t−→), if

t is enabled in m. After the firing of t the Petri net is in the marking m′

(notation: m
t−→ m′) with

m′ := m+Δt.

This firing rule defines the firing of a single transition, i.e., it is a mono-firing
rule. It is also possible to define a rule firing a set (step) of transitions. This
firing rule, also called a step firing rule, is usually used in time-dependent
Petri nets, see Chapter 4. We will always use the mono-firing rule unless
stated otherwise.

We denote the change of a Petri net from marking m into marking m′ by
firing of transition t by m

t−→ m′. The relation −→ which is defined by the
firing rule is called the firing relation.

A further basic term in Petri Net theory is the notion of a reachable marking.
In order to introduce it, we first define firing sequences:

Definition 2.8 (firing sequence) Let N = (P, T, F, V,m0) be a Petri net,
let m be a marking in N and let σ = t1 · · · tn be a sequence of transitions. σ
fires from m to m′ in N (short: m

σ−→ m′) if it holds that:

Basic σ = ε

m′ := m
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Step σ = t1 · · · tntn+1

There is a marking m′′ in N , with

m
t1···tn−−−−−→ m′′ and m′′ tn+1−−→ m′.

σ is called a firing sequence from m in N if there is a marking m′ such
that σ fires from m to m′.

A firing sequence σ from m0 in N is usually simply called a firing sequence.

Example 2.9 Let us consider example 2.4 again. The transitions sequence
σ1 = t2 t1t2t1t3t4 is a firing sequence from m0 in the Petri net N1. In contrast,
the transition sequence σ2 = t3t4t3t4 is not a firing sequence from m0 in the
same net. However, σ2 is a firing sequence from m = (1, 0, 4, 0) in N1.

We write m
∗−→ m′ if there exists a firing sequence σ such that m

σ−→ m′.
This means that the relation

∗−→ is the reflexive-transitive closure of the
firing relation −→.

Furthermore, for σ = t1 · · · tn the following is true:

m′ = m+
n∑

i=1

Δti. (1)

This equation can equivalently be rewritten in the form:

m′ = m+
∑
t∈σ

πt ·Δt, (2)

where πt is the number of appearances of the transition t in the sequence σ.
Finally, we obtain the equality

m′ = m+ CN · πσ (3)

where CN is the incidence-matrix of N and πσ ∈ NT the vector with

πσ(t) =

{
πt if t ∈ σ
0 otherwise.

The |T |-dimensional vector πσ is called the Parikh vector of σ. The equality
(3) is called the state equation of σ in m (in N ).
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Definition 2.10 (reachable marking) A marking m is called reachable
from the marking m∗ in a Petri net N , if there is a firing sequence σ from
m∗ to m in N . If m∗ = m0 we call m reachable in N .

Finally, RN (m) := {m′ | m ∗−→ m′} is the notation for the set of all markings
m′ which are reachable from the marking m in N .

2.2 State Space

For any Petri Net N the set RN (m0) contains all markings reachable in the
net. This set is of particular interest because it gives us information about
all the events that can occur in a system modeled by the considered net. The
set tells us which of the markings of the net are reachable and thereby also
which pre-conditions of events may potentially be fulfilled.

Definition 2.11 (state space) Let N = (P, T, F, V,m0) be a Petri net.
The set RN := RN (m0) is called the state space of N .

The state space can be finite or infinite. The fact that the set RN is decidable
(cf. inter alia [PW03]) is crucial for the analysis of Petri nets as the state
space holds information about the reachability/non-reachability of markings
in N and thus about the occurrence/non-occurrence of events.

Definition 2.12 (boundedness) A Petri net N is said to be bounded if
the set RN of all its reachable markings is finite.

Boundedness can also be introduced using the notion of bounded place. A
place in a Petri net is bounded if there is a natural number such that the
number of tokens on this place never exceeds this number. A net is then
bounded if all its places are bounded. These definitions of boundedness are
equivalent.

We now consider again the reflexive-transitive closure of the firing relation.
This relation generally fulfills none of the common properties of relations
like symmetry, asymmetry, anti-symmetry, connexity etc. The graph of the
relation is called the reachability graph of the Petri net. It is formally defined
as follows:
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Definition 2.13 (reachability graph) Let N = (P, T, F, V,m0) be a Petri
net. The reachability graph of N is the graph RGN with

1. the set RN as set of vertices and

2. (m,m′) ∈ RN × RN is an edge in RGN if there is a transition t ∈ T

such that m
t−→ m′.

Such a reachability graph of a Petri net is a partial deterministic automaton
which can be finite or infinite (also compare Fig.2.2). The bounded Petri nets
are furthermore exactly those Petri nets whose reachability graphs are finite.
In the case of boundedness the Petri net is therefore well analyzable with the
help of its reachability graph. Determining whether a certain property holds
in an unbounded Petri net however is a lot more challenging.

Example 2.14 Let us again consider the Petri net N1 given in Example
2.4. Its reachability graph RGN1 is infinite. A part of the reachability graph
is presented in Fig.2.2.

When a Petri net is unbounded its reachability graph is infinite. In this case
we can consider the so-called coverability graph of the net, which is always
finite, to prove the existence or absence of properties. The trade-off for the
finiteness of the coverability graph is loss of information.

The vertices of the coverability graph are the so-called generalized markings
of the Petri net. A generalized marking in a Petri net is a (total) function
which assigns to each place a natural number or the value ω. A place has the
value ω in a generalized marking when the place is unbounded. We extend
the rules of addition, subtraction, and multiplication and the relation ≤ for
the set N ∪ {ω} as follows:

For each n ∈ N:

ω ± n = ±n+ ω = ω, n · ω = ω · n =

{
ω if n > 0
0 if n = 0

, ω > n.

We say that a (generalized) marking m covers another (generalized) marking
m′ in a Petri net N (short: m′ ≺ m), if m′ ≤ m and there is at least one
place p in N with m(p) �= m′(p). Therefore, m′ ≤ m implies that either
m′ ≺ m or m′ = m.
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1,0,0,0

1,0,1,0

0,1,1,0

0,1,2,0

1,0,2,0 0,0,2,1

0,0,0,1

0,0,1,1

0,1,3,0

1,0,3,0

0,1,4,0

0,0,3,1
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t1

t3

t2

t1

t2

t2
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t3

t3

t3

t4

t4

Figure 2.2: Part of the reachability graph RGN1

Definition 2.15 (coverability graph) Let N = (P, T, F, V,m0) be a Petri
net. The edge-labeled digraph CGN := (W,E, T ) is said to be a coverability
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graph of N if the set of vertices W , the set of edges E and the set of labels
T are defined using the following algorithm 2:

begin R := {m0}; ancestor marking(m0) := ∗; W := ∅; E := ∅;
while R �= ∅ do

choose m from R; R := R− {m}; W := W ∪ {m};
enabled set:={t | t− ≤ m};
for t ∈enabled set do

m′ := m+Δt;

m∗ := m;

while (m∗ �= ∗) and (m∗ �≤ m′) do

m∗ := ancestor marking(m∗);

end;

if m∗ �= ∗ then

m′ := m′ + (m′ −m∗) · ω;
end;

E := E ∪ {(m, t,m′)};
if m′ �∈ W ∪R then

R := R ∪ {m′}; ancestor marking(m′) := m;

end;

end;

end;

end.

The coverability graph is not unique for a given Petri net. The notion “cov-
erability graph” was first defined by Karp and Miller (see [KM69]). Later,
in [Fin93], Finkel introduced an algorithm which computes a minimal cov-
erability graph of a Petri net. This graph is unique and has the minimum
number of vertices.

2Adapted from [Sta90]
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Example 2.16 Using Definition 2.15 we obtain for the Petri net N1 con-
sidered in Example 2.4 the coverability graph CGN1, represented in Fig. 2.3:

1,0,0,0

1,0,ω,0

0,1,1,0

0,1,ω,0

0,0,0,1

0,0,ω,1

t2

t1

t3

t3

t2 t4t1

Figure 2.3: A coverability graph CGN1 of the Petri net N1

2.3 PN-Computability

The expressive power of Petri nets is less than that of Turing machines (TM).
This means that there are algorithms which cannot be described by any clas-
sic Petri net: Not every Turing-computable function can also be computed
by a Petri net.

A number-theoretical n-ary function f : Nn −→ N is called Turing-computable
if there is a Turing machine Mf which given an n-tuple (x1, · · · , xn) as input
stops if and only if that n-tuple belongs to the domain of the function and
in this case also returns the value f(x). For more on Turing-computability
compare [HMU02].

We now need to clarify what a PN-computable function is. Regardless of
how we define that notion, we first have to ensure that there is a unique
presentation for every natural number in a Petri net. The infinity of the set
of all natural numbers prevents it from being modeled by places, transitions
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or arcs. But the set of reachable markings in a Petri net can in general
be infinite. Moreover, transitions might fire infinitely often and places can
change their number of tokens infinitely often, even if the places themselves
are bounded.

In order for a place to change its number of tokens infinitely often, at least
one transition in the net needs to fire infinitely often. The reverse is also true
and therefore the two properties are equivalent.

It can furthermore be shown that the number of firings in an arbitrary Petri
net is equal to the number of reachable markings in another Petri net derived
from the first one as follows:

Let N = (P, T, F, V,m0) be an arbitrary Petri net. Using N we construct
the Petri net N ′ = (P ′, T ′, F ′, V ′,m′

0) where:

P ′ := P ∪ {p∗} with p∗ �∈ P , T ′ := T , F ′ := F ∪ {(t, p∗) | t ∈ T} and

V ′(u) :=
{

V (u) if u �= (t, p∗)
1 if u = (t, p∗)

, m′
o(p) :=

{
m0(p) if p �= p∗

0 if p = p∗

for all p ∈ P ′ and for all t ∈ T ′.

The net N ′ is a copy of the net N with one additional place p∗ such that
every time a transition in the copy of N fires, the number of tokens in p∗

increases by 1. Thus the place p∗ in N ′ is unbounded if and only if there is
at least one transition t in the net N which fires infinitely often.

It is thereby clearly possible to represent natural numbers – and therefore
also n-tuples of natural numbers – by markings in a Petri net.

Next we define the notion of PN-computability:

Definition 2.17 (PN-computable) An n-ary function f : Nn −→ N is
called Petri-net-computable (PN-computable) if there is an initial Petri net 3

Nf = (Pf , Tf , Ff , Vf ,m
f
0) such that for each n-tuple x = (x1, · · · , xn) ∈ Nn

3An initial Petri net is an arbitrary Petri net which is fixed for a function f . The
extension of the initial marking mf

0 of Nf to initial markings mf,x
0 modeling the arguments

x = (x1, · · · , xn) generates the Petri nets N x
f . The marking mf

0 is better understood after
reading the similar definition for Time Petri nets, Definition 3.15, as well as Examples
3.17 and 3.18.



2.3. PN-COMPUTABILITY 19

and for the Petri net N x
f = (Pf , Tf , Ff , Vf ,m

f,x
0 ), where the marking mf,x

0

models the n-tuple (x1, · · · , xn), it holds that:

Case 1 If the tuple (x1, · · · , xn) belongs to the domain of f then the Petri net
N x

f stops (cannot fire anymore) and the last-reached marking mf(x1,··· ,xn)

uniquely represents the number f(x1, · · · , xn).

Case 2 If the tuple (x1, · · · , xn) does not belong to the domain of f then the

Petri net N x
f never stops, i.e., for each marking m with mf,x

0
∗−→ m

there exists at least one transition t which is enabled in m.

Evidently, every PN-computable function is also Turing-computable.

We assume now that every Turing-computable function is also PN-computable.
Let f be an arbitrary, n-ary, Turing-computable function. According to
the assumption f is PN-computable, too. Let Mf be a Turing machine
which computes f and Nf a Petri net which computes f . Furthermore, let
(x1, · · · , xn) be an n-tuple of natural numbers. Then it holds that:

Mf started on (x1, · · · , xn) stops

if and only if

Nf started in (x1, · · · , xn) stops. (4)

As detailed before, we can define the Petri net N ′ for every Petri net N . The
construction of the respective Petri net N ′

f for Nf ensures that for any Nf

the following holds:

Nf started in (x1, · · · , xn) stops

if and only if

the place p∗ in N ′
f is bounded. (5)

We can determine whether the place p∗ is bounded in N ′
f by means of the

coverability graph of N ′
f . Taking into account (4) and (5) it is consequently

decidable for an arbitrary Turing-computable function f whether the Turing
machine Mf started with an arbitrary n-tuple (x1, · · · , xn) stops or not. This
contradicts, however, the undecidability of the halting problem for Turing
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machines (cf. among others [HMU02]). Therefore the assumption that every
Turing-computable function is also PN-computable is disproved.

Thus we have proved the property:

Theorem 2.18 The class of all marked Petri nets (as defined in Definition
2.2 and using the mono-firing rule) is not Turing-complete.

2.4 Basic Properties

The potential of Petri nets for modeling results from their graphical repre-
sentability and makes them applicable in a wide variety of areas. Many kinds
of systems can be represented easily but nevertheless clearly and formally us-
ing Petri nets. Furthermore, the nature of Petri nets allows modeling of a
system at each stage of abstraction and refinement of the model where nec-
essary. Therefore modeling with Petri nets is a hierarchical procedure as well
as a modular one. Without analyzing methods for Petri nets however their
use as a modeling instrument is very limited. We want on the one hand to
ascertain the presence of certain properties in a Petri net in order to evaluate
its “quality” as a model of a real system, on the other hand an analysis of
the model might detect properties of the real system previously overlooked.

Some properties of Petri nets can be determined very easily, these in general
being properties which result from the structure of the Petri net itself. We
call such properties static. In contrast to this, we describe properties which
result from firing and which characterize permanent changes in the net as
dynamic properties. These dynamic properties are usually more difficult to
identify and sometimes impossible to analyze.

Among the static properties there are such features as the existence of static
conflicts, deadlocks, traps, etc., or whether a net is a marked graph, a state
machine, a free-choice net, an extended-free-choice net, an asymmetric-choice
net, a homogeneous one, etc. All of these properties are decidable indepen-
dently of the state space of the considered Petri nets. Some of them are
relevant for our studies and will be defined below, although they are not the
main subject of our analysis.

The notions free-choice net, extended-free-choice net, asymmetric-choice net
and marked graph were originally defined for ordinary Petri nets and are still
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mainly used in that context. For arbitrary multiplicity these notions were
first introduced in [Sta90]. In this book, we use more recent and more general
definitions. Therefore the classes defined here, like free-choice nets, extended-
free-choice nets, asymmetric-choice nets and marked graphs for homogeneous
Petri nets, are supersets of the corresponding classes of ordinary nets.

Definition 2.19 Let N = (P, T, F, V,m0) be a Petri net.

1. Two transitions t and t′ from T are in a static conflict, if they have
at least one common pre-place, i.e., •t ∩ •t′ �= ∅.

2. Two transitions t and t′ from T are in a dynamic conflict in the mark-
ing m if they are in a static conflict and by firing one of the transitions
in marking m the other one may become disabled, i.e., •t ∩ •t′ �= ∅ and
t− ≤ m and t′− ≤ m but t− + t′− �≤ m.

3. N is a marked graph if N is an ordinary Petri net and if each place
p has exactly one pre-transition and one post-transition, i.e., V (f) = 1
for each f ∈ F and | •p | = | p• | = 1.

4. N is a free-choice net (FC net) if each shared place is the only pre-
place of its post-transitions, i.e., if t, t′ ∈ p• then •t = {p} = •t′.

5. N is an extended-free-choice net (EFC net) if the post-transitions
of each shared place have the same pre-places, i.e., if t, t′ ∈ p• then
•t = •t′.

6. N is an asymmetric-choice net (AC net) if it holds that if two
places have at least one common post-transition then the set of all
post-transitions of one of the places is a subset of the set of all post-
transitions of the other one. Formally: For each two places p and p′ it
holds: If p• ∩ p′• �= ∅ then p• ⊆ p′ • or p′ • ⊆ p•.

7. N is homogeneous if all output arcs of a place have the same mul-
tiplicity, i.e., for each place p ∈ P it is true that if t, t′ ∈ p•, then
V (p, t) = V (p, t′).

Example 2.20 Let us consider the Petri net N1 from Example 2.4 . The
transitions t2 and t3 are in a static conflict. N1 is a FC net and therefore
also an EFC net and an ES net. It is homogeneous.

2.4. BASIC PROPER IEST
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We refrain from defining further static properties and refer to the common
literature on classic Petri nets, such as [Mur89] or [Sta90].

Liveness, boundedness, reachability, the existence of invariants, etc. are the
basic properties of a Petri net and are dynamic properties. They provide
information about the behavior of the examined Petri net.

The notion of liveness was established by Petri, Genrich and Lautenbach
at the GMD, Bonn at the beginning of the 1960s and developed further
in cooperation with Commoner, Even, Holt, Pnueli and Hack at MIT. It
was initially examined in special classes of Petri nets such as marked graphs
(cf. [Gen68], [CHEP71]) and AC-nets (cf. [Hac72], [Com73]). The four
levels of liveness introduced by Lautenbach in his PhD thesis [Lau73] in 1973
constituted an important advance and form the basis of liveness studies up
to the present day.

Definition 2.21 Let N = (P, T, F, V,m0) be a Petri net, m be an arbitrary
marking in N and t a transition in T .

1. t is called live in m in N if for each marking m′ ∈ RN (m) there exists

a marking m′′ ∈ RN (m′) such that m′′ t→.

2. t is called dead in m in N if for each marking m′ ∈ RN (m) it holds
that t− �≤ m′.

3. m is called live in N if each transition t ∈ T is live in m.

4. m is called dead in N if each transition t ∈ T is dead in m.

5. t is called live / dead in N if t is live / dead in m0.

6. N is called live / dead if m0 is live / dead in N .

7. N is called blocking-free4 if at least one transition is enabled in each
reachable marking m ∈ RN (m0).

As is obvious from the definition, a transition t is live in the marking m if it
is not dead in any successor marking of m. If a marking is dead, no transition
can fire from that marking. The marking therefore constitutes a leaf in the

4Some authors call this property deadlock-free.
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reachability graph of the net. Furthermore we observe that a Petri net which
is not dead does not have to be blocking-free (deadlock-free). The reason for
this being that a Petri net which fires only finitely often and then stops is
not dead. A blocking-free Petri net obviously is not dead. Every live Petri
net is blocking-free, the reverse however does not hold. A Petri net which is
not dead need not be live and a Petri net which is not live is not necessarily
dead.

We can summarize as follows:

N – dead
−→
�←− N – not blocking-free

−→
�←− N – not live

and
N – live

−→
�←− N – blocking-free

−→
�←− N – not dead.

Whether a Petri net is live, dead or blocking-free can be decided by means
of its reachability graph. The coverability graph of a Petri net however is of
no use in deciding liveness and blocking-freedom but does still contain the
information of whether the net is dead (cf. [PW03]). There are a number of
algorithms which decide these properties more effectively on restricted classes
of nets.

Finally we remark that the notion of t being live in a marking m introduced
in Definition 2.21 is equivalent to the 4-liveness defined by Lautenbach in
[Lau73]. The notion of t being dead in a marking m is equivalent to the
0-liveness also defined in [Lau73]. In other words, t is dead in m according
to Definition 2.21 if and only if t is not 1-live in m. This analogously applies
to the liveness of a marking and to the liveness of a Petri net. Finally, at
least one transition in a Petri net is 3-live as defined by Lautenbach if the
Petri net is blocking-free. The converse does not hold.

We already introduced the notions of boundedness and reachable markings
with Definitions 2.12 and 2.10.

Example 2.22 Let us consider the Petri net N1 from Example 2.4 again.

• The place P3 is unbounded.

• N1 is unbounded.

2.4. BASIC PROPER IEST
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• N1 is not live.

• N1 is not dead.

• N1 is not blocking-free.

With the last two definitions in this chapter we will now introduce two (dual)
notions of invariants in Petri nets:

Definition 2.23 (T-invariant) Let CN be the incidence matrix of the Petri
net N .

1. Each non-trivial solution x ∈ N|T | of the homogeneous equality

CN · x = 0

is called a transitions-invariant (short: T -invariant) of N .

2. A Parikh vector of a firing sequence which is also a T-invariant is called
a feasible T-invariant.

It is not difficult to see that if a Parikh vector πσ is a T -invariant the marking
is not changed by the firing of the sequence σ. This follows from the state
equality for σ:

m
σ−→ m′

iff

m′ = m+ CN · πσ = m

i.e.,

m′ = m.

The path representing the sequence σ in the reachability graph is obviously
a cycle.

Example 2.24 Let us consider the Petri net N1 shown in Example 2.4. The
integer solutions of the homogeneous equality system



25

CN1 ·

⎛⎜⎜⎝
x1

x2

x3

x4

⎞⎟⎟⎠ =

⎛⎜⎜⎝
0
0
0
0

⎞⎟⎟⎠ (6)

are x1 = x2 = 2 · k, x3 = x4 = k for k ∈ N.

Furthermore, we note that the transition sequence σ = t2t1t2t1t3t4 is a firing
sequence starting in m0 and its Parikh vector πσ is a solution of the equality
(6).

We can see in Example 2.14 that the path σ is a cycle in the reachability
graph RGN1.

Definition 2.25 (P-invariant) Let CN be the incidence matrix of the Petri
net N . Each non-trivial solution y ∈ N|P | of the homogeneous equality

yT · CN = 0

is called a place-invariant (short: P -invariant) of N .

We can view a P -invariant as an equation of weights for the places that
always holds:

Let y = (y1, · · · , y|P |) be a P -invariant in a Petri net N . It is true for each
reachable marking m in N that :

m = m0 + CN · πσ

and therefore

yT ·m = yT ·m0 + yT · CN · πσ

and thus subsequently

|P |∑
i=1

yi ·m(pi) = const. =

|P |∑
i=1

yi ·m0(pi).

Example 2.26 The homogeneous system of equations

2.4. BASIC PROPER IEST
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⎛⎜⎜⎝
y1
y2
y3
y4

⎞⎟⎟⎠
T

· CN1 = 0 in N

has the solutions

y1 = y2 = y4 = s for s ∈ N and y3 = 0.

Therefore, the following equality holds for each marking m ∈ RN1:

s ·m(P1) + s ·m(P2) + 0 ·m(P3) + s ·m(P4) =

s ·m0(P1) + s ·m0(P2) + 0 ·m0(P3) + s ·m0(P4)

i.e.,

m(P1) +m(P2) +m(P4) = 1.

All the properties introduced here are qualitative properties, even though
some of them might also be considered as quantitative properties. The ques-
tion of boundedness of a place for instance is equivalent to the question of
the maximum number of tokens on the place, which deals with quantities.
We will consider quantitative properties that do not have direct qualitative
equivalents for the time-dependent Petri nets presented in the following chap-
ters.

2.5 Bibliographical Notes

With his thesis “Kommunikation mit Automaten”5 [Pet62] Petri established
a theory of communication in arbitrarily large, non-globally defined systems.
The starting point of his considerations is the opinion that the notion state
in the sense of one global state is unsuitable for the description of causal
relationships. The reason for this is that the use of a notion of global state

5“Communication with Automata”. Published English translation in: Technical Re-
port RADC-TR-65-377, Vol.1, January 1966, Suppl. 1, Griffiss Air Force Base, New York.
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presupposes an explicit or implicit time scale implying simultaneity of in-
dependent events about whose independence we do not necessarily want to
make any presumptions. Petri uses the notions condition and event for the
description of causal relations and thereby defines action nets (or A-nets).
Further works by him, as well as Genrich [Gen68], Lautenbach [Lau73], Holt
et al. [CHEP71], Commoner [Com73], Hack [Hac72], etc. form the founda-
tion of net theory. This net theory is today known as the theory of Petri
nets. The graphic representation of these nets as well as their name “Petri
nets” goes back to A. Holt. Innumerable introductory articles and books on
the theory of Petri nets have been published since then. Among the first ones
and still standard references in the field are the articles by Peterson [Pet77]
and Murata [Mur89] as well as the books by Starke [Sta80] and Peterson
[Pet81].

The latest book publications include a book by Reisig [Rei13] in which the
author presents a thorough introduction to the essentials of Petri nets.

Mayr set another milestone for Petri net theory with his Ph.D. Thesis (cf.
[May80]). Among other things he proved the decidability of the reachability
of an arbitrary marking in a Petri net.

Algorithms deciding properties for different restricted classes of Petri nets
can be found in [Esp98]. Priese and Wimmel give an almost complete intro-
duction to the theory of Petri nets with their book [PW03].
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2.6 Exercises

Exercise 2.1

Let N1 = (P, T, F, V,m0) be the following Petri net:

t3p1 

p2 t4

p4p3t1 t2

Figure 2.4: The Petri net N1

(a) Give the incidence matrix CN1 .

(b) Give the Parikh vectors of the two transition sequences σ1 = t3t4t3t4t2t3
and σ2 = t1t3t4t

3
3t2t1. Compute the markings mi which are reached

after the firing of the transition sequences σi, i = 1, 2, in the Petri net
N1 starting at m0 by means of its state equations. What can you say
about the reachability of m1 and m2 in N1?

(c) Compute the P - and T -invariants for the Petri net N1 if it has any.
Give a feasible T -invariant if there is one.

(d) Compute the reachability graph of N1. Is N1 live?

Exercise 2.2

Let N2 = (P, T, F, V,m0) be the following Petri net:
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t3p1 

p2 t4

p4t1 p3t2

Figure 2.5: The Petri net N2

(a) Show by means of the state equation that the empty marking (0, 0, 0, 0)
is not reachable in N2.

(b) Compute the coverability graph of N2. Is N2 bounded?

Exercise 2.3

(a) Is it always possible to show the non-reachability of an arbitrary mark-
ing in a Petri net using the state equation? Give a proof of your answer.

(b) Is the liveness of an unbounded Petri net decidable from its coverability
graph?

Exercise 2.4

Let PN be the set of all unmarked Petri nets and let M be the set of all
(finite) matrices over the natural numbers.

(a) Is the following mapping Φ bijective:

Φ : PN −→ M, where Φ(N ) := CN ?

Justify your answer.

(b) If Φ is not bijective in general then give, if possible, a subset of PN such
that the mapping Φ is bijective on this subset. Justify your answer.
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Exercise 2.5

An arbitrary Petri net property α is called monotone if it holds that: For
any Petri net N = (P, T, F, V,m0) with the property α, α holds for all Petri
nets Nk := (P, T, F, V,mk

0) with mk
0(p) := k ·m0(p) for all p ∈ P .

Is liveness a monotone property? Give a proof.



Chapter 3

Time Petri Nets

In this chapter we study Time Petri nets: After the introduction of this kind
of time-dependent Petri net, we will discuss variations of the rules defining
the possible state changes. We then show how to reduce the state space
of an arbitrary Time Petri net to a discrete one and use this to study the
dynamic behavior of these time-dependent Petri nets under both qualitative
and quantitative aspects.

3.1 Basic Notions

Time Petri nets (TPN) are classic Petri nets where each transition t is asso-
ciated with a time interval [at, bt]. When t becomes enabled, it cannot fire
before at time units have elapsed, and it has to fire no later than bt time units
after being enabled, unless it has meanwhile become disabled by the firing
of another transition. Here at and bt are relative to the point in time when t
last became enabled. The time at is the earliest possible firing time for t and
is called earliest firing time of t (short: eft(t)), and bt is the latest possible
firing time for t and is called latest firing time of t (short: lft(t)). The firing
of a transition itself does not take up any time. The interval bounds are
non-negative rational numbers or ∞ in the case of bt but the time interval
itself is given in real numbers. In the following, we see (cf. [Pop91], too) that
without loss of generality we can require the interval bounds to be natural

, L. Popova-Zeugmann Time and Petri Nets, DOI 10.1007/978-3-642-41115-1_ ,
© Springer-Verlag Berlin Heidelberg 2013
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numbers. Thus, we consider as interval bounds at and bt of a transition t
non-negative integers including zero such that at ≤ bt or bt = ∞.

Definition 3.1 (Time Petri net) A Time Petri net (TPN) is a 6-tuple
Z = (P, T, F, V,m0, I) such that

1. the 5-tuple S(Z) = (P, T, F, V,m0) is a Petri net,

2. I : T −→ Q+
0 ×(Q+

0 ∪{∞}) and for each t ∈ T , with I(t) = ( I1(t) , I2(t) )
it holds that I1(t) ≤ I2(t).

Example 3.2

t1

p2

t2 t3 t4

p3

p1

p4

2

[1,3] [2,5][0,1] [0,0]

Figure 3.1: The Time Petri net Z1

The classic (timeless) Petri net S(Z) is called the skeleton of Z. I is the
interval function of Z, I1(t) and I2(t) the earliest firing time of t and the
latest firing time of t (short: eft(t) and lft(t)), respectively.

We achieve integer interval bounds by scaling down the time unit. Let us,
for instance, consider Fig. 3.2. The interval bounds a and b have values
1.5 and 3.0 in the red scale, so a is not an integer. The values of the same
bounds in the green scale on the other hand are 3.0 and 6.0, that is, both are
non-negative integers. One red time unit is twice as long as one green time
unit so the red time unit has been scaled down by a factor of two in order to
conform to the green time unit.
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( )
a b

1 “red” time unit

1 “green” time unit

h(t) = 0

Figure 3.2: Two time scales: The green one is a scaling down of the red one
(1 red time unit = 2 green time units).

The smallest suitable factor to scale down the time unit for a given Time Petri
net is the lowest common multiple (LCM) of the denominators of all interval
bounds in the considered net (∞ excluded). We compute the values of the
interval bounds w.r.t. the new time unit by multiplying the old values by
this factor. Using the LCM method, we obviously obtain as new values only
non-negative integers or ∞. Thus, as of now and without loss of generality,
we consider the set N× (N ∪ {∞}) as codomain for the interval function I.
In other words, we use only non-negative integers or ∞ as interval bounds.

Adding time to a Petri net changes the meaning of a marking for the net: a
marking no longer describes the full current situation in the time-dependent
net. In addition to the number of tokens on each place, i.e., the marking, we
now also need to take into account for each enabled transition the amount of
time that has passed since its last enabling. We therefore consider a further
marking associating with each enabled transition this time and the symbol
	 with each disabled transition. This marking is a vector of dimension equal
to the number of transitions. Thus, the first marking describes the situation
of the places and the second one the situation of the transitions. We call
them the place-marking (short: p-marking) and transition-marking (short: t-
marking), respectively. A p-marking and a t-marking together fully describe
the situation in a Time Petri net. Such a pair (p-marking , t-marking), called
a state, is one of the basic notions in the theory of time-dependent Petri nets.
The definition is as follows:

Definition 3.3 (p-marking) Let P be the set of all places in a Time Petri
net Z. A p-marking in Z is a (total) function m : P −→ N.
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It is obvious that any p-marking in a Time Petri net Z is also a marking in
its skeleton, the classic Petri net S(Z).

Definition 3.4 (t-marking) Let T be the set of all transitions in a Time
Petri net Z. Any (total) function h : T −→ R+

0 ∪ {	} is a t-marking in Z.

Definition 3.5 (state) Let Z = (P, T, F, V,mo, I) be a Time Petri net, m
a p-marking and h a t-marking in Z. A state in Z is a pair z := (m,h) such
that

1. ∀t ( (t ∈ T ∧ t− �≤ m) −→ h(t) = 	).

2. ∀t ( (t ∈ T ∧ t− ≤ m) −→ (h(t) ∈ R+
0 ∧ h(t) ≤ lft(t)) ).

Evidently, not every pair (m,h) of a p-marking m and a t-marking h is a
state in a Time Petri net. The p-marking and the t-marking also need to be
suitable for each other. This is the case if for each t the time h(t) is a number
(and not 	) if and only if t is enabled in m. Additionally, we consider the
time h(t) of each transition t only until the latest possible firing time for t.
This is obviously not a loss of generality.

The state zo := (mo, ho) with ho(t) :=

{
0 if t− ≤ m0

	 if t− �≤ m0
is called the

initial state of the Time Petri net Z = (P, T, F, V,m0, I).

We could of course use other suitable t-markings for the initial state. We will
see later on that any vector of rational numbers which is a suitable t-marking
for the p-marking mo can be used as h0. Such initial states are necessary for
modeling and analyzing biochemical systems.

Up until now, we have introduced the static aspects of a Time Petri net. As
with classic Petri nets the dynamic aspect is determined by the firing rule(s).
The current situation of a Time Petri net may change due to changes in
the current p-marking or the t-marking. As for markings in classic Petri
nets a change of the p-marking occurs by firing of transitions. Such a firing
generally not only changes the current p-marking but also the t-marking.
The t-marking however also changes with the elapsing of time even without
any transitions firing.



3.1. BASIC NOTIONS 35

Before we give the definition of firing rules for Time Petri nets we introduce
the notion of a transition being ready to fire. Where we before only needed
to know which transitions were enabled we now distinguish between enabled
transitions that have already reached their earliest firing time and enabled
transitions for which this is not the case.

In the next three definitions we consider an arbitrary Time Petri net Z =
(P, T, F, V,m0, I).

Definition 3.6 (ready to fire) A transition t in Z is ready to fire in the
state z = (m,h) if

1. t is enabled in the marking m in the Petri net S(Z), i.e., t− ≤ m, and

2. h(t) ≥ eft(t).

1st rule for state change:

Definition 3.7 (firing) Let t̂ be a transition and z = (m,h) be a state in

Z. Then t̂ can fire in z if t̂ is ready to fire in z (notation: z
t̂−→). After the

firing of t̂ the net Z changes from z into the state z′ = (m′, h′) (notation:

z
t̂−→ z′) with

1. m′ := m+Δt̂,

2. ∀t ( t ∈ T −→ h′(t) :=

⎧⎪⎪⎨⎪⎪⎩
	 if t− �≤ m′

h(t) if t− ≤ m ∧ t− ≤ m′ ∧
•t ∩ •t̂ = ∅ ∧ t �= t̂

0 otherwise

).

We denote the change from the state z into the state z′ by firing of the

transition t̂ by z
t̂−→ z′.

Thus, with the firing rule the following has been determined:

• If, after the firing of one of two enabled transitions with at least one
common pre-place the second transition is still enabled, its clock is reset
to zero.
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The rule can, of course, be changed so that in situations such as above
we let the transitions stay enabled without resetting their clocks.

A further possibility to define the firing rule is to allow self-concurrency,
i.e., a transition is enabled severalfold in a state if its pre-places hold
enough tokens.

• The firing itself takes no time. At first glance this seems to be a restric-
tion but actually it is not. As a matter of fact, we could additionally
assign a certain time to each transition but this form of time-dependent
Petri nets can be simulated by our Time Petri nets. This will be dis-
cussed in the next chapter.

2nd rule for state change:

Definition 3.8 (elapsing of time) Let τ be a non-negative real number
and z = (m,h) a state in Z. Then the elapsing of time τ starting at z
is possible (notation: z

τ−→), if

∀t ( ( t ∈ T ∧ h(t) �= 	 ) −→ h(t) + τ ≤ lft(t) ).

After τ time has elapsed Z changes from z into the state z′ = (m′, h′) (no-
tation: z

τ−→ z′) with

1. m′ := m,

2. ∀t ( t ∈ T −→ h′(t) :=
{

h(t) + τ iff t− ≤ m′

	 iff t− �≤ m′ ).

This second rule for state change implies that time always passes at equal
pace for all enabled transitions. However this does not mean that time always
has to pass equally quickly.

Informally, every Time Petri net can be understood as a classic Petri net
where each transition has a clock. For a disabled transition the clock stops,
but as soon as the transition is enabled its clock starts measuring the time
so that for every enabled transition its clock shows the time elapsed since
the transition last became enabled. Considering a state z = (m,h) we can
interpret h(t) as the clock of t. When h(t) has the value 	 we say that the
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clock of t has stopped. Any clock of a transition t with h(t) ∈ R+
0 is a running

clock and shows the time of t in state z.

At the end of this section we note that classic Petri nets can be understood
as Time Petri nets where each transition t is assigned the interval [0,∞].
The lower bound eft(t) = 0 allows t to fire as soon as enabled and the upper
bound lft(t) = ∞ indicates that firing of t is not enforced at any point of
time.

3.2 State Space

In the following we will introduce some notations enabling us to define the
basic notions of a reachable state and the state space of a Time Petri net
analogously to and consistently with the respective notions for classic Petri
nets.

Let Z = (P, T, F.V,mo, I) be an arbitrary Time Petri net and let σ = t1 · · · tn
be a transition sequence in T . Whether σ is a firing sequence depends not
only on the enabling of the transitions. Every transition tmust also have been
enabled long enough (be “old enough”), it must have been last enabled for at
least eft(t) time units. This in turn means a certain amount of time in general
must have passed between the firing of two transitions. Let τ = τ0τ1 . . . τn
with τi ∈ R+

0 be a sequence of times. Then the sequence σ(τ) = τ0t1τ1 · · · tnτn
is called a run of σ.

Definition 3.9 (feasible run) Let Z = (P, T, F, V,mo, I) be a Time Petri
net, z = (m,h) a state in Z and σ(τ) = τ0t1τ1t2 · · · tnτn a run of σ. σ(τ)

fires from z into z′, (short: z
σ(τ)−→ z′), if

Basis: For n = 0, i.e., σ = ε

z′ := z

Step: For n −→ n+ 1, i.e., σ = τ0t1 · · · tnτntn+1τn+1

There are states z∗ and z∗∗ in Z for which it holds:

z
τ0t1τ1···tnτn−−−−−−−−−→ z∗ and z∗

tn+1−−→ z∗∗ and z∗∗
τn+1−−→ z′.
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The run σ(τ) is called feasible from the state z in Z, if there is a state z′

such that σ(τ) can fire from z into z′.

The run σ(τ) is called feasible in Z, if σ(τ) is a feasible run from z0 in Z.

It follows immediately from the definition that for any feasible run σ(τ) in a
Time Petri net Z the sequence σ is a firing sequence in the skeleton S(Z) of
Z.

Definition 3.10 (firing sequence) A transition sequence σ is a firing tran-
sition sequence in the Time Petri net Z if there is a feasible run σ(τ) in Z.

Definition 3.11 (reachable state) A state z is called reachable in the Time
Petri net Z if there exists a firing sequence σ in Z with z0

σ−→ z.

Definition 3.12 (state space) The set RSZ of all reachable states in a
Time Peri net Z is called the state space of Z.

Definition 3.13 (reachable p-marking) A p-marking m is called reach-
able in a Time Petri net Z if there is a reachable state z in Z with z = (m,h).

We use the notation RZ for the set of all p-markings reachable in Z. A Time
Petri net Z is bounded if RZ is finite.

Adding explicit time to Petri nets (in this way) in general restricts the be-
havior possible in a Time Petri net compared to its skeleton. The set of all
reachable p-markings in the time-dependent net is therefore a subset of the
state space of its skeleton, i.e., RZ ⊆ RS(Z). This is a consequence of forcing
any transition that is still enabled at the end of its time interval to fire.

In the case of all transitions being associated with the interval [0,∞] the set
of all reachable p-markings of the Time Petri net is equal to the state space
of its skeleton, i.e., RZ = RS(Z). We will see later that whereas this is a
sufficient condition for the equality of these sets it is not a necessary one.

3.3 TPN-Computability

We saw in Chapter 2 that classical Petri nets do not have the same com-
putational power as Turing machines, i.e., that there exist algorithms which
cannot be simulated (modeled) using classic Petri nets.
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Adding time to classic Petri nets and modifying the firing rule we have in-
troduced Time Petri nets. We will show in this section that Time Petri nets
have the same computational power as Turing machines. We will prove this
by verifying that each number-theoretical function which is computable by a
counter machine it is also computable by a Time Petri net. Because counter
machines (with at least two counters) have the same computational power as
Turing machines (cf. [HMU02]), the equivalence of the computational power
of Time Petri nets and Turing machines follows.

Informally, a counter machine is a restricted multistack machine which can
store a finite number of natural numbers, and can add or subtract (if the
counter is not already zero) one to or from any of these counters. For more
on multistack machines, see [HMU02].

We now formally introduce the counter machine. This definition can also
be found in [Sta80]. A counter machine consists of finitely many counters
K = {K1, · · · , Kk} and a program. Each counter can store one natural
number1. The program is a finite uniquely numbered list of commands. The
available commands are: start, halt, INC and DEC, the so-called zero-test.
For a labeled command we use the notation assignment. In each program the
command start appears exactly once2 and halt at least once. The notation
and mode of operation of the four commands is described in Table 3.1.

Notation mode of operation
of the command of the command

0 : start : l start the program; go to command No. l ;
l : halt stop the program;
l : INC(i) : r Ki := Ki + 1; go to command No. r ;
l : DEC(i) : r : s if Ki = 0 then go to command No. r ;

else Ki := Ki − 1; go to command No. s ;

Table 3.1: The four possible commands of a counter machine with their
meaning

1We often identify the number stored in a counter with the counter, i.e., we say “the
number Ki” instead of “the number stored in Ki”.

2Without loss of generality we assume that the command start occures exactly once
during any execution of a program.
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The first number in each assignment is its unique label in the program. Each
of the four commands can be simulated by a (small) Time Petri net. Starke
shows in [Sta80] that the first three commands can be simulated by classic
Petri nets. Thus, for the fourth one (DEC) this is not possible. We follow
this general approach, adapt it to Time Petri nets, and complete it through a
simulation of the command DEC by a Time Petri net: Each number l of an
assignment is modeled by a place pl such that a place holds a token whenever
the corresponding assignment is being executed. Furthermore, each counter
Ki is modeled by a place wi. During the whole computation process (program
execution) it will always hold that m(wi) = Ki for the p-marking m in the
net corresponding to the current step in the computation.

We model the commands through Time Petri nets as indicated in Table 3.2.

The intervals in the second and third models have been chosen arbitrarily.
We can use any valid interval in these nets.

In the model of the fourth command (DEC) it is important to prioritize tran-
sition t2 using intervals. We ensure that any conflict between the transitions
t1 and t2 is decided in favor of t2 by letting lft(t2) < eft(t1).

Definition 3.14 (CM-computable) An n-ary number-theoretical function
f is called counter-machine-computable (short: CM-computable) if there is a
counter machine with k counters {K1, · · · , Kk} where k ≥ n and for each
n-tuple (x1, · · · , xn) ∈ Mn it holds that for the counter machine started with
the values

Ki =

{
xi if 1 ≤ i ≤ n
0 if n < i ≤ k

,

in the counters:

Case 1 if (x1, · · · , xn) belongs to the domain of the function f the machine must
reach a command ‘halt’ after a finite number of steps, i.e., the compu-
tation must terminate, and on termination the number f(x1, · · · , xn)
is stored in the first counter K1;

and
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Notation of the
command

Model of the command as
a Time Petri net

0 : start : l pl

l : halt

pl

[0,1]t

l : INC(i) : r

pl

[0,1]t

pr

wi

l : DEC(i) : r : s

pr

[2,3] wi

ps

[0,1]t2t1

pl

Table 3.2: Translation of the four possible commands of a counter machine
into Time Peri nets (modules)

Case 2 if (x1, · · · , xn) does not belong to the domain of the function f the
machine never reaches a command ‘halt’, i.e., the computation does
not terminate.
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TPN-computability is defined similarly to PN-computability:

Definition 3.15 (TPN-computable) An n-ary function f is called Time-
Petri-net-computable (TPN-computable) if there is an initial Time Petri net
Zf = (Pf , Tf , Ff , Vf , If ,m

f
0) such that for every n-tuple x = (x1, · · · , xn) ∈

Nn and for the Time Petri net Zx
f = (Pf , Tf , Ff , Vf , If ,m

f,x
0 ), where the p-

marking mf,x
0 models the n-tuple (x1, · · · , xn),

3 it holds that:

Case 1 If the tuple (x1, · · · , xn) belongs to the domain of f then the Time
Petri net Zx

f stops (cannot fire anymore) and the last-reached p-marking

mf(x1,··· ,xn) uniquely models the number f(x1, · · · , xn).

Case 2 If the tuple (x1, · · · , xn) does not belong to the domain of f then the

Time Petri net Zx
f never stops, i.e., for each state z with zf,x0

∗−→ z
there exist at least one non-negative real number τ and a transition t

such that z
τ−→ t−→.

It is evident that every CM-computable function is also TPN-computable,
and vice versa. We refrain from proving this formally. The idea is now to
let a Time Petri net simulate the program of a counter machine. In this
net no transition is ready to fire unless at least one place pi is marked. In
each reachable p-marking exactly one place pi is marked but in the marking
reached after firing a transition corresponding to a command l : halt, no
place pi is marked anymore.

Thus, we can summarize:

Proposition 3.16 Let f be an n-ary number-theoretical function. Then it
holds that: f is Turing-computable if and only if f is TPN-computable.

This follows immediately from the above argument and the equivalence of
Turing machines and counter machines.

In the next two Examples 3.17 and 3.18 we consider one total function and a
partial one in order to illustrate the representation of an arbitrary number-
theoretical function with a Time Petri net. To this end we translate the
program of a counter machine which computes the respective function into
a Time Petri net as indicated in Table 3.2.

3The p-marking mf,x
0 takes into account the initial p-marking mf

0 .
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Example 3.17 Let us first consider the addition of two natural numbers,
which is a 2-ary total function. The initial Time Petri net Zf is constructed
using the program of the counter machine which computes the function. For
the p-marking mf

0 it holds that:

mf
0(p1) = 1, mf

0(p2) = mf
0(p3) = 0 = mf

0(w1) = mf
0(w2).

f(x1, x2) = x1 + x2

Program of the
counter machine

Time Petri net
model

0 : start : 1
1 : DEC(2) : 3 : 2
2 : INC(1) : 1
3 : halt

p3

[2,3] w2

p2

[0,1]t2t1

p1

[0,1] [0,1]t3 w1t4

Consider the pair x = (x1, x2) = (2, 3). The Time Petri net Z(2,3)
f which

computes the function f for the argument (2, 3) is obtained from the initial
Time Petri net Zf by adding tokens to some places in the initial p-marking

mf
0 . The initial p-marking mf

0 is extended to m
f,(2,3)
0 as follows:

m
f,(2,3)
0 (pi) = mf

0(pi) for i = 1, 2, 3, m
f,(2,3)
0 (w1) = 2, m

f,(2,3)
0 (w2) = 3.

In the net Z(2,3)
f only the transition sequence t2t3t2t3t2t3t1t4 can fire. Af-

ter that no transition is enabled any more, i.e., the net stops in the state
z = (m,h) with m(w1) = m0(w1) +m0(w2). Thus the place w1 contains five
tokens, which is equal to the value f(2, 3).
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Example 3.18 As a further example, let us consider the subtraction of two
natural numbers, which is a 2-ary partial function. It is formally defined as
follows:

g(x1, x2) =

{
x1 − x2 if x1 ≥ x2

undefined otherwise
.

We deduce the initial Time Petri net Zg from the counter machine program
computing the function g as before:

g(x1, x2) = x1 − x2

0 : start : 1
1 : DEC(2) : 3 : 2
2 : DEC(1) : 2 : 1
3 : halt

p3

[2,3] w2

p2

[0,1]t2t1

p1

t5 t3 w1[0,1] [2,3] [0,1]
t4

As before, a Time Petri net Zx
g for an arbitrary pair x = (x1, x2) of arguments

for g is obtained from the initial net Zg by adding tokens to the initial p-
marking mg

0. We now consider the pair (2, 3). It is obvious that the function
g is undefined for those arguments. Let us consider the initial p-marking
m

g,(2,3)
0 arising from mg

0:

m
g,(2,3)
0 (pi) = mg

0(pi) for i = 1, 2, 3, m
g,(2,3)
0 (w1) = 2, m

g,(2,3)
0 (w2) = 3.

It is easy to see that for an arbitrary pair x = (x1, x2) the Time Petri net Zx
g

stops if and only if m0(w1) ≥ m0(w2). In particular, the net Z(2,3)
g never stops

– first the transition sequence t2t4t2t4t2 fires and after that the transition t3
can fire infinitely often.



3.4. STATE SPACE REDUCTION 45

3.4 State Space Reduction

The state space of a Petri net, timeless or time-dependent, contains total
knowledge of its behavior. Explicit knowledge of the state space in general is
indispensable for studying the dynamic properties of a net but as the state
space of an arbitrary net is usually infinite we will show in this section how
to reduce the state space without affecting the properties of the net.

We first give a parametric description of the state space of Time Petri nets
and then reduce it. We will subsequently prove necessary and sufficient
conditions under which an infinite state space can be reduced to a finite
one. The reduced state space will be well suited for model checking. It will
furthermore permit quantitative analysis of a net, which is otherwise only
partly possible.

The reduced state space will also enable us to define the reachability graph of
a Time Petri net, which we examine in the next section. Eventually, we will
present some efficient, graph-theoretical algorithms for the analysis of finite
reachability graphs.

Let us now consider an arbitrary Time Petri net Z = (P, T, F, V, m0, I).
Furthermore let σ = t1 · · · tn be a firing sequence in Z and let there be at
least one feasible run σ(τ) = τ0t1τ1 · · · τn−1tnτn of σ in Z, i.e., there is a state
z∗ in Z with

z0
σ(τ)−−→ z∗ = (m∗, h∗) and m∗ = m0 +

n∑
i=1

Δti.

It is obvious that the p-marking m∗ does not depend on τ , meaning that after
the firing of any feasible run of σ (starting in the same state) the reached
p-marking is the same; it depends only on σ. This, however, is not true for
the t-marking which depends on σ as well as on τ .

Now, instead of considering infinitely many feasible runs of σ we study a
single parametric run σ(x) = x0t1x1 · · · xn−1tnxn of σ. Instead of a fixed
number τi we use the variable xi to denote the time elapsing between the
firing of the i-th and the i+1-th transition in σ and look at the requirements
for values β(xi) of xi (i = 1, · · · , n) that make the run σ(β(x)) a feasible one.
Thus, for the state zσ, with

z0
σ(x)−→ zσ = (mσ, hσ),
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it holds that mσ = m∗.

The conditions for the values β(xi) result from the time intervals associated
with the transitions and are united into the set Bσ. The state zσ together
with the set Bσ forms the parametric state (zσ, Bσ). Such a parametric state
also represents the set of all states which can be reached by firing a feasible
run of σ. These states are obtained by combining σ with all possible solutions
x of Bσ. Each such solution yields a feasible run of σ. We denote the set of
all states by {zσ | Bσ}, i.e.,

{zσ | Bσ} := {zσ(β(x)) | β(x) is a solution of Bσ}.

We will now recursively define the parametric state and the parametric run
of a transition sequence.

Definition 3.19 (parametric state and parametric run)
Let Z = (P, T, F, V,m0, I) be a Time Petri net and let σ = t1 · · · tn be a firing
sequence in Z. Then, the parametric run (σ(x), Bσ) of σ in Z with σ(x) =
x0t1x1 · · · xn−1tnxn and the parametric state (zσ, Bσ) in Z are recursively
defined as follows:

Basis: σ = ε, , i.e., σ(x) = x0.

Then zσ = (mσ, hσ) and Bσ are defined as follows:

1. mσ := mo,

2. hσ(t) :=

{
x0 if t− ≤ mσ

	 otherwise
,

3. Bσ := { 0 ≤ hσ(t) ≤ lft(t) | t ∈ T ∧ t− ≤ mσ }

Step: Assume that zσ and Bσ are already defined for the sequence σ = t1 · · · tn.
For σ = t1 · · · tn︸ ︷︷ ︸

:=w

tn+1 = wtn+1 we set

1. mσ := mw +Δtn+1,
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2. hσ(t) :=

⎧⎪⎪⎨⎪⎪⎩
	 if t− �≤ mσ

hw(t) + xn+1 if t− ≤ mσ ∧ t− ≤ mw ∧
•tn+1 ∩• t = ∅ ∧ t �= tn+1

xn+1 otherwise

,

3. Bσ := Bw ∪ { eft(tn+1) ≤ hw(tn+1) } ∪ { 0 ≤ hσ(t) ≤ lft(t) |
t ∈ T ∧ t− ≤ mσ }.

So the t-marking hσ is a vector with a sum of variables as each of its com-
ponents. At most �(σ) + 1 variables can appear in hσ.

The initial set of conditions Bε consists of only two inequalities and the
number of inequalities in each successive set of conditions increases by twice
the number of enabled transitions in the respective p-marking plus 1. In the
worst case this results in 2 · |T |+1 inequalities, of which however many might
be redundant.

For a transition sequence σ of length �(σ) = n the number of variables in Bσ

is n+1. The number of inequalities in Bσ on the one hand is no greater than
(2 · |T |+1) ·n+2 · |T |. There are, however, at least (2 ·(|T |−1))+n redundant
inequalities in Bσ. Taking into account Remark 3.23 it is not difficult to see
that the number of inequalities is also no greater than (n + 1) · (n + 2).
Thus, we can summarize that the number of inequalities in Bσ is at most
min{2 · (n · |T |+ 1

)
, (n+ 1) · (n+ 2)}.

The upper bound (n + 1) · (n + 2) can be lowered to (n + 1) · (n2 + 2). The
proof of this is left to the reader, cf. also Exercise 3.3.

For long transition sequences this representation can become rather large.
We actually only use it to verify that the reduction given below fulfills the
requirements. In applications of Time Petri nets as well as in their analysis
we do not need parametric states as long as the reduced state space is finite.
This is mostly the case for real technical systems and metabolic networks
etc. In case of an infinite reduced state space parametric states are used to
study some quantitative properties of the net.

We note that in Definition 3.19 instead of requiring σ to be a firing sequence
we could allow it to be an arbitrary transition sequence. If σ is not a firing
sequence, then it holds that {zσ | Bσ} = ∅.
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The set Lσ of all solutions for x := (x0, · · · , x�(σ)) satisfying the inequalities
in Bσ is a polyhedron. The t-marking is a vector of linear functions, say
hσ(t) = ft(x), x ∈ Lσ and ft(x) is linear.

In the next example we will calculate some parametric states. We use Kσ as
a shorthand for {zσ | Bσ}.

Example 3.20 (parametric states) Let us consider the Time Petri net
Z2.

p2

[0,3]

p3

[2,4]t2t1

p1

[2,3][1,5] t4t3

2

Figure 3.3: The Time Petri net Z2

It is easy to see that

Kε = {( (0, 1, 1)︸ ︷︷ ︸
mε

, (x0, 	, 	, x0)︸ ︷︷ ︸
hε

) | {0 ≤ x0 ≤ 3}︸ ︷︷ ︸
Bε

}.

After firing the sequence σ = t4 the net Z2 is in a state belonging to Kσ = Kt4.

Kt4 = {( (1, 1, 0)︸ ︷︷ ︸
mt4

, (x0 + x1, 	, x1, 	)︸ ︷︷ ︸
ht4

) | {2 ≤ x0 ≤ 3, x0 + x1 ≤ 5, 0 ≤ x1 ≤ 4}︸ ︷︷ ︸
Bt4

}.

The set of conditions Bt4 is the union of the three sets

Bε,

{eft(t4) ≤ hε(t4)} = {2 ≤ x0} and
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{0 ≤ hσ(t) ≤ lft(t) | t− ≤ mσ} = {x0 + x1 ≤ 5, 0 ≤ x1 ≤ 4}.
By repeatedly firing the transitions t3 and t4 we obtain the parametric states
zt4t3 and zt4t3t4 and Kt4t3 and Kt4t3t4:

Kt4t3 = {((0, 1, 1), (x0+x1+x2, 	, 	, x2)) | {
2 ≤ x0 ≤ 3, x0 + x1 ≤ 5,
2 ≤ x1 ≤ 4, x0 + x1 + x2 ≤ 5,
0 ≤ x2 ≤ 3

} },

Kt4t3t4 = {((1, 1, 0), (x0+x1+x2+x3, 	, x3, 	)) | {

2 ≤ x0 ≤ 3,
2 ≤ x1 ≤ 4,
2 ≤ x2 ≤ 3,
0 ≤ x3 ≤ 4,
x0 + x1 ≤ 5,
x0 + x1 + x2 ≤ 5,
x0 + x1 + x2 + x3 ≤ 5

} }.

As mentioned above, parametric states can also be seen as representing sets
of reachable states. They can be regarded as dividing the state space into
overlapping classes of states. We now define by induction the notion of a
state class which is also a set of states reachable by firing.

Definition 3.21 (state class)

Let Z = (P, T, F, V,mo, I) be a TPN and σ a feasible transition sequence.
The state class Cσ of σ is defined as follows:

Basis: Cε := {z | ∃τ(τ ∈ R+
0 ∧ z0

τ−→ z)}

Step: If Cσ is already defined then Cσt is derived from Cσ by firing t

(denoted by Cσ
t−→ Cσt) as follows:

Cσt := {z | ∃z1∃z2∃τ(z1 ∈ Cσ ∧ τ ∈ R+
0 ∧ z1

t−→ z2
τ−→ z)}.
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So the state class Cε is the set of all states in Z reachable from the initial state
by elapsing of time but without firing transitions. For transition sequences
σ �= ε the class Cσ contains all states that are reachable by firing any feasible
runs of σ.

The next corollary directly follows from Definitions 2.11, 3.19 and 3.21:

Corollary 3.22 For every Time Petri net Z and for every firing sequence
σ it holds that:

(i) RSZ =
⋃
σ

Cσ, i.e., the state space of Z is the union of all state classes.

(ii) {zσ | Bσ} = Cσ .

The corollary also holds for every transition sequence in Z. As noted before,
the set {zσ | Bσ} = Cσ is empty for any transition sequence which is not a
firing sequence in Z.

Let (zσ, Bσ) be a parametric state. We want to examine the structure of
the inequalities in the set of conditions Bσ and the structure of the linear
functions (sums) hσ(t). Each set of conditions is also a system of linear
inequalities where all coefficients of variables are 0 or 1. For the sake of
simplicity, we will say that a variable appears in an inequality or a sum, if
its coefficient is 1.

Remark 3.23 Let Z be a Time Petri net, σ a firing sequence in Z and
(zσ, Bσ) with zσ = (mσ, hσ) a parametric state reached after firing σ. Fur-
thermore let �(σ) = n and x = (x0, · · · , xn). Then it holds that:

(i) If t is enabled in mσ then the variable xn appears in hσ(t).

(ii) If t is enabled in mσ and hσ(t) = xi + · · · + xj with i ≤ j then every
variable xk with i ≤ k ≤ j appears in the sum hσ(t).

(iii) If the transitions t1 and t2 are enabled in mσ then either each variable
appearing in hσ(t1) also appears in hσ(t2) or vice versa.

(iv) If g(x) ≤ r is an inequality in Bσ and the variables xi and xj with i ≤ j
appear in g(x) then every variable xk with i ≤ k ≤ j also appears in
g(x).
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Proof:

(i) The claim follows immediately from Definition 3.19.

(ii) This property can easily be proved by induction on j − i.

So, according to (i) hσ(t) has the form:

hσ(t) = xn−k + xn−(k−1) + · · ·+ xn−(k−k)

= xn−k + xn−(k−1) + · · ·+ xn

for some k ∈ {0, 1, · · · , n}.
(iii) Now, for transitions t1 and t2 enabled in mσ (i) and (ii) lead to:

hσ(t1) = xn−k + xn−(k−1) + · · ·+ xn−(k−k)

= xn−k + xn−(k−1) + · · ·+ xn and

hσ(t2) = xn−l + xn−(l−1) + · · ·+ xn−(l−l)

= xn−l + xn−(l−1) + · · ·+ xn.

If k ≤ l then all variables appearing in hσ(t1) also appear in hσ(t2). If l ≤ k
then all variables appearing in hσ(t2) also appear in hσ(t1).

(iv) Induction on n gives that for each inequality g(x) ≤ r in Bσ there exist
subsequences σ1 and σ2 of σ with σ = σ1σ2 such that g(x) = hσ1(t) for
some transition t ∈ T . Thereafter, taking into account (i), claim (iv) follows
immediately.

The following Theorem 3.26 states a fundamental property of Time Petri
nets, namely that each p-marking reached with an arbitrary feasible run is
also reachable with a feasible run where the values of all elapsed times are
natural numbers (integers). For such a run all intermediate states reached
during the execution of the run are also “integer-states”, i.e., the clock of
each enabled transition in each intermediate state shows a natural number.
These states play a crucial role in our reduction and the analysis of the state
space. We will show that they carry most of the net properties: dynamic as
well as static and qualitative as well as quantitative.

Definition 3.24 (integer-state) In a Time Petri net a state z = (m,h)
is called an integer-state if for every transition t enabled in m it holds that
h(t) ∈ N.
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Definition 3.25 (integer-run) In a Time Petri net a run σ(τ) with σ =
t1 · · · tn and τ = τ0 · · · τn is called an integer-run if for every i = 0, · · · , n it
holds that τi ∈ N.

The notation RISZ stands for the set of all reachable integer-states in Z.

Before we go on we declare the following notations: Let X be a set of vari-
ables and let β be an assignment of those variables to non-negative real
numbers, i.e., β : X −→ R+

0 . Let x = (x1, · · · , xn) be a vector of variables
from X. Then β(x) stands for the vector of the non-negative real numbers
(β(x1), · · · , β(xn)). Furthermore, we denote the value of the linear function
g(x) = xi1 + · · ·+xik under the assignment β by �g(x)�β. Finally, s(c) stands
for the variable part of an inequality c. Hence, the inequality c : g(x) ≤ k is
satisfied by β if �s(c)�β ≤ k.

Theorem 3.26 (Main theorem) Let Z = (P, T, F, V,m0, I) be a Time
Petri net, σ a transition sequence of length n, with z0

σ−→ (zσ, Bσ), zσ =
(mσ, hσ), �(σ) = n and Xσ := {x0, x1, . . . , xn}. Furthermore let σ(β̂(x)) with
β̂ : Xσ −→ R+

0 be a feasible run of σ. Then there exists an assignment
β∗ : Xσ −→ N for which the following holds:

(1) σ(β∗(x)) is also a feasible run of σ in Z,

(2) for each transition t enabled in mσ it holds that �hσ(t)�β∗ ≤ �hσ(t)�β̂,

(3) the total duration of the run σ(β∗(x)) is at most the total duration of

the run σ(β̂(x)), i.e.,
� n∑

k=0

xk

�
β∗ ≤

� n∑
k=0

xk

�
β̂
.

(1) tells us that the feasible run σ(β∗(x)) will be an integer-run. (2) states
that after firing the run σ(β∗(x)) the clock of each enabled transition shows
a time that is at most the time shown after firing the run σ(β̂(x)). Finally,
(3) says that by firing σ(β∗(x)) the final p-marking will not be reached any
later than by firing the original run σ(β̂(x)).

In the proof of (2) we will additionally show that

0 ≤ �hσ(t)�β̂ − �hσ(t)�β∗ < 1.
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This means that if a state is reachable in a Time Petri net then the corre-
sponding “rounded-down” state is reachable as well.

The assignment β∗ described in the theorem is not uniquely determined, but
the construction given here will define a unique assignment β∗. Also we can
always easily find an assignment β∗ such that

0 ≤ � n∑
k=0

xk

�
β̂
− � n∑

k=0

xk

�
β∗ < 1.

Therefore we can add the redundant inequality 0 ≤ x0 + x1 + . . .+ xn to Bσ.
This ensures that the total duration of the run σ(β∗(x)) is the rounded-down
total duration of the original run σ(β̂(x)). Note that this does not mean that
the value of each elapsed time between two successive firings in β∗(xi) is the
rounded-down value of the respective time in β̂(xi) – for some i it might hold
that β∗(xi) = �β̂(xi)�. We recommend considering Exercise 3.4 at this point.

Idea of the proof:
In n+ 1 steps the non-negative integer values β∗(x0), β

∗(x1), . . . , β
∗(xn) will

explicitly be constructed from the values β̂(x0), β̂(x1), . . . , β̂(xn). In each
step we will define a new intermediate assignment from the previous one by
rounding down or up exactly one value β̂(xi).

We first assign a natural number to the variable xn, then to xn−1, etc. In the
last step the value β̂(x0) is rounded.

The algorithm starts (in the second step of the recursive definition) by round-
ing down β̂(xn). Thereafter, depending on the inequalities in Bσ the algo-
rithm continues rounding the other values down or up.

Definition 3.27 (Construction of β∗) Let Xσ := {x0, x1, . . . , xn} be the
set of all variables appearing in Bσ. We define by induction a finite sequence
of assignments βi : Xσ −→ R+

0 :

Basis: β0 : Xσ −→ R+
0 with β0(x) := β̂(x) for all x ∈ Xσ.

Step: Assume that βi−1 is already defined. In the construction of βi

we use the following function:

βi(x) :=

{
βi−1(x) if x �= xn−(i−1)

�βi−1(x)� otherwise
.
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We now define βi : Xσ −→ R+
0 by

βi(x) :=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
βi−1(x) if x �= xn−i+1

�βi−1(x)� if x = xn−i+1 ∧
∀c(c ∈ Bσ → ��s(c)�β0� − 1 < �s(c)�βi

)

�βi−1(x)� otherwise

.

The construction defines the first assignment β0 to be the original assign-
ment β̂, i.e., in the 0-th step it sets β0 := β̂. The assignment β1 is then
obtained from β0 by rounding down the value β0(xn). β2 is obtained from β1

by rounding the value β1(xn−1). In general, assignment βi is obtained from
βi−1 by rounding the value βi−1(xn−(i−1)). For each i the value of xn−(i−1)

is rounded down only if for all inequalities c in Bσ the value of the variable
part of the inequality under the assignment βi , i.e., the value �s(c)�βi

is
larger than ��s(c)�β0� − 1. Otherwise the algorithm sets βi−1(xn−(i−1)) :=
�βi−1(xn−(i−1))�. Hence, for every assignment βi and each inequality c in
Bσ it holds that the value �s(c)�βi

lies within the interval ( ��s(c)�β0� −
1 , ��s(c)�β0� + 1 ). Fig. 3.4 illustrates for an arbitrary inequality c in Bσ

the position of the five numbers that are of relevance here.

�

�

��s(c)�β0� − 1 ��s(c)�β0�+ 1

��s(c)�β0���s(c)�β0�

�s(c)�β0

Figure 3.4: Position of the real number �s(c)�β0 and the integers ��s(c)�β0�−1,
��s(c)�β0�, ��s(c)�β0� and ��s(c)�β0�+ 1.

We can summarize that for all i with 0 ≤ i ≤ n+1 and all variables xk with
0 ≤ k < n− (i− 1) it holds that

βi(xk) = βi−1(xk) = . . . = β0(xk) (1)

and for all such i and variables xk with n ≥ k ≥ n− (i− 1)

βi(xk) = βi+1(xk) = . . . = βn+1(xk). (2)
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Furthermore, if β0(xn−(i−1)) is already an integer, then the algorithm leaves
the value for xn−(i−1) unaltered in all the assignments, since for any integer
k, k = �k� = �k�.
Obviously the values βn+1(x0), βn+1(x1), . . . , βn+1(xn) are all integers. Thus,
we can define β∗ as follow:

β∗(xj) := βn+1(xj) for all j = 0, 1, . . . , n.

The following table gives an idea of how β∗ is successively constructed from β̂.
In every new assignment βi the value of only one variable is changed and this
process handles all variables in reverse order. Therefore the rounded value
of each variable first appears on the diagonal of the table. This is indicated
by printing the corresponding value in bold. This diagonal separates the
table into the upper left-hand half with values that are still arbitrary reals
indicated by r (the different variables in one row of course generally do not
have the same value) and the bottom right-hand half with natural numbers
indicated by k. Whereas all values in one row might be different, the column
associated with a variable xi contains at most two different values, and only
one if β̂(xi) is already a natural number.

β β(x0) β(x1) · · · β(xn−i) β(xn−(i−1)) · · · β(xn−1) β(xn)

β̂ := β0 r r · · · r r · · · r r
β1 r r · · · r r · · · r k
β2 r r · · · r r · · · k k
...

...
...

βi r r · · · r k · · · k k
...

...
...

βn r k · · · k k · · · k k
β∗ := βn+1 k k · · · k k · · · k k

Figure 3.5: The successive construction of the assignment β∗ from β̂.

The three assertions about the assignments βi, i = 0, . . . , n + 1 in the next
lemma are proved by induction on i. They are then used in turn in the proof
of Theorem 3.26.
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Lemma 3.28 For all i ∈ {0, 1, . . . , n+ 1} it holds that:

(a) ∀c (c ∈ Bσ → �s(c)�βi
∈ ( ��s(c)�β0� − 1 , ��s(c)�β0�+ 1 ) ),

(b) ∀t (t ∈ T ∧ t− ≤ mσ → �hσ(t)�βi
≤ �hσ(t)�β0),

(c)
� n∑

k=0

xk

�
βi
≤ � n∑

k=0

xk

�
β0
.

Proof:

Induction on i.

Basis: i = 0

For i = 0, all three assertions are trivially true.

Step: We assume that the assertions (a), (b) and (c) hold for 1, . . . , i, and now
prove them for i+ 1.

If βi(xn−i) ∈ N, then βi+1 = βi and thus all assertions follow immediately
from the induction hypothesis.

Therefore, we assume that βi(xn−i) is not an integer. According to the defi-
nition of βi+1 there are only two possible values that βi+1(xn−i) can take:

Case 1: βi+1(xn−i) = �βi(xn−i)�
Hence, it holds that:

βi+1(x) ≤ βi(x) for all x ∈ Xσ. (3)

For (a): Let b be any inequality in Bσ. If xn−i does not appear in s(b),
then �s(b)�βi+1

= �s(b)�βi
, and assertion (a) follows from the induction

hypothesis. Hence, assume that xn−i appears in s(b).

Since βi+1(x) ≤ βi(x) for each x ∈ Xσ, it is evident that

�s(b)�βi+1
≤ �s(b)�βi

. (4)
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By the induction hypothesis, �s(b)�βi
< ��s(b)�β0�+1 , so the previous

inequality (4) becomes

�s(b)�βi+1
< ��s(b)�β0�+ 1. (5)

As βi+1(xn−i) has been set to �βi(xn−i)�, the corresponding criterion in
the definition of βi+1

∀c(c ∈ Bσ → ��s(c)�β0� − 1 < �s(c)�βi+1
)

is fulfilled. Since βi+1 = βi+1, it follows for the inequality b that:

��s(b)�β0� − 1 < �s(b)�βi+1
(6)

and because b has been chosen arbitrarily, the inequalities (5) and (6)
together complete the induction step for assertion (a) in this case.

For (b): It follows from the inequality (3) that for each transition t
enabled in mσ

�hσ(t)�βi+1
≤ �hσ(t)�βi

and because we know from the induction hypothesis that

�hσ(t)�βi
≤ �hσ(t)�β0

assertion (b) is proved in this case.

For (c): The inequality (3) and the induction hypothesis

� n∑
k=0

xk

�
βi
≤ � n∑

k=0

xk

�
β0

instantaneously yield
� n∑
k=0

xk

�
βi+1

≤ � n∑
k=0

xk

�
β0
,

i.e., (c) holds.

Case 2: βi+1(xn−i) = �βi(xn−i)�
i.e., Bσ contains an inequality c̃ such that

�s(c̃)�βi+1
≤ ��s(c̃)�β0� − 1 (7)

and xn−i thus appears in c̃.

It also holds in this case that:

βi(x) ≤ βi+1(x) for all x ∈ Xσ. (8)



58 CHAPTER 3. TIME PETRI NETS

For (a):

Let b be any inequality in Bσ. Then it holds that:

��s(b)�β0� − 1 < �s(b)�βi
ind. hypothesis

≤ �s(b)�βi+1
because of (8) (9)

On the other hand, it is true for the formula c̃ that:

�s(c̃)�βi+1
= �s(c̃)�βi

− βi(xn−i) + βi+1(xn−i)

= �s(c̃)�βi
− βi(xn−i) + �βi(xn−i)�

= �s(c̃)�βi
− βi(xn−i) + �βi(xn−i)�+ 1

= �s(c̃)�βi+1
+ 1

≤ ��s(c̃)�β0� because of (7)

i.e.,

�s(c̃)�βi+1
≤ ��s(c̃)�β0� (10)

and therefore �s(c̃)�βi+1
≤ �s(c̃)�β0 . (11)

Because of (9) and (10) assertion (a) holds for the formula c̃.

We still need to determine that for every b in Bσ

�s(b)�βi+1
< ��s(b)�β0�+ 1. (12)

So let us suppose that there is at least one inequality b̃ in Bσ that does
not satisfy (12), i.e.,

�s(b̃)�βi+1
≥ ��s(b̃)�β0�+ 1. (13)

This in particular implies

�s(b̃)�βi+1
≥ �s(b̃)�β0 + 1. (14)

Let jc̃ and kc̃ be the minimal and maximal variable indices appearing
in s(c̃), respectively. Based on Remark 3.23(iv) it is clear that
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s(c̃) = xjc̃ + xjc̃+1 + . . .+ xn−i + xn−(i−1) + . . .+ xkc̃ . (15)

Similarly, let jb̃ and kb̃ be the minimal and maximal variable indices
appearing in s(b̃), respectively. Then s(b̃) has the form:

s(b̃) = xjb̃
+ xjb̃+1 + . . .+ xn−i + xn−(i−1) + . . .+ xkb̃

. (16)

Hence, it holds for the indices n− i, kc̃ and kb that:

n− i ≤ kc̃ and n− i ≤ kb̃ ,

i.e., n− kc̃ < i+ 1 and n− kb̃ < i+ 1. (17)

The kind of values of the variables - reals or integers - under the as-
signments β0 and βi+1 are:

βi+1(xjc̃) · · · βi+1(xn−(i+1))︸ ︷︷ ︸
βi+1 = β0

↑ ↑
real real

βi+1(xn−i) · · · βi+1(xkc̃)︸ ︷︷ ︸
βi+1 �= β0

↑ ↑
integer real

(18)

According to the definition of β∗ the assignment βi+1 changes the value
of the variable xn−i and for every r with −1 ≤ r ≤ n−1 the assignment
βn−r changes the value of xr+1.

Hence, according to (15), we may rewrite (11) as

(βi+1(xjc̃)− β0(xjc̃))+

(βi+1(xjc̃+1)− β0(xjc̃+1)) + . . .+

(βi+1(xn−i)− β0(xn−i)) + (βi+1(xn−i+1)− β0(xn−i+1)) + . . .+

(βi+1(xkc̃)− β0(xkc̃)) ≤ 0.

(19)

and according to (18), this may be rewritten as

(βi+1(xn−i)− β0(xn−i)) + (βi+1(xn−i+1)− β0(xn−i+1)) + . . .+

(βi+1(xkc̃)− β0(xkc̃)) ≤ 0.
(20)

Similarly, (14) and (16) yield
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(βi+1(xn−i)− β0(xn−i)) + (βi+1(xn−i+1)− β0(xn−i+1)) + . . .+

(βi+1(xkb̃
)− β0(xkb̃

)) ≥ 1.
(21)

We now consider the relationship between the two maximal indices kc̃
and kb̃. There are three possibilities:

Case 2.1: kc̃ = kb̃
Then

1 ≤ �s(b̃)�βi+1
− �s(b̃)�β0 because of (14)

= �s(c̃)�βi+1
− �s(c̃)�β0 because of (20) and (21)

≤ 0 because of (11)

which is clearly a contradiction.

Case 2.2: kc̃ < kb̃
In this case the two terms s(c̃) and s(b̃) have the form:

s(c̃) = xjc̃ + · · · +xn−i+ · · · + xkc̃

s(b̃) = xjb̃
+ · · · +xn−i+ · · · + xkc̃ + · · · + xkb̃

.

We now consider the type of values of the variables appearing in
s(b̃) under the assignments β0, βn−kc̃ and βi+1. Because of (1) and
(2) it holds that:

s(b̃) =
β0=βn−kc̃︷ ︸︸ ︷

xjb̃
+ · · ·+ xn−i−1︸ ︷︷ ︸

βi+1 = βn−kc̃

↑ ↑
real real

xn−i + · · · + xkc̃︸ ︷︷ ︸
βi+1 �= βn−kc̃

↑ ↑
integer real

β0 �=βn−kc̃︷ ︸︸ ︷
xkc̃+1 + · · · + xkb̃︸ ︷︷ ︸
βi+1 = βn−kc̃

↑ ↑
integer integer

.(22)

Because of (22), β0 and βn−kc̃ agree on all variables with indices
at most kc̃. Hence, the inequality (20) leads to
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(βi+1(xn−i)− βn−kc̃(xn−i))+

(βi+1(xn−i+1)− βn−kc̃(xn−i+1)) + . . .+

(βi+1(xkc̃)− βn−kc̃(xkc̃)) ≤ 0.

(23)

Thus, (22) and (23) yield

�s(b̃)�βi+1
− �s(b̃)�βn−kc̃

≤ 0. (24)

But (13) and (24) then yield

�s(b̃)�βn−kc̃
≥ ��s(b̃)�β0�+ 1

which contradicts the induction hypothesis for n − kc̃, because
n− kc̃ < i+ 1 (cf. (17)).

Case 2.3: kc̃ > kb̃
Then, s(c̃) and s(b̃) have the form:

s(c̃) = xjc̃ + · · · +xn−i+ · · · + xkb̃
+ · · · xkc̃

s(b̃) = xjb̃
+ · · · +xn−i+ · · · + xkb̃

Analogously to Case 2.2 this leads to the following type of values
of the variables in s(c̃) under the assignments β0, βn−kb̃

and βn+1:

s(c̃) =
β0=βn−k

b̃︷ ︸︸ ︷
xjb̃

+ · · · + xn−i−1︸ ︷︷ ︸
βi+1 = βn−kb̃↑ ↑
real real

xn−i + · · · + xkb̃︸ ︷︷ ︸
βi+1 �= βn−kb̃↑ ↑

integer real

β0 �=βn−k
b̃︷ ︸︸ ︷

xkb̃+1 + · · · + xkc̃︸ ︷︷ ︸
βi+1 = βn−kb̃↑ ↑

integer integer

.(25)

According to (25), β0 and βn−kb̃
agree on all variables with indices

at most kb̃. Therefore inequality (21) leads to
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(βi+1(xn−i)− βn−kb̃
(xn−i))+

(βi+1(xn−i+1)− βn−kb̃
(xn−i+1)) + . . .+

(βi+1(xkb̃
)− βn−kb̃

(xkb̃
)) ≥ 1.

(26)

Hence, (26) together with (15) shows that

�s(c̃)�βi+1
− �s(c̃)�βn−k

b̃
≥ 1. (27)

But (10) and (27) then yield

�s(c̃)�βn−k
b̃
≤ ��s(c̃)�β0� − 1

which contradicts the induction hypothesis for n − kb̃, because
n− kb̃ < i+ 1 (cf. (17)).

So assumption (13) has led to contradictions in all three sub-cases.
Therefore the following inequality must hold for all b in Bσ:

�s(b)�βi+1
< ��s(b)�β0�+ 1 (28)

Thus, (9) and (28) prove assertion (a) in this case.

For (b):

Let t be a transition which is enabled after the firing of σ. If xn−i does
not appear in hσ(t), then �hσ(t)�βi+1

= �hσ(t)�βi
, and �hσ(t)�βi+1

≤ �hσ(t)�β0

follows from the induction hypothesis. Therefore, assume that xn−i does
appear in hσ(t).

According to Remark 3.23.(i) (applied to hσ), the variable xn appears in
every component of hσ which is not 	. Together with Remark 3.23.(ii), this
implies that there is an index jt such that

hσ(t) = xjt + xjt+1 + . . .+ xn−i + xn−(i−1) + . . .+ xn. (29)

Because of (22), βi+1 and βn−kc̃ agree on all variables with indices smaller
than n− i and on all variables with indices greater than kc̃.

Hence, (23) together with (29) shows that

�hσ(t)�βi+1
− �hσ(t)�βn−kc̃

≤ 0. (30)
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Using the induction hypothesis for n− kc̃, (30) yields

�hσ(t)�βi+1
≤ �hσ(t)�β0 .

Since t was chosen arbitrarily, the assertion (b) is also proved in this case.

For (c):

Again, because of (22), βi+1 and βn−kc̃ agree on all variables with indices
smaller than n− i, and on all variables with indices greater than kc̃ it follows
from (23) that

� n∑
k=0

xk

�
βi+1

≤ � n∑
k=0

xk

�
βn−kc̃

. (31)

And by the induction hypothesis for n− kc̃

� n∑
k=0

xk

�
βn−kc̃

≤ � n∑
k=0

xk

�
β0

which, together with the inequality (31), proves the third assertion (c):

� n∑
k=0

xk

�
βi+1

≤ � n∑
k=0

xk

�
β0
.

With this Lemma 3.28 is proved. �

Proof of Theorem 3.26:

With β∗ := βn+1 assertion (2) of Theorem 3.26 is the same as (b) of Lemma
3.28 and (3) of Theorem 3.26 is the same as (c) of Lemma 3.28.

So in order to prove item (1) of Theorem 3.26 we now show that the values
β∗(x0), . . . . . . , β

∗(xn) satisfy all inequalities in Bσ.

Thus, let c be an arbitrary inequality in Bσ. Since β∗(xi), i = 0, . . . , n are
integers it is clear that �s(c)�β∗ is also an integer. Assertion (a) from Lemma
3.28 implies that

�s(c)�β∗ ∈ ( ��s(c)�β0� − 1 , ��s(c)�β0�+ 1 ).
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But the only integers in the interval ( ��s(c)�β0� − 1 , ��s(c)�β0� + 1 ) are
��s(c)�β0� and ��s(c)�β0�. This means that

�s(c)�β∗ = ��s(c)�β0� or �s(c)�β∗ = ��s(c)�β0�. (32)

The inequality c has the form s(c) ≤ k or k ≤ s(c) for some integer k (more
precisely: According to the definition of Bσ, k is 0 or eft(t) or lft(t) for some
transition t in the considered Time Petri net).

We now first consider the case that c has the form s(c) ≤ k. Since the first
assignment β̂ defines a feasible run, all inequalities in Bσ are satisfied by the
values β̂(xi), xi for all i = 0, · · · , n. It follows that

�s(c)�β0 ≤ k,

which implies

��s(c)�β0� ≤ �k�
= k.

Thus, (32) leads to

�s(c)�β∗ ≤ k,

which means that the natural numbers β∗(x0), . . . , β
∗(xn) fulfill the inequality

c.

If c has the form k ≤ s(c) we can similarly prove that the natural numbers
β∗(x0), . . . , β

∗(xn) fulfill c.

Since c was chosen arbitrarily, β∗ satisfies all conditions in Bσ, so the state-
ment (1) and hence Theorem 3.26 is proved. �

In the following example we demonstrate how a feasible run with only integer
times elapsing between firings is constructed from an arbitrary feasible run.
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Example 3.29 Consider the Time Petri net Z3

p3

[0,2]

p4

[1,4]t2t1

p1

[3,6][0,2]t4 t3 [0,5]t6

2

[4,5]

t5

p2

2

p5

3

2

Figure 3.6: The Time Petri net Z3

and the transition sequence σ = t1t3t4t2t3. The run

σ(τ) := z0
0.7−→ t1−→ 0.0−→ t3−→ 0.4−→ t4−→ 1.2−→ t2−→ 0.5−→ t3−→ 1.4−→ z

is feasible in Z3. The elapsed times are τ = ( 0.7, 0.0, 0.4, 1.2, 0.5, 1.4 ).

For the transition sequence σ the parametric run σ(x) has the form σ(x) =
(x0, t1, x1, t3, x2, t4, x3, t2, x4, t3, x5) and we obtain the parametric state (zσ, Bσ)
with zσ = (mσ, hσ) with

mσ = (1, 2, 2, 1, 1),

hσ =

⎛⎜⎜⎜⎜⎜⎜⎝
x4 + x5

x5

x5

x5

x0 + x1 + x2 + x3 + x4 + x5

	

⎞⎟⎟⎟⎟⎟⎟⎠ and
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Bσ =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

0 ≤ x0, x0 ≤ 2, x0 + x1 + x2 ≤ 5,
0 ≤ x1, x2 ≤ 2, x2 + x3 ≤ 5,
0 ≤ x2, x3 ≤ 2, x0 + x1 + x2 + x3 ≤ 5,
1 ≤ x3, x4 ≤ 2, x0 + x1 + x2 + x3 + x4 ≤ 5,
0 ≤ x4, x5 ≤ 2, x0 + x1 + x2 + x3 + x4 + x5 ≤ 5,
0 ≤ x5, x0 + x1 ≤ 5, x4 + x5 ≤ 2

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
.

Omitting all redundant inequalities from Bσ (18 inequalities) we obtain a
smaller system of inequalities (11 inequalities) with the same solution set.
Thus, instead of Bσ we consider the following system without redundant in-
equalities:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

0 ≤ x0, x0 ≤ 2,
0 ≤ x1, x2 ≤ 2,
0 ≤ x2, x3 ≤ 2,
1 ≤ x3, x0 + x1 + x2 + x3 + x4 + x5 ≤ 5,
0 ≤ x4, x4 + x5 ≤ 2,
0 ≤ x5

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
.

We obtain the first assignment β̂ for the variables x0, x1, x2, x3, x4, x5 from
τ , i.e., β̂(x0) = 0.7, β̂(x1) = 0.0, β̂(x2) = 0.4, β̂(x3) = 1.2, β̂(x4) = 0.5,
β̂(x5) = 1.4. In seven steps we now recursively compute the values β∗(xi) =
β6(xi) from the values β0(xi) := β̂(xi). Here it depends on the intervals
( ��s(c)�β0�−1 , ��s(c)�β0�+1 ) for all c ∈ Bσ

4 whether the value of a variable
is rounded up or down.

For instance, for the inequality c = x0+x1+x2+x3+x4+x5 ≤ 5 the interval
( ��s(c)�β0� − 1 , ��s(c)�β0� + 1 ) is (3, 6), for c = x4 + x5 ≤ 2 the interval is
(0, 3), and for c = x0 ≤ 2 the interval is (−1, 2) which is also the interval for
the inequality c = 0 ≤ x0.

Note that the assignments βi for 1 < i < n + 1 might not define solutions
for the whole set of inequalities Bσ. Only β̂ and β∗ are guaranteed to define
solutions for Bσ.

4As mentioned above, it is sufficient to consider only the system of non-redundant
inequalities in Bσ.
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In the next table I the recursive construction of integer values for x0, x1, x2, x3,
x4, x5 according to Theorem 3.26 is shown. Since hσ(t2) = hσ(t3) = hσ(t4)
only hσ(t2) of the three is shown in the table.

I x0 x1 x2 x3 x4 x5 hσ(t1) hσ(t2) hσ(t5)

β̂ = β0 0.7 0.0 0.4 1.2 0.5 1.4 1.9 1.4 4.2
β1 0.7 0.0 0.4 1.2 0.5 1 1.5 1.0 3.8
β2 0.7 0.0 0.4 1.2 0 1 1.0 3.3
β3 0.7 0.0 0.4 1 0 1 3.1
β4 0.7 0.0 1 1 0 1 3.7
β5 0.7 0 1 1 0 1 3.7

β∗ = β6 1 0 1 1 0 1 4.0

Thus, we obtain the feasible run σ(τ ∗1 ) in Z3 with

σ(τ ∗1 ) := z0
1−→ t1−→ 0−→ t3−→ 1−→ t4−→ 1−→ t2−→ 0−→ t3−→ 1−→ z.

Furthermore, it holds that z = (m,h) := (mσ, β
∗(hσ)), i.e., h = (1, 1, 1, 1, 4, 	).

We now state one of the most important properties of Time Petri
nets which follows from Theorem 3.26:

Remark 3.30 Let m∗ be an arbitrary reachable p-marking in a Time Petri
net Z. Then, m∗ is reachable in Z with a feasible integer-run. The state
z = (m,h) with m = m∗, reached after firing this run, is an integer-state.

Corollary 3.31 Let z = (m,h) be an arbitrary reachable state in a Time
Petri net Z. Then the state z := (m, �h�) is also reachable in Z.

Proof: It follows immediately from Theorem 3.26 together with Lemma
3.28.(a) that z := (m, �h�) is a reachable state in Z. �

The next theorem is a counterpart to Theorem 3.26:
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Theorem 3.32 Let Z = (P, T, F, V,m0, I) be a Time Petri net, σ a tran-
sition sequence of length n with z0

σ−→ (zσ, Bσ), zσ = (mσ, hσ), and Xσ =
{x0, x1, . . . , xn}. Furthermore let σ(β̂(x)) with β̂ : Xσ −→ R+

0 be a feasible
run of σ. Then, there exists an assignment β∗ : Xσ −→ N for the variables
such that:

(1) σ(β∗(x)) is also a feasible run of σ in Z,

(2) for each transition t enabled in mσ it holds that �hσ(t)�β∗ ≥ �hσ(t)�β̂,

(3) the total duration of the run σ(β∗(x)) is no smaller than the total du-

ration of the run σ(β̂(x)), i.e.,
� n∑

k=0

xk

�
β∗ ≥

� n∑
k=0

xk

�
β̂
.

The construction of the assignment β∗ is “dual” to the construction of β∗ for
Theorem 3.265: We define the assignment β1 by rounding up and continue
to round up unless the value of an inequality c in Bσ would thereby become
larger than ��s(c)�β0�+ 1, in which case we round down. To prove Theorem
3.32 we would state a lemma which is a counterpart to Lemma 3.28. However
we abstain from a proof here because it is similar to the proof of Theorem
3.26.

Example 3.33 Let us again consider the Time Petri net Z3, the transition
sequence σ and the feasible run σ(τ) from Example 3.29.

In the following table the recursive construction of integer values for x0, x1, x2,
x3, x4, x5 in σ(x) = x0t1x1t3x2t4x3t2x4t3x5 according to T heorem 3.32 is
shown.

II x0 x1 x2 x3 x4 x5 hσ(t1) hσ(t2) hσ(t5)

β̂ = β0 0.7 0.0 0.4 1.2 0.5 1.4 1.9 1.4 4.2
β1 0.7 0.0 0.4 1.2 0.5 2 2.5 2.0 4.8
β2 0.7 0.0 0.4 1.2 0 2 2.0 4.3
β3 0.7 0.0 0.4 2 0 2 5.1
β4 0.7 0.0 1 2 0 2 5.7
β5 0.7 0 1 2 0 2 5.7

β∗ = β6 0 0 1 2 0 2 5.0

5cf. Exercise 3.5



3.4. STATE SPACE REDUCTION 69

We obtain the feasible run σ(τ ∗2 ) in Z3:

σ(τ ∗2 ) := z0
0−→ t1−→ 0−→ t3−→ 1−→ t4−→ 2−→ t2−→ 0−→ t3−→ 2−→ z

for the integer-state z = (m,h) = (mσ, β
∗(h)) with h = (2, 2, 2, 2, 5, 	).

The next corollary now follows immediately:

Corollary 3.34 Let z = (m,h) be an arbitrary reachable state in a Time
Petri net Z. Then the state z := (m, �h�)is also reachable in Z .

Combining Corollaries 3.31 and 3.34 we obtain a necessary condition for the
reachability of a state in a Time Petri net:

Remark 3.35 (A necessary reachability condition)
Let z be an arbitrary reachable state in a Time Petri net Z. Then, the states
z and z are also reachable in Z.

In other words, if at least one of the integer-states z or z is not reachable in
Z then z is not reachable in Z either.

But, as we will see in the next example, this condition is not sufficient.

Example 3.36 Let us consider the Time Petri net Z4 in Fig. 3.7 and the
state z∗ = (m∗, h∗) with m∗ = (0, 1, 1, 0, 1, 0) and h∗ = (	, 1.2, 1.5, 	, 	, 0.3).

The states �z∗� = (m∗, (	, 1, 1, 	, 	, 0)) and �z∗� = (m∗, (	, 2, 2, 	, 	, 1)) are
respectively reachable in Z4 through

z0
0 t1 1 t4−−−−−→ �z∗�

and

z0
0 t1 1 t4 1−−−−−−→ �z∗�.

The state z∗ on the other hand is not reachable in Z, because the transitions
t2 and t3 are always enabled together and therefore the time since their last
enabling is always the same, i.e., as long as they are both enabled their clocks
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p1 p3 t3

t2
p2

t5

t6

t1

p4 p5

[0,0] [2,4]

t4

[1,5]

[1,3] [0,5]

p6

[0,0]

3

Figure 3.7: The Time Petri net Z4

always show the same time.

We give another easy example with the next small Time Petri net Z4A in
Fig. 3.8.

t1

p1

t2[0,1] [0,1]

Figure 3.8: The Time Petri net Z4A

It is clear that the integer-states z1 =
(
(1), (0, 0)

)
and z2 =

(
(1), (1, 1)

)
are

reachable in Z4A and the state z∗ =
(
(1), (0.2, 0.3)

)
is not reachable in Z4A.

Note that �z∗� = z1 and �z∗� = z2.

We can now easily prove the next property which together with Theorems
3.26 and 3.32 is of fundamental importance for the analysis of Time Petri
nets.
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In the following we will call a Time Petri net finite, if for every transition t
in the net lft(t) is a natural number (and not ∞).

Theorem 3.37 Let Z be a finite Time Petri net. Then the set RISZ of all
reachable integer-states in Z is finite if and only if the set RZ of all reachable
p-markings in Z is finite.

Proof:

(=⇒)

Let the set RISZ be finite. According to Theorem 3.26 there exists a reach-
able integer-state z̃ = (m̃, h) ∈ RISZ for each reachable p-marking m̃ in Z.
It is clear that for two different p-markings m̃1 and m̃2 there are also two
different integer-states z̃1 und z̃2, i.e., the set RISZ has at least as many ele-
ments as RZ . Because we assumed that RISZ is finite it follows immediately
that RZ is finite, too.

(⇐=)

Let the set RZ of all reachable p-markings in Z be finite. Let m′ be an
arbitrary p-marking in RZ . Because Z is finite, the set

Hm′ := { (h(t) ) ∈ (N ∪ {	} )|T | |
(h(t) ∈ ( [ 0 , lft(t) ] ∩ N ) , if t− ≤ m′) ∧

(h(t) = 	 , if t− �≤ m′ ) }
of all integer-t-markings in Z suitable for m′ is finite, too, because for each
transition t ∈ T the set [ 0 , lft(t) ] ∩ N is finite. Hence, the set

HRm′ := { (h(t) ) ∈ (N ∪ {	} )|T | | ∃z ( z = (m′, h) ∧ z reachable in Z)}
which is a subset of Hm′ is finite as well. Therefore the set

Zm′ := {z = (m′, h′) | h′ ∈ HRm′}
is also finite. Furthermore, because of Theorem 3.26 it holds that:

RISZ =
⋃

m∈RZ

Zm.

Thus, RISZ is a finite union of finite sets and therefore is finite itself. �
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3.5 Reachability Graphs for Finite

Time Petri Nets

In general, the state space of a Time Petri net can be infinite. Every state is
a pair of two tuples, the p-marking with only natural numbers as components
and the t-marking with its arbitrary non-negative real number components.
In the previous section we have proved that in order to decide the reachability
of a p-marking it is sufficient to take into account only integer-states. This
does not mean that reachability in Time Petri nets is decidable. But it
tells us that the integer-states contain sufficient information for studying
this problem which is central in the analysis of any kind of Petri net. In this
section we define reachability graphs of finite Time Petri nets. As the integer-
states carry all necessary information about reachability we will define the
vertices of such a graph to be the integer-states of the Petri net and there
will be a directed edge from such a vertex z1 to the vertex z2 if the state z1
can change into z2 by firing a single transition or by elapsing of time in the
net. The edge from z1 to z2 is labeled with the transition being fired or the
natural number denoting the amount of elapsed time, respectively.

It is clear that such a graph is infinite for any net where at least one transition
t has no latest firing time, i.e., lft(t) = ∞. However, assuming the latest
firing time of every transition in the considered net is a natural number we
can conclude with Proposition 3.37 that the graph is finite if and only if
the set of all p-markings reachable in the considered net is finite. We will
consistently generalize the notion reachability graph to arbitrary Time Petri
nets in the next section.

We will furthermore see that the integer-states provide sufficient information
for studying not only reachability in a Time Petri net but also liveness,
reversibility, and more or less all qualitative properties. They also enable
us to answer some quantitative questions, for example about the earliest or
latest possible time for reaching a certain p-marking or state. We will discuss
such quantitative problems later in this chapter.

In the following definition we recursively define the reachability graph of a
Time Petri net.

Definition 3.38 (reachability graph) Let Z = (P, T, F, V,m0, I) be a fi-
nite Time Petri net. The reachability graph of Z RGZ := (W,E, T ∪ {1})
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is the directed graph with edge labels with set of vertices W , set of edges E
and edge labels from T ∪ {1} defined by the following algorithm:

Basis: W := {z0}, E := ∅.

Step: For each z ∈ W :

(1) For each t ∈ T such that t is ready to fire in z compute the z′ such
that z

t−→ z′;
W := W ∪ {z′};
E := E ∪ {(z, t, z′)}.

(2) If z
1−→ is feasible in Z, then compute the z′ such that z

1−→ z′;
W := W ∪ {z′};
E := E ∪ {(z, 1, z′)}.

Referring to Theorem 3.26 and Remark 3.30 it is easily verified that:

W = RISZ .

In the following we want to reduce the reachability graph defined above. The
idea is to “fuse together” consecutive edges representing the elapse of single
time units with the transition firing after these elapses into one edge labeled
with the transition and the sum of these elapses.

Let us consider the (part of a) run

t1−→ zi
1−→ zi+1

1−→ · · · 1−→ zi+n
t2−→ zi+(n+1),

and the path in the reachability graph representing it, cf. Fig. 3.9. We are
interested in paths beginning and ending with edges labeled with transitions
of which all internal edges are labeled with 1. The vertices on the path might
of course also have other input and output edges in addition to the ones on
the path.

We will replace such a path by a shorter path similar to the one corresponding
to the following run:

t1−→ zi−n,t2−→ zi+(n+1).
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Note that the vertices zi+j for j ∈ {1, ..., n} are omitted only if they become
isolated6 when all edges of the path except for the input edge of zi are ignored.

zi zi+1 zi+n zi+(n+1)
t1 1 1 1 t2

Figure 3.9: Part of a path in the (unreduced) reachability graph

We “fuse” edges and vertices along the path into a new edge with a new
label and consider this to be a reduction because the reduced graph generally
contains fewer vertices than the original one and often also considerably fewer
edges. There are nonetheless cases where the reduction increases the number
of edges.

zi zi+1 zi+n zi+(n+1)
t1 1 1 1 t2

n, t2

Figure 3.10: Idea for the reduction of the reachability graph of a Time Petri
net: Replacing the path from Fig. 3.9

In the above example we would for instance introduce an edge from zi to
zi+(n+1) and label it with n, t2.

If however a state zi+k (for some k with 1 ≤ k ≤ n) has another predecessor
in the graph RGZ , apart from zi+k−1, or another successor state zr, apart
from zi+k+1, their edges are then labeled by transitions (cf. Fig. 3.11) and

6A vertex is isolated if it has neither input nor output edges.
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zi zi+(n+1)
t1 zi+k zi+nzi+1

1 1 1 t21 1

zj zr

t3 t4

Figure 3.11: Part of a path in the (unreduced) reachability graph with
branching vertex

we need to reduce the paths from zi+k to zi+(n+1) and from zi to zr (via zi+k)
respectively (cf. Fig. 3.12).

zi zi+(n+1)
t1 zi+k

zr

…, t3

n, t2

(n-k), t2

k, t4

Figure 3.12: The idea for reduction of the reachability graph of a Time Petri
net with branching vertex

The reduced reachability graph will be obtained by repeatedly applying this
procedure to all such paths.

The reduced reachability graph can also easily be constructed directly. An
algorithm constructing the graph is given in Definition 3.39.

Definition 3.39 (reduced reachability graph) Let Z = (P, T, F, V,m0, I)
with T = {t1, · · · , tn} be a finite Time Petri net. The reduced reachability
graph of Z, denoted by RGredu

Z , is the directed labeled graph whose set of ver-
tices W , set of edges E and edge labels from L ⊆ N × T are defined by the
following algorithm:
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begin R := {z0}; W := ∅; E := ∅;
while R �= ∅ do

Choose z=(m,h) from R; R := R− {z}; W := W ∪ {z};
if {t ∈ T | t− ≤ m} �= ∅ then

Let κ := min{lft(t)− h(t) | t− ≤ m};
for time = 0 to κ do

for i=1 to n do

if ti ready to fire in (m,h+ time) then

Let z′ be such that z−time−→ t−→ z′;

E := E ∪ {(z, [time, t], z′)};
if z′ �∈ W then R := R ∪ {z′} end;

end;

end;

end;

end;

end;

end.

In the following example we compute the reachability graph of the finite
Time Petri net Z5 and afterwards reduce it as described in Definition 3.39.
For the sake of simplicity we label edges with t instead of 0, t.

Example 3.40

Let us consider the Time Petri net Z5, given in Fig. 3.14. The reachability
graph RGZ5 is computed according to Definition 3.38. The states z0, . . . , z7
are the following:

m0 = (1, 0, 1, 0) h1 = (	, 0, 	) h5 = (1, 1, 	) z1 = (m1, h1) z5 = (m0, h5)
m1 = (0, 1, 1, 0) h2 = (	, 2, 	) h6 = (	, 3, 	) z2 = (m1, h2) z6 = (m1, h6)
m2 = (0, 1, 0, 1) h3 = (	, 	, 0) h7 = (	, 1, 	) z3 = (m2, h3) z7 = (m1, h7)
h0 = (0, 0, 	) h4 = (	, 	, 1) z0 = (m0, h0) z4 = (m2, h4)
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t1 [0,1]p1 p2

p3 p4t2

t3 [0,1]

[2,3]

Figure 3.13: The Time Petri net Z5

z0

z5

z1

z7 z6

z2 z3 z4
1

11 11

t1

t1

t2

t2

t3 t3

Figure 3.14: The reachability graph RGZ5

The reduced reachability graph RGredu
Z5

is as follows:

z0 z1 z3
t1 2, t2

1, t3
t3

1, t1 3, t2

Figure 3.15: The reduced reachability graph RGredu
Z5

From now on we will not need to deal with the complete reachability graph
of a finite Time Petri net Z and therefore we let RGZ denote the reduced
reachability graph of Z for the rest of the book.
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3.6 Reachability Graphs for Infinite

Time Petri Nets

In this section we consistently extend the notion of reachability graphs to
arbitrary Time Petri nets. The set of integer-states of an infinite Time Petri
net can clearly be infinite even if the set of reachable p-markings of the net
is finite. We will nevertheless show that for any Time Petri net there exists a
finite set of reachable states, carrying all necessary information about the net
properties (as for finite nets), if and only if the set of reachable p-markings
in the net is finite. We will eventually see that if the net is finite this set
of states is exactly the set of all reachable integer-states. This proves the
consistency with the definition of integer-states for finite Time Petri nets.

We first modify Definition 3.8, which introduced the state change by elapsing
time. For transitions with a finite lft nothing changes. For every transition
t with lft(t) = ∞ we only consider the time until eft(t). When t reaches
eft(t) we stop its clock h(t) until t becomes disabled. We will prove that a
p-marking in a Time Petri net is reachable using the modified definition if
and only if it is reachable according to the original rule.

Definition 3.41 (modified state change) Let τ be a non-negative real
number and z = (m,h) a state in the Time Petri net Z. It is possible for
time τ to elapse in the state z in Z if

∀t ( t ∈ T ∧ h(t) �= 	 −→ h(t) + τ ≤ lft(t)
)
.

The elapsing of time τ will change z into the state z′ = (m′, h′) with

1. m′ := m,

2. ∀t
(

t ∈ T −→ h′(t) :=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
	 if t− �≤ m′

eft(t) if t− ≤ m′ ∧
lft(t) = ∞ ∧
eft(t) < h(t) + τ

h(t) + τ otherwise

)
.

Recall that RZ denotes the set of all p-markings in a Time Petri net Z
that are reachable according to Definitions 3.7 (firing) and 3.8 (elapsing of
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time). We will write R′
Z for the set of all p-markings in Z that are reachable

according to Definitions 3.7 and 3.41 (modified state change).

Theorem 3.42 Let Z be a Time Petri net. Then it holds for every p-
marking m̃ in Z that:

m̃ ∈ RZ if and only if m̃ ∈ R′
Z .

Proof:

(=⇒)

Let m̃ ∈ RZ . Then there exists a firing sequence σ = t1 . . . tn and a run σ(τ)
of σ which is feasible according to Definitions 3.7 and 3.8 (original definitions
of state change) with τ = τ0τ1 . . . τn−1 and

z0
τ0−→ z′′0

t1−→ z′1
τ1−→ z′′1

t2−→ z′2
τ2−→ z′′2 . . .

τn−1−→ z′′n−1
tn−→ z′n (33)

and z′n = (m̃, h′
n).

In order to prove the assertion it suffices to show that there is a run σ(θ)
feasible according to Definitions 3.7 and 3.41 (modified state change) with
θ = θ0 . . . θn−1 and

z0
θ0−→ z∗∗0

t1−→ z∗1
θ1−→ z∗∗1

t2−→ z∗2
θ2−→ z∗∗2 . . .

θn−1−→ z∗∗n−1
tn−→ z∗n, (34)

where it holds that z∗n = (m̃, h∗
n). We will actually prove the following

stronger claim and thereby the necessity direction:

Claim 3.43 For each feasible run σ(τ) satisfying (33) there exists a feasible
run σ(θ) satisfying (34) such that:

(1) θn−1 = τn−1,

(2) m∗
n = m′

n,

(3) for all t ∈ T it holds: h∗
n(t) =

⎧⎪⎪⎨⎪⎪⎩
eft(t) if h′

n(t) �= 	 ∧
lft(t) = ∞ ∧
eft(t) < h′

n(t)
h′
n(t) otherwise
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with z′n = (m′
n, h

′
n) and z∗n = (m∗

n, h
∗
n).

This is proved by induction on the length �(σ) of σ:

Basis: �(σ) = 0

Then σ = ε and z′n = z′0 = z0 = z∗0 = z∗n. Thus the claim holds.

Step: We assume the claim be true for any firing sequence σ = t1 . . . tn
of length n and will prove that it then also holds for the firing sequence
σ = t1 . . . tntn+1.

So, let σ(τ) with τ = τ0 . . . τn be a run in Z feasible according to the
original rule. Let w := t1 . . . tn and κ := τ0 . . . τn−1. Then, σ and τ
have the form σ = wtn+1, τ = κτn and it holds that the following state
changes in Z are feasible according to the original rule:

z0
w(κ)−→ z′n

τn−→ z′′n
tn+1−→ z′n+1.

By induction hypothesis, there also exists a run

z0
w(λ)−→ z∗n

which is feasible in Z according to the modified rule and for which the
claim holds. We still have to prove that the run

z∗n
θn−→ z∗∗n

tn+1−→ z∗n+1 with θn = τn

is feasible according to the modified rule and that the claim also holds
for z′n+1 and z∗n+1

Let us consider the following two state changes in more detail:

z′n
τn−→ z′′n and (35)

z′′n
tn+1−→ z′n+1 (36)

By the induction hypothesis it holds that m′
n = m∗

n. Therefore in
the states z′n and z∗n the same transitions are enabled. Furthermore,
for each transition t enabled in m′

n, (35) together with Definition 3.8
yields
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h′
n(t) + τn ≤ lft(t).

Hence, starting in z∗n time τn can also elapse according to the modified
rule. We therefore set

θn := τn (37)

and consider the state z∗∗n with

z∗n
θn−→ z∗∗n .

It now holds that:

m′′
n = m′

n because of Def. 3.8

= m∗
n because of ind. hypothesis

= m∗∗
n because of Def. 3.41 (38)

In order to determine the t-marking h∗
n+1 we first compute the preceding

t-marking h∗∗
n . Let t be an arbitrary transition in T . We consider all

possibilities for t:

Case 1: t− �≤ m∗∗
n .

Because of (38), this is true if and only if t− �≤ m′′
n.

Hence, h∗∗
n (t) = 	 if and only if h′′

n(t) = 	.

Case 2: t− ≤ m∗∗
n .

Case 2.1: lft(t) = ∞.

Case 2.1.1: h′′
n(t) < eft(t).

Then, because of

h′′
n(t) = h′

n(t) + τn,

it is also true that

h′
n(t) < eft(t)

which together with the induction hypothesis leads to

h∗
n(t) = h′

n(t). (39)
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But (39) and (37) then yield

h∗
n(t) + θn = h′

n(t) + τn

< eft(t). (40)

Thus, because of Definition 3.41 it holds that:

h∗∗
n (t) = h∗

n(t) + θn because of (40)

= h′
n(t) + τn because of ind. hypo. and (37)

= h′′
n(t).

Case 2.1.2: h′′
n(t) ≥ eft(t).

Case 2.1.2.1: h′
n(t) < eft(t).

By induction hypothesis it follows that:

h∗
n(t) = h′

n(t).

Hence, it follows that

h∗
n(t) + θn = h′

n(t) + τn ≥ eft(t).

Therefore, the modified rule in Definition 3.41 yields:

h∗∗
n (t) = eft(t).

Case 2.1.2.2: h′
n(t) ≥ eft(t).

Then, by induction hypothesis it holds that:

h∗
n(t) = eft(t)

and therefore the modified rule leads to

h∗∗
n (t) = eft(t).

Case 2.2: lft(t) < ∞.
Then, Definition 3.41 yields

h∗∗
n (t) = h∗

n(t) + θn because of ind. hypo. and (37)

= h′
n(t) + τn

= h′′
n(t).



3.6. RG FOR INFINITE TPN 83

Thus, the proof by cases for h∗∗
n is complete and the relationship between h∗∗

n

and h′′
n is as follows:

h∗∗
n (t) =

⎧⎪⎪⎨⎪⎪⎩
eft(t) if h′′

n(t) �= 	 ∧
lft(t) = ∞ ∧
eft(t) < h′′

n(t)
h′′
n(t) otherwise

. (41)

We now consider again the state change (36). It holds by Definition 3.7 that

t−n+1 ≤ m′′
n and (42)

h′′
n(tn+1) ≥ eft(t) (43)

It follows from (42) together with (38) that

t−n+1 ≤ m∗∗
n

and from (43) and (41) that

eft(tn+1) ≤ h∗∗
n (tn+1).

Thus, the transition tn+1 is ready to fire in the state z∗∗n , i.e., there is a state
z∗n+1 = (m∗

n+1, h
∗
n+1) in Z reachable with

z∗∗n
tn+1−→ z∗n+1.

It now holds for the p-markings m∗
n+1 and m′

n+1 that

m∗
n+1 = m∗∗

n +Δtn+1 by Definition 3.7

= m′′
n +Δtn+1 because of (36)

= m′
n+1. (44)

We have thereby proved statement (2) of the claim.

For the t-marking h∗
n+1 and an arbitrary transition t ∈ T it holds that

Case 1: t− �≤ m∗
n+1.

Because of (44) it follows that

h∗
n+1(t) = 	 = h′

n+1(t).
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Case 2: t− ≤ m∗
n+1.

Case 2.1: t− �≤ m∗∗
n or

(
t− ≤ m∗∗

n ∧ •t ∩• tn+1 �= ∅ )
In this case (38) leads to
t− �≤ m′′

n or
(
t− ≤ m′′

n ∧ •t ∩• tn+1 �= ∅ ),
and therefore it is true that
h∗
n+1(t) = 0 = h′

n+1(t).

Case 2.2:
(
t− ≤ m∗∗

n ∧ •t ∩• tn+1 = ∅ )
Then, because of Definition 3.7 it holds that:

h∗
n+1(t) = h∗∗

n (t) and

h′
n+1(t) = h′′

n(t).

Hence, because of (41) statement (3) of the claim follows and the proof of
the claim is compete.

(⇐=)

Let m̃ ∈ R′
Z . Then there is a transition sequence σ and a run σ(θ) of σ

feasible according to the modified rule, such as in (34). It now suffices to
show that there is also a run σ(τ) of σ feasible according to the original rule,
such as in (33). We now state the claim which is “dual” to Claim 3.43 and
can be proved similarly exchanging ∗-notations for ′-notations and ′-notations
for ∗-notations.

Claim 3.44 For each feasible run σ(θ) satisfying (34) there exists a feasible
run σ(τ) satisfying (33) such that

(1) τn−1 = θn−1,

(2) m′
n = m∗

n,

(3) for all t ∈ T it holds:

⎧⎪⎪⎨⎪⎪⎩
h′
n(t) ≥ eft(t) if h∗

n(t) �= 	 ∧
lft(t) = ∞ ∧
eft(t) = h∗

n(t)
h′
n(t) = h∗

n(t) otherwise

with z′n = (m′
n, h

′
n) and z∗n = (m∗

n, h
∗
n).
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Claim 3.44 immediately yields the sufficiency direction for Theorem 3.42. �

The following corollary is a direct consequence of theorem 3.42.

Corollary 3.45 For any Time Petri net Z it holds that RZ = R′
Z .

Definition 3.46 (essential-state) An integer-state z = (m,h) in a Time
Petri net Z is called essential-state when Z is defined with the modified firing
rule.

It is obvious that for an arbitrary essential-state z = (m,h) and for each
transition t with lft(t) = ∞ in a Time Petri net Z the clock h(t) has at
most the value eft(t).

Similar to the set RISZ of all integer-states reachable in a Time Petri net
Z according to the original rule, we consider the set REISZ of all integer-
states reachable according to the modified rule, and call these states reachable
essential-states.

Definition 3.47 (reachable essential-states) Let Z be an arbitrary Time
Petri net. The set REISZ of all reachable essential-states in Z is defined as
follows:

REISZ := {z | z0 σ(τ)−→ z, z is an essential-state and

σ(τ) is a run feasible in Z, according to

Definitions 3.7 and 3.41 }.

We call the states in REISZ essential because they carry enough information
to decide almost all net properties of interest, such as reachability of p-
markings, liveness, reversibility etc.

It is obvious that for every finite Time Petri net Z it holds that REISZ =
RISZ . We will see in the next example that in an infinite Time Petri net
neither of these sets is necessarily contained in the other.
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Example 3.48

Let us consider the Time Petri net Z:

[3,5] [2,∞]t1

p1

t2

Figure 3.16: The infinite Time Petri net Z

It holds that:

RISZ = {(1,
(
0
0

)
), (1,

(
1
1

)
), (1,

(
2
2

)
), (1,

(
3
3

)
), (1,

(
4
4

)
), (1,

(
5
5

)
),

(0,

(
	
	

)
)} and

REISZ = {(1,
(
0
0

)
), (1,

(
1
1

)
), (1,

(
2
2

)
), (1,

(
3
2

)
), (1,

(
4
2

)
), (1,

(
5
2

)
),

(0,

(
	
	

)
)}.

Clearly, neither REISZ ⊆ RISZ nor REISZ ⊇ RISZ .

Furthermore, Theorems 3.26 and 3.32 can also be proved using the modified
rule (Definition 3.41 instead of Definition 3.8) for elapsing time. This means
that every reachable p-marking in Z can be reached with a feasible run where
all elapsing times are non-negative integers and all states reached during the
run are essential-states.

Moreover, for the set REISZ the following generalization of Theorem 3.37
holds:

Theorem 3.49 Let Z be an arbitrary Time Petri net. Then, REISZ is
finite if and only if the set RZ is finite.

Proof:

(=⇒)
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Let REISZ be finite. Hence, the set R′
Z of all p-markings reachable in Z

according to the modified rule is also finite. This together with Corollary
3.45 shows that RZ is finite.

(⇐=)

Let RZ be finite. Because of Corollary 3.45 the set R′
Z is also finite.

Let m̃ ∈ R′
Z . The set of all possible integer-states suitable for m̃ (reachable

as well as not reachable according to the modified rule) is obviously finite.

Am̃ := {z | z = (m̃, h) ∧
∀t ( ( t ∈ T ∧ t− �≤ m̃ ) −→ h(t) = 	

)∧
∀t ( ( t ∈ T ∧ t− ≤ m̃ ) −→ (

h(t) ∈ N∧(
(lft(t) < ∞ −→ 0 ≤ h(t) ≤ lft(t))∨
(lft(t) = ∞ −→ 0 ≤ h(t) ≤ eft(t))

)))}
But since

REISZ ⊆
⋃

m̃∈R′
Z

Am̃

it follows that REISZ is also finite. �

Based on the modified rule for state change from Definition 3.41 we can now
consistently extend the definition of a reachability graph to arbitrary Time
Petri nets. To reduce the resulting reachability graph we adapt the algorithm
from Definition 3.39.

Definition 3.50 (reachability graph for arbitrary Time Petri nets)
Let Z = (P, T, F, V,m0, I) be an arbitrary (finite or infinite) Time Petri net
with T = {t1, · · · , tn}. The (reduced) reachability graph RGredu

Z := (W,E,L)
of Z is the directed graph with edge labels whose set of vertices W , set of edges
E and edge labels from L ⊆ N× T are defined by the following algorithm:

begin R := {z0}; W := ∅; E := ∅;
while R �= ∅ do

Choose z=(m,h) from R; R := R− {z}; W := W ∪ {z};
if {t ∈ T | t− ≤ m} �= ∅ then

if {t ∈ T | t− ≤ m ∧ lft(t) �= ∞} �= ∅
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then Let κ := min{lft(t)− h(t) | t− ≤ m}
else Let κ := max{eft(t)− h(t) | t− ≤ m}

end;

for time = 0 to κ do

for i=1 to n do

if ti ready to fire in (m,h+ time) then

Let z′ be such that z−time−→ ti−→ z′;

E := E ∪ {(z, [time, ti], z
′)};

if z′ �∈ W then R := R ∪ {z′} end;

end;

end;

end;

end;

end;

end.

Example 3.51 We consider the infinite Time Petri net Z6, obtained from
the finite Time Petri net Z5 from Example 3.40 by changing the interval of
transition t2 to [2,∞]:

t1 [0,1]p1 p2

p3 p4t2

t3 [0,1]

[2,∞]

Figure 3.17: The Time Petri net Z6
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The reachability graph RGZ6 computed using Definition 3.38, Definition 3.41
and Definition 3.7 is represented in Fig. 3.18. The states z0, z1 and z3 are

z0 z1 z3
t1 2, t2

1, t3
t3

1, t1

Figure 3.18: The reachability graph RGZ6

the same as in example 3.40.

z0 = ((1, 0, 1, 0), ((0, 0, 	)), z1 = ((0, 1, 1, 0), (	, 0, 	)), z3 = ((0, 1, 0, 1), (	, 	, 0)).

3.7 Qualitative Properties

In this section we introduce reachability and liveness in Time Petri nets and
study these basic properties in detail. As already mentioned, they are essen-
tial for a comprehensive analysis of a net. The definitions of the properties
should of course be consistent with those for classic Petri nets, meaning that
for a Time Petri net where every transition is assigned the time interval [0,∞]
the respective notions should agree.

3.7.1 Reachability

In Section 3.2 we introduced reachability of states and p-markings. In Section
3.3 we showed that Time Petri nets and counter machines and thus, Time
Petri nets and Turing machines have the same computational power. To
prove this we modeled natural numbers with p-markings and saw that de-
ciding reachability of p-markings in Time Petri nets is as hard as the halting
problem for Turing machines and therefore not decidable.

Questions about the reachability of a p-marking are actually of great practi-
cal relevance because the p-markings model possible situations in a system.
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Another question that can be important for a time-dependent system is un-
der which circumstances of time a situation can occur. We will study such
quantitative questions in the next section.

It is generally not decidable for a p-marking in an arbitrary Time Petri net
whether it is reachable. Requiring additional conditions of the considered
nets can however make answering the question possible.

In the following we systematize results about the reachability of p-markings
and states in Time Petri nets, considering different kinds of states and dif-
ferent classes of nets. Let Z be an arbitrary Time Petri net and S(Z) its
skeleton. We will call a state z = (m,h) a rational-state if for every transition
t in Z it holds that if h(t) �= 	 then h(t) ∈ Q+

0 . As already mentioned, the
set of all reachable p-markings in Z is a subset of the reachable markings in
its skeleton S(Z).

Proposition 3.52 Let the skeleton S(Z) of the Time Petri net Z be bounded.
Then it holds that:

1. The reachability of any p-marking m∗ in Z is decidable.

2. The reachability of any rational-state z∗ in Z is decidable.

Proof:

For 1.

Let S(Z) be bounded and let m∗ be an arbitrary p-marking in Z. Then,
RS(Z) is finite. Hence, by Proposition 3.37 it follows that the set of all
reachable essential-states REISZ is also finite. But because of Remark 3.307

there exists for each reachable p-marking m in Z a reachable essential-state
whose p-marking is m. Thus, in order to decide whether m∗ is reachable in
Z we can simply check whether the finite set REISZ contains a state whose
p-marking is m∗.

For 2.

Let S(Z) be bounded and let z∗ = (m∗, h∗) be an arbitrary rational-state.

Let h∗(t) =
rt
qt

with rt, qt ∈ N for all t ∈ T with h∗(t) �= 	. We define λ as

7Remark 3.30 was proved using the original rule for state change. It is easy to see that
the remark also holds using the modified rule for state change.
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follows:

λ := LCM{qt | t ∈ T ∧ h∗(t) �= 	}.
We now scale down the measuring unit for time in Z by the factor λ, i.e., we
multiply all interval bounds in the net by λ. Hence, h∗(t) in the new measur-
ing unit is λ times larger than in the original measuring unit and therefore
after the transformation h∗(t) ∈ N for all t ∈ T with h∗(t) �= 	. Thus, the
state z∗ is an integer-state (essential) with respect to the new measuring unit.
As RS(Z) is finite and z∗ is an integer-state the decidability of z∗ follows by
Proposition 3.37. �

We will call a state z = (m,h) in Z a proper real-state if there is at least one
transition t in Z such that h(t) ∈ R+

0 \ Q+
0 . The reachability of such states

is in general not decidable without additional information. Remark 3.35 and
Corollary 3.34 give us the following sufficient condition for non-reachability
of an arbitrary state:

Proposition 3.53 For any state z in the Time Petri net Z it holds that if
z or z is not reachable in Z then z is not reachable in Z either.

Under additional restrictions for the Time Petri net, the reachability of
proper real-states can be decidable. In order to discuss some such classes
of nets we first prove the following property for every Time Petri net.

Proposition 3.54 Let Z be a Time Petri net and m∗ a p-marking reachable
in S(Z) by firing the sequence σ. Furthermore let z∗ be a state with p-marking
m∗. Then it is decidable whether there is a feasible run σ(τ) in Z such that:

z0
σ(τ)−→ z∗.

Proof:

Let us consider the parametric state
(
zσ = (mσ, hσ), Bσ

)
in Z. Clearly, if Bσ

has at least one solution it holds that mσ = m∗. We consider the system of
linear inequalities {

Bσ

hσ(t) = h∗(t) for every t ∈ T.
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If the system is solvable (in the field of non-negative real numbers), then each
solution gives us a feasible run of σ such that after firing this run the state
z∗ is reached. If the system is not solvable, then there is no feasible run of σ
with the desired property. The solvability of a system of linear inequalities is,
of course, decidable in polynomial time (c.f. [PS98], [GLS93]), and therefore
the reachability of a state is decidable if its p-marking is reachable. �

Let us again consider an arbitrary bounded Time Petri net. The reachability
graph of such a net is, according to Theorem 3.37, a finite, directed, weighted
graph. Let z∗ = (m∗, h∗) be a proper real-state. If there is no reachable
integer-state with the p-marking m∗, then z∗ is not reachable. But if there is
such a reachable integer-state zm∗ then there also is a path from z0 to zm∗ in
the reachability graph. Each path in the reachability graph corresponds to
a feasible run of some firing sequence σ. According to Proposition 3.54 we
can decide for any given finite firing sequence whether there is a feasible run
of σ by which the state z∗ is reached. Note that it is still undecidable for an
arbitrary state in a bounded Time Petri net whether there exists a run by
which this state is reachable.

Let us now consider unbounded Time Petri nets. The skeletons of such nets
are clearly also unbounded and the inclusion RZ ⊆ RS(Z) holds. Thus, when
a p-marking is not reachable in the skeleton (and this is decidable) this p-
marking can not be reached in Z either. As shown in Section 3.3, it is in
general not decidable whether a p-marking is reachable in an arbitrary Time
Petri net, but we have also mentioned that with additional restrictions on the
net this question can be answered. We will consider two restricted classes of
Time Petri nets for which time does not affect the reachability of p-markings.
Since the reachability of markings in a timeless net is decidable, c.f. [PW03],
the reachability of p-markings, as well, is decidable for these classes.

We will now consider first “speeded” and then “lazy” Time Petri nets. A
speeded net is a Time Petri net such that eft(t) = 0 for each transition t in
the net and a lazy net is a Time Petri net with lft(t) = ∞ for each transition
t in the net.

Proposition 3.55 (speeded nets and reachability) Let Z = (P, T, F, V,
m0, I) be a Time Petri net. If every transition in T is ready to fire immedi-
ately after being enabled then the set of all reachable p-markings in Z is the
same as the set of all reachable markings in its skeleton. Formally:
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)
. (45)

Proof: In order to show the equality between the sets RZ and RS(Z) we
prove the inclusions RZ ⊆ RS(Z) and RS(Z) ⊆ RZ .

(RZ ⊆ RS(Z)):

This inclusion holds for all Time Petri nets.

(RS(Z) ⊆ RZ):

Let m ∈ RS(Z). Then there is a firing sequence σ in the skeleton S(Z) of Z
with

m0
σ−→ m.

Now we consider the run σ(τ) of σ in the net Z with τ = τ0τ1 . . . τ�(σ) and
τi = 0 for all i, 0 ≤ i ≤ �(σ). Because of the premise in (45), this run is
feasible in Z . The full proof can be done by induction on �(σ). �

Proposition 3.56 (lazy nets and reachability) Let Z = (P, T, F, V,m0,
I) be a Petri net. If no transition in T is ever forced to fire then the set of
p-markings reachable in Z is the same as the set of markings reachable in its
skeleton. Formally:(

∀t ( t ∈ T −→ lft(t) =∞ ) −→ RZ = RS(Z)
)
. (46)

Proof: In order to show the equality between RZ and RS(Z) we again prove
the inclusion RS(Z) ⊆ RZ , as RZ ⊆ RS(Z) holds for all Time Petri nets.

(RS(Z) ⊆ RZ):

Let m ∈ RS(Z). Then there is a firing sequence σ in the skeleton S(Z) of Z
with

m0
σ−→ m.

It is easy to see that, because of the premise of (46), the run

z0
τ0−→ z′0

t1−→ z1 . . .
τn−1−→ z′n−1

tn−→ zn

with zi = (mi, hi) and z′i = (m′i, h
′
i), where mn = m and τi := max{eft(t) |

t ∈ T} for all i = 0, . . . , n− 1 is feasible in Z. The full proof can be done by
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induction on �(σ). �

In unbounded Time Petri nets the reachability of p-markings and of rational-
states is semi-decidable. Propositions 3.53 and 3.54 hold for all Time Petri
nets and give sufficient conditions for the non-reachability of arbitrary states.

3.7.2 Liveness

In this section we will consistently extend the notion of liveness, which we
have defined for timeless Petri nets, to Time Petri nets. There is not as direct
a relationship between the liveness of a Time Petri net and the liveness of its
skeleton as for reachability. For example it is possible that a transition which
is enabled in the skeleton can never become enabled in the Time Petri net, or
if enabled in the time-dependent net the transition still might never become
ready to fire. In some special cases there is however a close relationship
between the liveness of the two nets.

With the next definition we introduce the property of liveness for arbitrary
Time Petri nets.

Definition 3.57 (liveness) Let Z = (P, T, F, V,m0, I) be a Time Petri net,
z a reachable state in Z and t ∈ T . Then

1. t is live in the state z in Z if for every state z′ ∈ RSZ(z) there exists

a state z′′ ∈ RSZ(z′) such that: z′′ t→.

2. t is dead in z in Z if for all states z′ ∈ RSZ(z) transition t is not
ready to fire in z′.

3. z is live in Z if all transitions t ∈ T are live in z.

4. z is dead in Z if all transitions t ∈ T are dead in z.

5. t is live/dead in Z if t is live/dead in z0.

6. Z is live/dead if z0 is live/dead in Z.

7. Z is blocking-free if there is no reachable state in Z such that all tran-
sitions are dead in this state.
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The following example illustrates that information about liveness in the skele-
ton of a Time Petri net in general does not tell us anything about liveness
in the time-dependent net, nor the other way around.

Example 3.58 Let us consider the Time Petri nets Z5 and Z6 shown in
Fig. 3.19 and Fig. 3.20:

t1 [0,1]p1 p2

p3 p4t2

t3 [0,1]

[2,3]

p2

[0,1]

p3

t1

p1

[0,1]t3[2,3]t2

p4

t4 [0,1]

Figure 3.19: The Time Petri net Z5 Figure 3.20: The Time Petri net Z6

• The transition t2 is live in z0 in Z5 but t2 is not live in m0 in S(Z5).

• t2 is not live in z0 in Z6 (it is even dead) but t2 is live in m0 in S(Z6).

• t2 is live in Z5 but t2 is not live in S(Z5).

• t2 is not live in Z6 (it is even dead), but t2 is live in S(Z6).

• zo is live in Z5 but mo is not live in S(Z5).

• zo is not live in Z6 but mo is live in S(Z6).

• Z5 is live but S(Z5) is not live.

• Z6 is not live but S(Z6) is live.

For some restricted classes of Time Petri nets the time has no effect on
liveness at all. For such classes the time-dependent net is live if its skeleton
is live. For speeded and lazy nets the time-dependent net, moreover, is live
if and only if its skeleton is live. With Propositions 3.55 and 3.56 we have
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shown that the set of reachable p-markings of a speeded or lazy Time Petri
net is the same as the set of reachable markings of its skeleton. Hence, in
such a net a transition is enabled if and only if it is enabled in the skeleton.
However this does not mean that all enabled transitions can become ready
to fire in the time-dependent net.

Proposition 3.59 (speeded nets and liveness) Let Z = (P, T, F, V,m0,
I) be a Time Petri net. If every transition in T is ready to fire immedi-
ately after its enabling then Z is live if and only if its skeleton S(Z) is live.
Formally:( ∀t ( t ∈ T −→ eft(t) = 0 ) −→ (Z is live ←→ S(Z) is live )

)
.

Proof:

Let Z be a speeded Time Petri net, i.e., for each transition t ∈ T it holds that
eft(t) = 0. We will prove the two directions of the proposition separately:

(=⇒)

We will first show that if Z is live then S(Z) is live, too.

Let Z be live. Let t ∈ T and m′ ∈ RS(Z). By Proposition 3.55 it holds that:
RS(Z) = RZ . Hence, m′ is a reachable p-marking in Z, and therefore there
exits a state z′ = (m′, h′) ∈ RSZ . But, because Z is live there exists a state

z′′ = (m′′, h′′) ∈ RSZ(z′) with z′′ t−→ , i.e., t is enabled in m′′.

Let us examine the p-marking m′′ more closely: Because z′′ is reachable in
Z from z′ it holds by definition that m′′ is reachable in Z from m′, i.e.,
m′′ ∈ RZ(m′). Furthermore, according to Proposition 3.55 it holds that
RS(Z) = RZ and hence, it immediately follows that m′′ ∈ RS(Z)(m

′). We

know that t is enabled in m′′, i.e., m′′ t−→.

We have shown that there is for each transition t and each reachable marking
m′ in S(Z) a further marking m′′ reachable from m′ in which t is enabled.
Therefore, by Definition 2.21 the classic Petri net S(Z) is live, too.

(⇐=)

We now prove that if S(Z) is live then Z is live, too.
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Let S(Z) be live. Let t ∈ T and z′ = (m′, h′) ∈ RSZ . Because z′ is
reachable in Z the p-marking m′ is by Definition 3.13 reachable in Z, i.e.,
m′ ∈ RZ . Because of Proposition 3.55 it then holds that the p-marking m′

is also reachable in the skeleton of Z, i.e., m′ ∈ RS(Z). Now, because of the
liveness of the skeleton and by Definition 2.21 (liveness in timeless nets) it
is always possible to reach a further marking m′′ from the marking m′ such
that t is enabled in m′′, i.e.,

∃m′′ ( m′′ ∈ RS(Z)(m
′) ∧ m′′ t−→ )

or in other words, there is a firing sequence σ with

m′ σ−→ m′′ t−→ . (47)

Let us consider the run σ(τ) in Z with τ := τ0τ1 . . . τ�(σ)−1 and τi := 0 for
i = 0, . . . , �(σ) − 1. By assumption the net Z is a speeded one, i.e., all
transitions in Z can fire immediately after their enabling. Hence, the run
σ(τ) is a feasible one, i.e.,

z′
σ(τ)−→ is feasible in Z.

Thus, from z′ a state z′′ = (m′′, h′′) will be reached in Z, i.e., z′
σ(τ)−→ z′′ and

therefore z′′ ∈ RSZ(z′).

Because t is enabled in m′′ and Z is a speeded net t is ready to fire in z′′.
Consequently and by Definition 3.57 the Time Petri net Z is live, too. �

Proposition 3.60 (lazy nets and liveness) Let Z = (P, T, F, V,m0, I) be
a Time Petri net. If no transition in T is ever forced to fire then Z is live if
and only if its skeleton S(Z) is live.
Formally:( ∀t ( t ∈ T −→ lft(t) = ∞ ) −→ (Z is live ←→ S(Z) is live )

)
.

Idea of the proof:

Let Z be a lazy net. Again and similar to proposition 3.59, we will prove the
two directions of the proposition separately.
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(=⇒)

Let us assume that Z is live and show that S(Z) is live, too.

By Proposition 3.56 it holds for every lazy Time Petri net that the set of all
its reachable p-markings is the same as the set of all markings reachable in
its skeleton. Similarly as in the proof of Proposition 3.59 we conclude that
each firing sequence in the lazy Time Petri net. is also a firing sequence in
the skeleton. Therefore S(Z) is live.

(⇐=)

Assuming that S(Z) is live we will show that Z is also live.

This direction of the proof is also similar to the respective direction of the
proof of Proposition 3.59. For every firing sequence σ in the skeleton the
run σ(τ) with τi := max{eft(t) | t ∈ T} for all i = 1, . . . , �(σ) is a feasible
one. The time elapsing between two firings ensures that in every reachable
p-marking in Z all enabled transitions become ready to fire before one of
them fires. �

With the next theorem we will prove for a further class of Time Petri nets
that they are live if their skeleton is live. Thus, we present a third subset
of Time Petri nets which is time-invariant with respect to liveness. Please
note that all additional constraints for this subset are statical, and therefore
decidable. It should also be noted that unlike for speeded and lazy nets
RZ = RS(Z) does not necessarily hold for every net Z in the class of Time
Petri nets introduced in the next theorem. We will later give an example of
a net Z from this class for which RZ �= RS(Z) (cf. Remark 3.62).

The following two notations will be used in the theorem. Let Z = (P, T, F, V,
m0, I) be a Time Petri net and p a place in Z. Then

Min(p) := max{ eft(t) | t ∈ T ∧ t ∈ p• }

and

Max(p) := min{ lft(t) | t ∈ T ∧ t ∈ p• }.

Theorem 3.61 Let Z = (P, T, F, V,m0, I) be a Time Petri net such that
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(a) S(Z) is an EFC net,8

(b) S(Z) is homogeneous,

(c) for each place p ∈ P it holds that Min(p) ≤ Max(p) and

(d) for each transition t ∈ T it holds that lft(t) > 0.

Then if S(Z) is live, Z is live, too.

Proof:

Let the skeleton S(Z) of the Time Petri net Z be live. Furthermore let
z′ = (m′, h′) ∈ RSZ and t∗ ∈ T .

In order to prove that Z is also live it is sufficient to show that there is a

state z′′ ∈ RZ(z′) such that firing of z′′ t∗−→ is feasible in Z.

It is clear that m′ is reachable in the skeleton of Z because z′ is reachable in
Z, i.e., m′ ∈ RS(Z). Then, because of the liveness of S(Z) there is a marking
m′′ ∈ RS(Z)(m

′) with

m′′ t∗−→ in S(Z),

which means that there is a firing sequence σ from m′ to m′′ in S(Z), so

m′ σ−→ m′′ t∗−→ in S(Z).

Let σ = t1t2 . . . tn. We will show by induction on n that the transition
sequence σ, possibly modified, is also a firing sequence in Z. After firing of
(the possibly modified) σ in Z the transition t∗ can fire in Z.

The idea is the following: For any two consecutive firing transitions ti and
ti+1 in σ there are two possibilities in Z. Either the transitions can also
fire consecutively in Z (time can of course, elapse in between the firings), or
after the firing of ti in Z there are enabled transitions other than ti+1 that
are forced to fire by their time restrictions before ti+1 becomes ready to fire.
This is the case if an enabled transition reaches its latest firing time before
ti+1 reaches its earliest firing time. Such transitions prevent the aging of ti+1.
However we will show that there are only finitely many such transitions and
that their firing does not disable ti+1.

8In this book the notion of EFC net is defined for more general nets than usual, cf.
definition 2.19.
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Basis: n = 0, i.e., m′ = m′′ and thus

m′ = m′′ t∗−→ in S(Z). (48)

It holds for z′ =: z′′ that z′′ ∈ RSZ(z′). The state z′′ was chosen such
that t∗ is enabled in z′′. If it is old enough to fire, i.e., h′′(t∗) ≥ eft(t∗)
then we have proved the claim for the basis, but if t∗ has not yet reached
its eft in z′′, i.e.,

h′′(t∗) < eft(t∗), (49)

then starting in z′′ time has to pass in Z in order for t∗ to grow old
and reach its eft(t∗). There might be other enabled transitions than t∗

that must fire before t∗ reaches its eft. We will show that firing such
transitions does not affect the enabling of t∗ and that after finitely
many state changes (by firing or by elapsing of time) a state in which
t∗ is ready to fire will be reached.

Let

τ1 := max { τ | z′′ τ−→ feasible in Z }

Clearly, this can be rewritten as

τ1 = min { lft(t)− h′′(t) | t ∈ T ∧ t− ≤ m′′ }

and thus, τ1 can be directly computed.

Assuming that z′′ τ1−→ z
(1)
1 in Z with z

(1)
1 = (m

(1)
1 , h

(1)
1 ) it holds that

m
(1)
1 = m′′ (50)

and therefore t∗ is also enabled in z
(1)
1 , and

h
(1)
1 (t∗) = h′′(t∗) + τ1.

Case 1: τ1 ≥ eft(t∗)− h′′(t∗).
Then

h
(1)
1 (t∗) ≥ h′′(t∗) + eft(t∗)− h′′(t∗)

= eft(t∗).
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Hence, t∗ is ready to fire in z
(1)
1 in Z, i.e.,

z
(1)
1

t∗−→ is feasible in Z.

Thus, t∗ can fire in this case.

Case 2: τ1 < eft(t∗)− h′′(t∗).
Then, it holds that:

h
(1)
1 (t∗) < h′′(t∗) + eft(t∗)− h′′(t∗)

= eft(t∗). (51)

Let M
(1)
1 := {t | t ∈ T ∧ t− ≤ m

(1)
1 ∧ h

(1)
1 (t) = lft(t)}, i.e., M (1)

1

is the set of all enabled transitions in z
(1)
1 which have reached their

lft in z
(1)
1 and therefore have to fire.

We now consider the common pre-places of all transitions in M
(1)
1

and the transition t∗, i.e., we consider the set of places •M (1)
1 ∩ •t∗.

Case 2.1: •M (1)
1 ∩ •t∗ = ∅.

Let t̂
(1)
1 ∈ M

(1)
1 . Then, t̂

(1)
1 is enabled in z

(1)
1 and has reached

its lft in z
(1)
1 . Hence, t̂

(1)
1 can fire in z

(1)
1 . Let us assume then,

that

z
(1)
1

t̂
(1)
1−→ z

(1)
2 .

Then because •M (1)
1 ∩ •t∗ = ∅, the number of tokens on all

pre-places of t∗ does not decrease, i.e.,

∀p(p ∈ •t∗ −→ m
(1)
1 (p) ≤ m

(1)
2 (p)

)
, so because of (50)

∀p(p ∈ •t∗ −→ m′′
1(p) ≤ m

(1)
2 (p)

)
.

Therefore, it holds that

t∗− ≤ m
(1)
2 ,

i.e., t∗ is enabled in z
(1)
2 . For the t-marking h

(1)
2 it then holds

that:
h
(1)
2 (t∗) = h

(1)
1 (t∗),
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because the firing of a transition does not take time. Thus, t∗

is not ready to fire in z
(1)
2 .

We now again consider the enabled transitions that have reached
their lft in the state z

(1)
2 and the set M

(1)
2 of all such transi-

tions.

M
(1)
2 := {t | t− ≤ m

(1)
2 ∧ h

(1)
2 (t) = lft(t)}.

It is possible that there are other transitions enabled in z
(1)
2

than in z
(1)
1 but, by condition (d), the newly enabled transi-

tions have not yet reached their lft in z
(1)
2 . Hence, it holds

that

M
(1)
1 ⊃ M

(1)
2 because t̂

(1)
1 ∈ M

(1)
1 and t̂

(1)
1 �∈ M

(1)
2 .

Therefore there must be another transition t̂
(1)
2 from M

(1)
2

which can fire.
Assume that we have already defined M

(1)
k with t

(1)
k ∈ M

(1)
k

and

z′′ τ1−→ z
(1)
1

t̂
(1)
1−→ z

(1)
2

t̂
(1)
2−→ z

(1)
3

t̂
(1)
3−→ . . . z

(1)
k

t̂
(1)
k−→ z

(1)
k+1.

Then we define M
(1)
k+1 as follows:

M
(1)
k+1 := {t | t− ≤ m

(1)
k+1 ∧ h

(1)
k+1(t) = lft(t)}.

It is easy to see that the following sequence of inclusions holds:

M
(1)
1 ⊃ M

(1)
2 ⊃ . . . ⊃ M

(1)
k ⊃ M

(1)
k+1 ⊃ . . . . (52)

This sequence is obviously finite because T ⊇ M
(1)
1 and T is

finite, i.e., there is a k1 ∈ N, k1 ≤ |({ t | t− ≤ m′′ })| − 1 and

M
(1)
k1−1 �= ∅, but M

(1)
k1

= ∅. Let σ̂1 := t̂
(1)
1 t̂

(1)
2 . . . t̂

(1)
k1−1. So, it

holds that
z
(1)
1

σ̂1−→ z
(1)
k1
.

It is evident that there is no transition which has reached its
lft in z

(1)
k1
. Hence, from the state z

(1)
k1

state change through

elapsing time is possible, say z
(1)
k1

τ2−→ z
(2)
1 . We repeat this

approach and obtain the following feasible run in Z:
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z′′ τ1−→ z
(1)
1

σ̂1−→ z
(1)
k1

τ2−→ z
(2)
1

σ̂2−→ z
(2)
k2

τ3−→ . . .
σ̂r−→ z

(r)
kr

(53)

If τ1 + . . . + τr ≥ eft(t∗) − h′′(t∗) then t∗ is ready to fire in

the state z
(r)
kr

and thus the assertion is proved for the basis in
this case .
Thus, we now assume that τ1+ . . .+ τr < eft(t∗)−h′′(t∗) and
define

τr+1 := max{τ | z(r)kr

τ−→ feasible in Z }.

Similarly as for τ1 it also holds that

τr+1 = min{ lft(t)− h
(r)
kr
(t) | t− ≤ m

(r)
kr

}. (54)

Thereby we obtain the sequence

τ1, τ2, . . . , τk, . . . (55)

such that for every natural number k it holds that

k∑
i=1

τi < eft(t∗)− h′′(t∗). (56)

The sequence (55) with the property (56) is finite, because:

• Each τi is the difference of the lft of a transition enabled
in the state z

(i−1)
ki−1

and the time showed by its clock in this

state, i.e., τi = lft(t)− h
(i−1)
ki−1

(t) for some t ∈ T .

• Some of the times τi might be smaller than 1. This de-
pends on when (in which state) a transition was newly
enabled which determines the value τi, cf. also (54). Any
τi which is determined by a transition which was already
enabled in z′′ can be smaller than 1. There are finitely
many of these transitions and therefore there are only
finitely many such τi.

• Because of condition (d) and because the bounds of all
time intervals are natural numbers, all transitions which
are newly enabled in a state reached after z′′ and which
have reached their lft are older than 1.
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Now, we recursively define a sequence of indices:

Basis: Let i1 be the smallest index such that

τi1 = lft(t̃1)− hi1−1
ki1−1(t̃1)

for a transition t̃1 ∈ T , not enabled in z′′. Hence, it holds
that:

i1∑
j=1

τj ≥ 1.

Step: Let iλ be defined already. Then, we let iλ+1 be the smallest
index with
• iλ < iλ+1 and

• τiλ+1
= lft(t̃λ+1) − h

(iλ+1−1)
kiλ+1−1

(t̃λ+1), where t̃λ+1 was last

enabled in a state reached in (53) after the state z
(iλ)
1 .

Hence, it holds that:

iλ+1∑
j=iλ+1

τj ≥ 1.

After at most �eft(t∗) − h′′(t∗)� such indices the inequality
(56) is no longer fulfilled. Consequently, after finitely many
state changes a state is reached where t∗ is enabled and has
achieved its eft. Hence, t∗ is ready to fire in that state.
Thus, the assertion has been proved for the basis in this case.

Case 2.2: •M (1)
1 ∩ •t∗ �= ∅.

This means that there is a transition t̂ which has reached its
lft in z

(1)
1 and has at least one common pre-place with t∗. We

will show that this is not possible.
Because t̂ ∈ M

(1)
1 , it holds that:

lft(t̂) = h
(1)
1 (t̂). (57)

and

•t̂ ∩ •t∗ �= ∅. (58)



3.7. QUALITATIVE PROPERTIES 105

Together with condition (a) this yields that

•t̂ = •t∗.

Furthermore, because of condition (b) it holds that t̂ is enabled
if and only if t∗ is enabled. Therefore it follows that

h
(1)
1 (t∗) = h

(1)
1 (t̂). (59)

Now, condition (c) and (57) lead to

eft(t∗) ≤ Min(p) ≤ Max(p) ≤ lft(t̂)

for every p ∈ •t∗ = •t̂. Together with (59) this leads to

h
(1)
1 (t∗) ≥ eft(t∗),

which is a contradiction to (51) (which holds in Case 2).

Thus, we have proved for the induction basis that t∗ can fire.

Step: As induction hypothesis we assume that the assertion is true for �(σ) ≤
n, i.e., if in S(Z) the transition t∗ can fire after the firing of a transition
sequence σ started in m′, with �(σ) at most n, then the transition t∗

can also fire in Z after the firing of a sequence mod(σ), derived from σ
started in z′.

The induction claim is that if

m′ σ−→ m′′ t∗−→ with σ = t1 . . . tntn+1

is feasible in S(Z), then there is a firing sequence mod(σ) in Z, derived
from σ, such that after firing mod(σ) the transition t∗ is ready to fire,
i.e.,

z′
mod(σ)−−−−→ t∗−→ is feasible in Z.

We denote the sequence t2 . . . tntn+1 by σ̃ and the sequence t2 . . . tntn+1t
∗

by ˜̃σ for the rest of this proof.

Thus, now it suffices to prove that
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z′
mod(t1)−−−−→ z̃ = (m̃, h̃ ) can fire in Z

where

m̃
mod(σ̃) t∗−−−−→ in S(Z) with �(mod(σ̃)) ≤ n. (60)

The induction claim will consequently follow by the induction hypoth-
esis and thus the theorem will be proved.

Let us now consider the state z′. If h′(t1) ≥ eft(t1), then t1 can fire
in z′ in Z, i.e., mod(t1) = t1 and mod(σ̃) = σ̃. Then, (60) is obviously
true and therefore in this case the theorem holds. Thus, we consider
the case that

h′(t1) < eft(t1). (61)

Let

θ1 := max{ θ | z′ θ−→ feasible in Z }.

Then, it holds that:

θ1 = min{ lft(t)− h′(t) | t ∈ T ∧ t− ≤ m′ }

and therefore θ1 can easily be computed.

Let z′ θ1−→ z̃
(1)
1 in Z with z̃

(1)
1 = (m̃

(1)
1 , h̃

(1)
1 ). Obviously, t1 is also en-

abled in z̃
(1)
1 because m̃

(1)
1 = m′.

Case 1: θ1 ≥ eft(t1)− h′(t1).
Then, it follows that

h̃
(1)
1 (t1) = h′(t1) + θ1 ≥ eft(t1)

and hence t1 is ready to fire in z̃
(1)
1 . Evidently, (60) is fulfilled with

z̃ := z̃
(1)
1 , mod(t1) = t1 and mod(σ̃) = σ̃. Thereby, the assertion

of the theorem is proved for this case.
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Case 2: θ1 < eft(t1)− h′(t1).

We define the set N
(1)
1 (similar to M

(1)
1 )

N
(1)
1 := { t | t ∈ T ∧ t− ≤ m̃

(1)
1 ∧ h̃

(1)
1 (t) = lft(t) }

and consider all common pre-places of transitions in N
(1)
1 and ˜̃σ:

Case 2.1: •N (1)
1 ∩ • ˜̃σ �= ∅.

Let t̃
(1)
1 := tj where j := min{ r | tr ∈ ˜̃σ ∧ •N (1)

1 ∩ •tr �= ∅ },
i.e.,

• t̃
(1)
1 has achieved its lft in z̃

(1)
1 ,

• t̃
(1)
1 = t∗ or t̃

(1)
1 belongs to the sequence σ̃,

• t̃
(1)
1 is the transition with the smallest index in ˜̃σ, with
these properties.

It is clear, that •tj ∩ •t1 = ∅, because otherwise t1 would

have already reached its eft in z̃
(1)
1 in contradiction to the

assumption of Case 2.
Without loss of generality let t̃

(1)
1 �= t∗ because otherwise the

claim already holds. Let

z̃
(1)
1

t̃
(1)
1−→ z̃

(1)
2 in Z.

By the choice of j it holds that

•t̃ (1)1 ∩ •tl = ∅ for all tl in ˜̃σ with 1 < l < j. (62)

Now let ts be in ˜̃σ with s > j.

Case 2.1.1: •t̃ (1)1 ∩ •ts = ∅,
Because of (62) and the assumption for this case, it holds

that when t̃
(1)
1 fires then the number of tokens in the pre-

places of all transitions in

t1( σ̃ \ t̃ (1)1 ) = t1t2 . . . tj−1tj+1 . . . tn+1 =: mod(σ̃)

does not decrease. Thus, we have that
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m̃
(1)
1

t̃
(1)
1−→ m̃

(1)
2

mod(σ̃)−−−−→ t∗−→ is feasible in S(Z).

Hereby, the number of transitions preventing the aging of
t1 is decreased by 1. Furthermore, it holds for the length of
mod(σ̃) that �(mod(σ̃)) = �(σ)− 1 = n. Thus, the induc-

tion hypothesis can be applied to z̃ := z̃
(1)
2 and mod(σ̃).

Consequently, the induction claim follows and thereby the
assertion of the theorem is proved for this case, as well.

Case 2.1.2: •t̃ (1)1 ∩ •ts �= ∅.
This means that each transition ts, s > j becomes dis-
abled (at least momentarily) after the firing of t̃

(1)
1 = tj.

Nevertheless, all these transitions become enabled again
at the latest after the firing of tj−1, because it holds that

m̃
(1)
2

tjt1t2...tj−1−−−−−−−→ mj in S(Z)

and

m̃
(1)
2

t1t2...tj−1tj−−−−−−−→ mj in S(Z).

Therefore it immediately follows for the sequencemod(σ̃) :=

t1( σ̃ \ t̃ (1)1 ) that

m̃
(1)
2

mod(σ̃)−−−−→ t∗−→ is feasible in S(Z)

and �(mod(σ̃)) = n. Thus, the induction hypothesis can

be applied to z̃ := z̃
(1)
2 and mod(σ̃) and once again the

induction claim follows and thereby the claim of the the-
orem is proved for this case.

Case 2.2: •N (1)
1 ∩ • ˜̃σ = ∅.

Let t̃
(1)
1 ∈ N

(1)
1 . Hence, h̃

(1)
1 (t̃

(1)
1 ) = lft(t̃

(1)
1 ) and t̃

(1)
1 is ready

to fire in z̃
(1)
1 . Let

z̃
(1)
1

t̃
(1)
1−→ z̃

(1)
2 be feasible in Z.

By the assumption for this case the number of tokens in the
pre-places of ˜̃σ does not decrease after firing of t̃

(1)
1 , i.e.,
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∀p ( p ∈ • ˜̃σ −→ m′(p) = m̃
(1)
1 (p) ≤ m̃

(1)
2 (p)

)
. (63)

Moreover, t1 and t̃
(1)
1 have no common pre-places, because

otherwise t1 would have reached its lft in z̃
(1)
1 which is a con-

tradiction to the assumption for Case 2. Therefore it holds
that

∀p ( p ∈ •t1 −→ m′(p) = m̃
(1)
1 (p) ≤ m̃

(1)
2 (p)

)
. (64)

Similarly to the induction basis we define N
(1)
j where t̃

(1)
j ∈

N
(1)
j but t̃

(1)
j �∈ N

(1)
j+1. Then it holds that

z′ θ1−→ z̃
(1)
1

t̃
(1)
1−→ z̃

(1)
2

t̃
(1)
2−→ . . .

t̃
(1)
r1−→ z̃(1)r1

and N
(1)
r1 = ∅, i.e., from the state z̃

(1)
r1 state change through

elapsing time is possible. Moreover, for all j with 1 ≤ j ≤ r1
it always holds that:

∀p ( p ∈ ( •t1 ∪ • ˜̃σ) −→ m′(p) ≤ m̃
(1)
j (p) ≤ m̃

(1)
j+1(p)

)
. (65)

We can now define θ2, the amount of time to elapse:

θ2 := max{θ | z̃(1)r1

θ−→ feasible in Z }.
Again, similarly as in the induction basis, we obtain the se-
quence

z′ θ1−→ z̃
(1)
1

σ̃1−→ z̃(1)r1

θ2−→ z̃
(2)
1

σ̃2−→ z̃(2)r2

θ3−→ . . . (66)

with
σ̃i = t̃

(i)
1 t̃

(i)
2 . . . t̃ (i)ri

.

In each state z̃
(i)
1 , i = 1, 2, . . . each transition t̃

(i)
j for j =

1, . . . , ri has reached its lft and prevents the aging of t1. After
the firing of all the transitions t̃

(i)
j , j = 1, . . . , ri the elapsing

of time θi+1 is possible and t1 can age.

Similarly as in the induction basis, a run such as in (66) is
always finite, i.e., there is a natural number s such that
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z′ θ1−→ z̃
(1)
1

σ̃1−→ z̃
(1)
r1+1

θ2−→ z̃
(2)
1

σ̃2−→ z̃(2)r2

θ3−→ . . .

z̃(s)rs

θs−→ z̃
(s+1)
1

t1−→
(67)

i.e., (67) is a feasible run in Z.

If during the firing of (67) a transition t̃
(i)
j belonging to ˜̃σ

fires, then we need to consider the run (67) only up to the
state change

z̃
(i)
j

t̃
(i)
j−→ z̃

(i)
j+1.

This is because the induction hypothesis can be applied to

z̃ := z̃
(i)
j+1 and mod(σ̃) := t1 (σ̃ \ tj) with tj = t̃

(i)
j ,

analogously to Case 2.1. Therefore

mod(t1) = σ̃1 . . . σ̃i−1t̃
(i)
1 . . . t̃

(i)
j .

If during the firing of (67) none of the transitions t̃
(i)
j for

i = 1, . . . , s, j = 1, . . . , ri, belonging to ˜̃σ fires, then the
transition t1 can fire in the state z̃

(s+1)
1 . Thus, the induction

hypothesis can now be applied to z̃ := z̃
(s+1)
1 and mod(σ̃) = σ̃.

Therefore, mod(t1) = σ̃1 . . . σ̃s and this concludes the induc-
tive step and the proof of the theorem. �

Remark 3.62 In a Time Petri net for which the conditions of Theorem 3.61
hold, the set of all reachable p-markings in Z can be a proper subset of the
set of markings reachable in the skeleton of Z, i.e., RZ ⊂ RS(Z).

Proof:

For an arbitrary Time Petri net Z it holds that RZ ⊆ RS(Z). We now consider
the Time Petri net Z7 in Fig. 3.21 with RZ7 �= RS(Z7).

Obviously, Z7 is a Time Petri net satisfying the conditions of Theorem 3.61.
It is easy to see that (0, 0, 1, 1, 0) ∈ RS(Z) but (0, 0, 1, 1, 0) �∈ RZ . �
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Figure 3.21: The Time Petri net Z7

In Figs. 3.22, 3.23, 3.24 and 3.25 we now consider four Time Petri nets Z(i)

of which each contradicts the assumption that Theorem 3.61 might still hold
if we omit condition i ∈ {a, b, c, d} respectively.
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[1,2]t3t2
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[1,1]t2 [1,1]t3 [0,1]

p1

2

2

[1,1]

[1,1]

p4

t1
p2

t5

t4

Figure 3.22: Z(a) Figure 3.23: Z(b)
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p1

[0,1]t1 [1,2]t2
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p4

p2

t3[0,3]

p3

[0,0]t4

Figure 3.24: Z(c) Figure 3.25: Z(d)
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It is easy to see that the skeletons of the Time Petri nets Z(a), Z(b), Z(c) and
Z(d) are live, but the nets themselves are not. Moreover, the net S(Z(a)) in
addition to not being an EFC net is also not an AC net. Actually, it can
be proved that Theorem 3.61 still holds if we require S(Z) to be an AC net
instead of an EFC net (cf. [BPZ10] and in [Bac11] or try proving this as an
exercise). The proof of Theorem 3.61 however cannot be generalized to AC
nets because we cannot draw conclusion (59) for AC nets.

We presume that using statical properties it is hardly possible to define a
larger class of Time Petri nets for which Theorem 3.61 holds than the class of
AC nets with properties (b), (c) and (d) from the theorem. We can however
introduce a dynamic extension. To this end, we define Behaviorally Free
Choice nets (BFC nets) which were first introduced by E. Best in [Bes87].

Definition 3.63 (BFC net) A Petri net N = (P, T, F, V,m0) is a BFC
net if for all transitions t1 and t2 from T with at least one common pre-place
and for every reachable marking m in N it holds that: t1 is enabled in m if
and only if t2 is enabled in m.

It is easy to see that every EFC net is also a BFC net. The following example
shows that the converse does not hold.

Example 3.64 In the Petri net S(Z8) it holds that: •t1 = {p1, p2}, •t2 =
{p2, p3} , i.e., S(Z8) is not a EFC net.

p4

[1,5]

p2

p5

[3,4]t1

p1

[0,2] [3,4]

p3

t3 t4

t2

2

2

2

22

2

22

2

Figure 3.26: The Time Petri net Z8
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Only the transitions t1 und t2 have a common pre-place in S(Z8), namely,
•t1 ∩ •t2 = {p2} and in any reachable marking either both transitions are
enabled or both are disabled.

So the set of all BFC nets is obviously a proper superset of the set of all
EFC nets. But the EFC property is a statical property and therefore decid-
able whereas the BFC property is a dynamic property. It is in general not
decidable for an unbounded Petri net whether it is a BFC net or not.

Theorem 3.65 Let Z = (P, T, F, V,m0, I) be a Time Petri net such that

(a) S(Z) is a BFC-net,

(b) S(Z) is homogeneous,

(c) for each place p ∈ P it holds that: Min(p) ≤ Max(p),

(d) for each transition t ∈ T it holds that: lft(t) > 0,

(e) ∀t1 ∀t2 ( •t1 ∩ •t2 �= ∅ −→ ∀t3 ∀i ∀j ( ( i, j ∈ {1, 2} ∧ i �= j ∧ •ti ∩ •t3 �=
∅ ) −→ •tj ∩ •t3 �= ∅ )).

Then if S(Z) is live, Z is live, too.

Remark 3.66 Clearly, the Time Petri net Z8 fulfills all conditions of The-
orem 3.65. Therefore and by 3.64, the set of nets defined in Theorem 3.65 is
a proper superset of the set of nets defined in Theorem 3.61.

Proof of Theorem 3.65:

We prove the theorem in two steps:

In Step 1 we construct a new Petri net N derived from S(Z). The new net
will be an EFC-net which is live if and only if S(Z) is live. Afterwards, a
second Time Petri net Z ′ with S(Z ′) = N is considered. The net Z ′ will
comply with the conditions of Theorem 3.61. Hence, Z ′ will be live if N is
live, i.e., if S(Z) is live then N and Z ′ are live, too.

In Step 2 the proof will be concluded by showing that Z is live if and only if
Z ′ is live.
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S(Z) S(Z ′) = N

Z Z ′

live

Claim 3.67

live

live

Claim 3.68

live

T
heorem

3.61

Figure 3.27: Structure of the proof of Theorem 3.65

Step 1:

Let Z = (P, T, F, V,m0, I) be a Time Petri net satisfying conditions (a), (b),
(c), (d) and (e). Its skeleton S(Z) is the Petri net (P, T, F, V,m0).

The new Petri net N := (P, T, F ′, V ′,m0) derived from S(Z) is defined by

F ′ := F ∪ {(p, t), (t, p) | ∃p ∃q (p, q ∈ P ∧ p• ∩ q• �= ∅ ∧ t ∈ q• ∧ t �∈ p•
) }

and

V ′(f) :=

⎧⎨⎩
V (f) if f ∈ F

V (f̃) if f �∈ F ∧ (
f = (p, t) ∨ f = (t, p)

) ∧
f̃ = (p, t̃ ) for some t̃ ∈ T.

The Petri netN is obviously an EFC net. Furthermore, it follows from Claim
3.67, given below, that the nets S(Z) and N are either both live or both not
live.

To illustrate how N is derived from S(Z) we give an example. The Petri net
N , derived from the skeleton S(Z8) is the skeleton of the Time Petri net Z ′

8

shown in Figure 3.28.

Claim 3.67 For the Petri nets S(Z) and N , and for every transition se-
quence σ ∈ T ∗ it holds that
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Figure 3.28: The Time Petri net Z ′
8 derived from Z8 by adding the dashed

arcs as defined in the construction of N in Step 1

m0
σ−→ m′ in S(Z) if and only if m0

σ−→ m′ in N .

The proof can easily be done by induction on the length of σ.
√

We now denote the Time Petri net (P, T, F ′, V ′,m0, I) by Z ′.

Step 2:

The following claim states that the Time Petri nets Z and Z ′ are either both
live or both not live.

Claim 3.68 For the Time Petri nets Z and Z ′, and for any transition se-
quence σ ∈ T ∗, it holds that:

z0
σ−→ z′ in Z if and only if z0

σ−→ z′ in Z ′.

Proof:

(=⇒)

Let σ = t1 . . . tn such that z0
σ−→ z′ in Z. We have to show that z0

σ−→ z′ is
feasible in Z ′, too. We prove this claim by induction on �(σ):
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Basis: �(σ) = 0, i.e., σ = ε

The claim follows immediately because by construction of Z ′ it holds
that m0 ∈ RZ and m0 ∈ RZ′ , and therefore also z0 = z′0.

Step: Induction hypothesis: The claim holds for any transition sequence
σ ∈ T ∗ of length �(σ) = n, so

if z0
t1...tn−−−−→ z′ is feasible in Z,

then z0
t1...tn−−−−→ z′ is feasible in Z ′, too.

(68)

Induction claim: The claim holds for all σ ∈ T ∗ of length �(σ) = n+1.

If z0
t1...tntn+1−−−−−−→ z′ is feasible in Z, (69)

then z0
t1...tntn+1−−−−−−→ z′ is feasible in Z ′, too. (70)

Let us assume that (69) holds. We consider the sequence t1 . . . tn in Z.
It holds that:

If z0
t1...tn−−−−→ zn is feasible in Z, (71)

and by the induction hypothesis for the transition sequence t1 . . . tn it
also holds that

z0
t1...tn−−−−→ zn is feasible in Z ′. (72)

Because of (69), (71) and (72) it follows that tn+1 is enabled in the
state zn (in Z ′). Because of (69) and (71) it also follows that there is
a non-negative rational number τn+1 with

zn
τn+1−−−→ z′n

tn+1−−−→ zn+1 in Z. (73)

Hence, it holds that:

h′
n(t) = hn(t) + τn+1 ≤ min{ lft(t) | t ∈ T ∧ t− ≤ mn} in Z. (74)

Therefore and by (73), it follows that in Z:

eft(tn+1) ≤ h′
n(tn+1). (75)
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Because of conditions (a) and (b) and the construction of the Time Petri
net Z ′, the inequality (74) is also true in Z ′. Hence, the inequality (75)
also holds in Z ′, i.e., the state z′n is also reachable in Z ′. Moreover, the
transition tn+1 is also ready to fire in Z ′

We have therefore proved the first direction of the claim. The second
direction follows similarly.

√

It follows from Claim 3.68 and Definition 3.57 that Z is live if and only if
Z ′ is live and together with Claim 3.67 this completes the proof of Theorem
3.65. �

In addition to the conditions of Theorem 3.61, Theorem 3.65 requires condi-
tion (e) for the skeleton. This is necessary to ensure that two enabled tran-
sitions in the Time Petri net with a common pre-place also become ready
to fire. We can omit condition (e) if we define Behaviourly Free Choice
nets more strictly in Definition 3.63 replacing “enabled” by “newly enabled”
which is defined as follows:

Definition 3.69 (newly enabled) Let N be a Petri net and t, t̂ transitions

in N . Let m1 and m2 be markings in N with m1
t̂−→ m2. The transition t

is called newly enabled in m2 if it is true that t− ≤ m2 and

1. t− �≤ m1 or

2. t− ≤ m1 and t− �≤ m1 − t̂−.

3.7.3 T-invariants

We want to consider the computation of T-invariants in Time Petri nets.
A feasible T-invariant in a Time Petri net is the Parikh vector of a firing
sequence σ, such that after firing some run of σ the net is in the same state
as before the firing. The reason for this is pragmatic: Models of biochemical
networks can be represented as Time Petri nets. The existence of a T-
invariant in a Time Petri net ensures the existence of a so called steady state



118 CHAPTER 3. TIME PETRI NETS

in the real system, i.e., the biochemical system can be stabilized in a cycle
of some processes (cf. [PZHK05]).

Lemma 3.70 Let Z be a Time Petri net and σ a firing sequence in S(Z)
with the Parikh vector πσ = x such that x is a T-invariant in S(Z). If the
system of inequalities Bσ is solvable in R, then x is also a feasible T-invariant
in Z .

This lemma follows immediately from Problem 1 in the next section. The
essential point is the fact that feasible T-invariants can also be computed for
unbounded Time Petri nets or without knowing the state space of the net (cf.
solution of Problem 1). This is particularly important in the area of metabolic
networks, because most of the Time Petri net models of biochemical networks
are unbounded.

3.8 Quantitative Evaluation

Quantitative evaluation is a fundamental part of the analysis of time-dependent
systems. It provides information about the behavior of the system over time.
Moreover, quantitative evaluation can be used to verify the model of a con-
sidered system. In [PZ11] we show how to use quantitative evaluation of
Time Petri nets in order to verify that a net is a suitable model for a specific
biochemical network. Time is of course not the only means of verification
but it is an important one.

In this section we will consider problems such as computing minimum and
maximum lengths of time of feasible runs, minimum and maximum distances
of time from one state or place-marking to another and deciding whether a
feasible run of a given length of time exists.

We first introduce some notions that are fundamental in quantitative evalu-
ation:

Definition 3.71 (length of a run) Let Z = (P, T, F, V,m0, I) be a Time
Petri net and σ(τ) a feasible run of the firing sequence σ in Z. The length
of time �

(
σ(τ)

)
of σ(τ) is the sum of all times elapsing over the course of

the firing of σ(τ), formally:
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�
(
σ(τ)

)
:=

n∑
i=0

τi , for n = �(σ) and τ = τ0τ1 . . . τn.

Definition 3.72 (minimum run) Let Z be a Time Petri net and σ a firing
sequence in Z. The feasible run σ(τ ∗) of σ has minimum length of time
(short: σ(τ ∗) is a minimum run of σ), if there is no feasible run of σ with
length of time shorter than �(σ(τ ∗)).

For a minimum run σ(τ ∗) of σ it obviously holds that

�
(
σ(τ ∗)

)
= min

τ
{ �(σ(τ)) | σ(τ) is a feasible run of σ in Z }.

The notion of maximum run can be defined similarly, if the set of all lengths
of feasible runs of σ has an upper bound. Clearly, even though a run is
a finite sequence consisting of transitions and elapses of time the set of all
feasible runs of σ might be infinite and therefore the set of their lengths can
be infinite and possibly unbounded. In such a case no maximum run of σ
exists.

Definition 3.73 (maximum run) Let Z be a Time Petri net and σ a fir-
ing sequence in Z. The feasible run σ(τ ∗) of σ has maximum length of time
(short: σ(τ ∗) is a maximum run of σ), if the set

{ �(σ(τ)) | σ(τ) is a feasible run of σ in Z }

has an upper bound and

�
(
σ(τ ∗)

)
= sup

τ
{ �(σ(τ)) | σ(τ) is a feasible run of σ in Z }.

Obviously for an arbitrary firing sequence, the minimum as well as the max-
imum run, if they exist, are in general not uniquely determined.

Definition 3.74 (minimum distance of time between states) Let Z be
a Time Petri net and z1 and z2 reachable states in Z with z2 ∈ RSZ(z1). The
minimum distance of time dmin(z1, z2) from z1 to z2 is the minimum length
of time of any minimum run from z1 to z2, formally:



120 CHAPTER 3. TIME PETRI NETS

dmin(z1, z2) := min
σ

{ �(σ(τ)) | σ is a transition sequence in Z,

σ(τ) is a minimum run of σ and

z1
σ(τ)−→ z2 in Z }

The notion of maximum distance of time between states is defined differently
because for a run starting in z1 which can get caught in a cycle9 and never
reach z2 we want to define the maximum distance of time to be infinite.

Definition 3.75 (maximum distance of time between states) Let Z
be a Time Petri net and z1 and z2 reachable states in Z with z2 ∈ RSZ(z1).
The maximum distance of time dmax(z1, z2) from z1 to z2 is defined as follows:

dmax(z1, z2) :=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
∞ if starting in z1 a cycle or a dead state

can be reached before reaching z2

max
σ,

z1
σ(τ)−→ z2

�(σ)∑
i=0

τi otherwise.

The symbol ∞ is used here in order to emphasize that there is a run starting
in z1 and never reaching z2 because of reaching either a cycle or a dead state.
It is also possible that a cycle is reached when all runs from z1 to z2 consists
only of edges weighted with zero. In that case the length of every such run
is also zero but dmax(z1, z2) = ∞.

Before we continue it should be noted that the maximum distance of time
between states is not equivalent to the longest-path-length between vertices,
which is the maximum length of any simple path in a given graph, cf.
[CLRS01]. Actually there even exists a linear time algorithm computing the
maximum distance of time between states, whereas the longest-path-length
problem is NP-hard.

Let m1 and m2 be p-markings with m1 ∈ RZ and m2 ∈ RZ(m1). We will use
the following two sets for the next definitions:

M1 := { z | z ∈ RSZ ∧ ∃h(z = (m1, h))}.
M2 := { z | ∃z∗ ( z∗ ∈ M1 ∧ z ∈ RSZ(z∗) ∧ ∃h(z = (m2, h))

) }.
9A cycle is a finite sequence of successive states in a run such that the first and the last

state are the same.
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Definition 3.76 (minimum distance of time between p-markings) Let
Z be a Time Petri net and m1 and m2 reachable p-markings in Z with
m2 ∈ RZ(m1). The minimum distance of time dmin(m1,m2) between m1

and m2 is defined as follows:

dmin(m1,m2) := min{ dmin(z1, z2) | z1 ∈ M1 ∧ z2 ∈ M2 }.

Definition 3.77 (maximum distance of time between p-markings) Let
Z be a Time Petri net and m1 and m2 reachable p-markings in Z with
m2 ∈ RZ(m1). The maximum distance of time dmax(m1,m2) between m1

and m2 is defined as follows:

dmax(m1,m2) := max{ dmax(z1, z2) | z1 ∈ M1 ∧ z2 ∈ M2 }.

Remark 3.78 In every Time Petri net Z and for p-markings m1, m2 and
states z1, z2 in Z it holds that:

1. For every firing sequence the length of any minimum run and of any
maximum run, if it exists, is a natural number.

2. dmin(z1, z2), dmin(m1,m2) ∈ N and
dmax(m1,m2), dmax(z1, z2) ∈

(
N ∪ {∞} ).

Therefore it holds that for every firing sequence there is a minimum run in
which all elapsing times are natural numbers. If a maximum run exists then
similarly there is a maximum run in which all elapsing times are natural
numbers.

Proof:

for 1:

Let σ = t1 . . . tn be a firing sequence in Z and σ(τ ∗) with τ ∗ = τ ∗0 τ
∗
1 . . . τ

∗
n a

minimum run of σ. Let us consider the length l
(
σ(τ ∗)

)
of σ(τ ∗).

Assuming that

�
(
σ(τ ∗)

) �∈ N, (76)

there is at least one τ ∗j , 0 ≤ j ≤ n with τ ∗j �∈ N. Then, according to Theorem
3.26 there exists a further feasible run σ(τ ∗∗) of σ such that for all 0 ≤ j ≤ n
it holds that τ ∗∗j ∈ N, i.e.,
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�
(
σ(τ ∗∗)

) ∈ N. (77)

Hence, because of Theorem 3.26(3) it also holds that

�
(
σ(τ ∗∗)

)
=

n∑
i=0

τ ∗∗i ≤
n∑

i=0

τ ∗i

= �
(
σ(τ ∗

)
.

Thus, (76) and (77) yield

�
(
σ(τ ∗∗

)
< �
(
σ(τ ∗)

)
,

which contradicts the minimality of σ(τ ∗). Hence, �
(
σ(τ ∗)

) ∈ N.

The corresponding assertion for the length �
(
σ(τ ∗)

)
of a maximum run σ(τ ∗)

of σ can be proved similarly using Theorem 3.32.

For 2:

Both claims follow similarly to 1. from Theorem 3.26 and Theorem 3.32,
respectively. �

If we discover an undesirable behavior during the analysis of a Time Petri
net which models a system, then we would also like to find out whether and
how it is possible to improve the system by changing the time restrictions,
first in the model and then in the system. Results allowing us to leave the
structure of the system unchanged and avoid the undesirable behavior by
changing time restrictions are of course of great practical importance.

3.8.1 Unbounded Time Petri Nets

We now restrict our attention to unbounded Time Petri nets, i.e., nets whose
state spaces are infinite. We can hardly use reachability graphs for solving
modeling problems in these nets.

In the following we consider several problems for which we present algorith-
mic solutions. These problems originate from different applications and are
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used to analyze and to verify specific systems. We will solve the following
five problems using systems of linear inequalities or linear programs. All
coefficients in these systems of inequalities will be natural numbers but the
solutions may be rational or real. The solvability of linear systems of in-
equalities and of linear programs in R can be decided in polynomial time,
e.g., with the Khachiyan-algorithm (cf. [GLS93] or [PS98]). The solvability
in Q of the problems considered here is also decidable in polynomial time (cf.
result of Tardos (1986) for rational polyhedrons in [GLS93]).

For the following five problems we assume all considered transition sequences
to be firing sequences in the skeletons of the respective Time Petri nets.

Problem 1

Input: • A Time Petri net Z,

• a transition sequence σ,

• an arbitrary run σ(τ ∗) of σ.

Output: (1) Is σ is a firing sequence in Z?

(2) If so, compute a feasible run σ(τ) of σ.

(3) Is σ(τ ∗) a feasible run in Z?

Solution:

We formulate the parametric run σ(x) of σ and the parametric state (zσ, Bσ).

For (1) It is easy to see that σ is a firing sequence in Z if and only if the
system of linear inequalities Bσ is solvable. To answer the question, it is
sufficient to find a solution with real values.

For (2) Every real-valued solution of the system Bσ determines a feasible
run of σ.

For (3) σ(τ ∗) is a feasible run of σ if and only if τ ∗ is a solution of Bσ. �
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In practical applications of Time Petri nets, as for instance in the area of
modeling and analysis of metabolic networks, one needs to allow arbitrary
values for the t-marking h0 of the initial state z0 so that the initial value of
the clock of a transition enabled in z0 can be a rational number. We will
generalize Definition 3.19 to allow for such arbitrary natural numbers or 	
as the initial values of h0. In cases where rational initial times would be
necessary we scale down the time unit in order to obtain natural numbers for
the clocks of all enabled transitions in the initial state. Thus, without loss
of generality, the following definitions generalize Definition 3.19:

Definition 3.79

h0(t) :=

{
	 if t− �≤ m0

ct0 otherwise

where all ct0 are natural numbers.

It is easy to see that the parametric state zε should now be defined as follows:

Definition 3.80 zε = (m0, hε) with

hε(t) :=

{
	 if t− �≤ m0

ct0 + x0 otherwise
.

Problem 2

Input: • A Time Petri net Z with an only partiallydefined
interval function I,

• a transition sequence σ.

Output: (1) Can I be extended to a total function such that σ is
a firing sequence in the resulting net?

(2) If so, compute a feasible run σ(τ) of σ.

Solution:
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Let us consider eft(t) and lft(t) of every transition t in Z: If eft(t) is not
defined then we associate a variable at with t, and similarly if lft(t) is not
defined we associate a variable bt with t. Now we can formulate (zσ, Bσ) and
consider the system of linear inequalities Bσ: The variables in this system
are the xi from the parametric run σ(x) as well as all added at and bt. We
are looking for a rational solution of the system. As already mentioned, this
can be done in time polynomial in �(σ).

For (1) The system of inequalities Bσ has a solution if and only if the interval
function I can be extended to a total function (as described above) such that
σ is a firing sequence.

For (2) Each solution computed in (1) obviously gives us a feasible run σ(τ)
of σ in Z. �

Problem 3

Input: • A Time Petri net Z,

• a firing sequence σ.

Output: (1) A minimum run of σ.

(2) A maximum run of σ, if it exists.

Solution:

Let us again consider the system of linear inequalities Bσ and the parametric
run σ(x):

For (1) Each solution of the linear program

min {
�(σ)∑
i=0

xi | Bσ }

gives us a minimum run of σ.

For (2) Similarly, Each solution of the linear program

max {
�(σ)∑
i=0

xi | Bσ }
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gives us a maximum run of σ, if there is one. If there is no solution, we know
that the set of restrictions Bσ of the linear program has no upper bound and
therefore there is no maximum run for σ.

Both linear programs are solvable in time polynomial in �(σ)(cf. [PS98]).
�

Problem 4

Input: • A Time Petri net Z with an only partially defined
interval function I,

• a transition sequence σ,

• a number λ ∈ R+
0 .

Output: (1) Is it possible to extend I to a total function such that
σ is a firing sequence in Z with a feasible run σ(τ)
such that �

(
σ(τ)

) ≤ λ?

(2) Is it possible to extend I to a total function such that
σ is a firing sequence in Z with a feasible run σ(τ)
such that �

(
σ(τ)

) ≥ λ?

Solution:

We first extend I in the same way as for Problem 2 and formulate Bσ.

For (1) We solve in Q the system of linear inequalities B′
σ consisting of all

inequalities of Bσ and the linear inequality �
(
σ(x)

) ≤ λ. The variables of
the system are x0, . . . , x�(σ), and all added at and bt.

For (2) The approach is similar to that in (1), but we now consider the
linear inequality �

(
σ(τ)

) ≥ λ together with Bσ. �

Problem 5
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Input: • A Time Petri net Z with an only partially defined
interval function I,

• a transition sequence σ1 = σt1, where σ is a transition
sequence and t1 a transition in Z,

• a transition sequence σ2 = σt2, where t2 is a transi-
tion in Z with t1 �= t2.

Output: Is it possible to extend I to a total function such that
σ1 is a firing sequence in Z but σ2 is not?

Solution:

First we again extend I as in the solution of Problem 2 and formulate Bσ.
Afterwards we formulate the parametric states zσ1 = (σ1(x), B1) and zσ2 =
(σ2(y), B2). In order to solve Problem 5 we now have to decide whether the
following proper inequality is solvable

max {
�(σ1)∑
i=0

xi | B1 }︸ ︷︷ ︸
(P1)

< min {
�(σ2)∑
i=0

yi | B2 }︸ ︷︷ ︸
(P2)

. (78)

We are looking for a solution such that the values of all variables ati , btj are
rational numbers but x0, . . . , x�(σ1) and y0, . . . , y�(σ2) can take arbitrary real
values.

In order to solve (78) we first consider the linear programs (P1) and (P2).
The linear program (P1) can be rewritten in the following form:

α = max{aT · x | A · x ≤ b}

and (P2) in the form

β = min{cT · y | B · y ≥ d}.

We now consider the systems of linear inequalities (U1) and (U2), defined as
follows:
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(U1)

⎧⎨⎩
A · x ≤ b
AT · u ≥ a
aT · x− bT · u ≥ 0

(U2)

⎧⎨⎩
B · y ≥ d
BT · v ≤ c
dT · v − cT · y ≥ 0

Using the dual theory for linear programs it is easy to see that a point x∗ is
optimal for (P1) if and only if (x∗, u∗) is a solution of U1 and a point y∗ is
optimal for (P2) if and only if (y∗, v∗) is a solution of U2. Now, we define the
linear program (P ) as follows:

(P ) γ = max{ cT · y − aT · x | U1, U2 }.

The variables in (P ) are x, y, u, v as well as all variables at and bt added in
order to make the interval function total.

The inequality (78) is solvable if and only if the linear program (P ) is solv-
able and γ > 0. In this case, an optimal point of (P ) determines a possible
total definition for I, so we have solved Problem 5 in time polynomial in
�(σ1) + �(σ2). �

Problem 5 answers the question of whether certain time intervals can prevent
branching of a firing sequence in a Time Petri net even though the branching
is possible in the skeleton. This question can be answered immediately if the
transitions t1 and t2 have at least one common pre-place. In this case we
would define eft(t2) and lft(t1) such that eft(t2) > lft(t1) if possible (if at
least one of them is not yet fixed in the beginning). Otherwise, as mentioned
above, the solution is more complicated.

3.8.2 Bounded Time Petri Nets

In this section we consider bounded Time Petri nets. For such nets we can
solve problems which require knowledge about the whole state space of the
net.

Before we consider the next four problems we introduce some new notions:

Let Z = (P, T, F, V,m0, I) be an arbitrary Time Petri net. Let RGZ = (W,
E, T ∪(N×T )) be the reachability graph of Z. This graph is an edge-labeled
digraph with labels from the set T ∪(N×T ), i.e., each edge k ∈ E is assigned
an edge-label κk = n, t or κk = t (for n = 0). Using this labeling we now
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define a weight-function w : E −→ N as follows:

w(k) :=

{
0 if κk = t
n if κk = n, t

for each k ∈ E.

Thus, for each Time Petri net Z we obtain the weighted digraph RGw
Z :=

(W,E,w) from its reachability graph RGZ = (W,E, T ∪ (N× T )) .

We will use the graph RGw
Z := (W,E,w) to compute the minimum and

maximum distance of time from one state to another or from a p-marking to
a second one.

The graph algorithms we use all run in time linear or polynomial in the size
of RGw

Z and thus, also in the size of the reachability graph RGZ .

The basic notions from graph theory as well as basic graph algorithms which
are not introduced here can be found in “Introduction to Algorithms” by
Cormen, Leiserson, Rivest, and Stein (cf. [CLRS01]).

Problem 6

Input: • A Time Petri net Z,

• integer-states z1 and z2, reachable in Z.

Output: (1) Is there is a firing sequence from z1 to z2?

(2) If z2 ∈ RSZ(z1), compute the minimum distance of
time from z1 to z2 as well as a minimum run from z1
to z2 realizing this minimum distance.

Solution:

Let us consider the states z1 and z2. Because both states are reachable and
integer-states they are vertices in the reachability graph RGZ and therefore
also in the graph RGw

Z .

Part (1) of the problem is solved by answering whether there exists a path
from z1 to z2 in RGw

Z .
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Because of Remark 3.78, part (2) is solved by computing a shortest path in
the weighted digraph RGw

Z .

Therefore because all weights are natural numbers both parts of the problem
can be solved using, e.g., the Dijkstra algorithm. The algorithm either finds
a path from z1 to z2 or determines that there is none in polynomial time (cf.
shortest-path algorithm in [CLRS01]). The minimum distance of time from
z1 to z2 is now the sum of all weights along the found shortest path. �

Problem 7

Input: • A Time Petri net Z,

• p-markings m1 and m2, reachable in Z.

Output: (1) Is m2 ∈ RZ(m1)?

(2) If m2 ∈ RZ(m1), compute the minimum distance of
time from m1 to m2 as well as a minimum run real-
izing this.

Solution:

Similarly as in the solution of the previous problem we consider the graph
RGw

Z . Furthermore we define the following sets of vertices M1 and M2:

Mi := { z | z = (mi, h) ∧ z ∈ RISZ } for i = 1, 2.

The questions (1) and (2) now obviously ask about the existence of a shortest
path from some element of M1 to an element of M2 in the graph RGw

Z . This
problem can also be solved in time polynomial in the size of the graph (cf.
all-pairs shortest paths algorithm in [CLRS01]). Thereby we obtain the values
dij for i, j = 1, . . . , |RISZ | with

dij =

{
dmin(zi, zj) if z2 ∈ RSZ(z1)
∞ otherwise

.

Clearly, the value dmin(m1,m2) is now the minimum of a finite set of values
dij:
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dmin(m1,m2) = min { dij | zi ∈ M1 ∧ zj ∈ M2 }. �

Problem 8

Input: • A Time Petri netZ,

• integer-states z1 and z2, reachable in Z.

Output: (1) Is there a firing sequence from z1 to z2?

(2) If z2 ∈ RSZ(z1), compute the maximum distance of
time from z1 to z2 as well as a maximum run realizing
this.

Solution:

We again consider RGw
Z = (W,E,w) (cf. p. 129). Using this graph we define

the graph GZ := (W ′, E ′, w′) with

W ′ := W,

E ′ := E \ { (z2, z) | (z2, z) ∈ E },
w′ := −w|def(E′).

The graph GZ is obtained from RGw
Z by deleting all output edges of z2 and

negating all weights w(k), i.e., w′(k) := −w(k). Thus, GZ is also a weighted
digraph. Deleting all output edges of z2 ensures that any path containing
this vertex ends once the vertex is reached (cf. Definition 3.75).

The weights are negated in order to use a shortest-path algorithm in GZ to
find a longest10 path from z1 to z2 in RGw

Z . For finding such a path however,
we can no longer use the Dijkstra algorithm because the weights are now
non-positive integers. Thus, we use the Bellman-Ford algorithm which is
slower than the Dijkstra algorithm but also solves the task in polynomial
time.

We present here another algorithm which computes the largest path in G̃Z :=
(W ′, E ′, w|def(E′)) (in which all output edges of z2 are deleted) in linear time
and therefore solves (2) as well as (1):

10For an arbitrary linear program max{ f(x) | x ∈ L } it always holds that: max { f(x) |
x ∈ L } = − min {−f(x) | x ∈ L }.



132 CHAPTER 3. TIME PETRI NETS

(1) Compute the strongly connected components of G̃Z .

(2) For the componentQz1 := (Vz1 , Ez1) containing z1 check whether |Vz1 | ≥
2. If yes then go to (6), if no then go to (3).

(3) Compute the acyclic graph G̃SCC
Z of the strongly connected components

of G̃Z .

(4) Check in G̃SCC
Z whether it is possible starting in the vertex Qz1 to reach

a vertex P := (VP , EP ) such that |VP | ≥ 2.
If yes then go to (6), if no then go to (5).

(5) Compute dmax(Qz1 , Qz2). dmax(z1, z2) := dmax(Qz1 , Qz2). STOP.

(6) dmax(z1, z2) := ∞. STOP.

This algorithm obviously runs in linear time. �

Problem 9

Input: • A Time Petri net Z,

• p-markings m1 and m2, which are reachable in Z.

Output: (1) Is m2 ∈ RZ(m1)?

(2) If m2 ∈ RZ(m1), compute the maximum distance
of time from m1 to m2 as well as a maximum run
realizing this.

Solution:

Similarly as for Problem 7 we consider the sets of vertices Mi, i = 1, 2. An
algorithm computing the all-pairs shortest path in the weighted digraph GZ
obviously gives us a solution to the problem. �

Finally, we note that the minimum and maximum distance of time from an
integer-state to a p-marking and from a p-marking to an integer-state can
also be computed. It is obvious that these four problems can be solved in
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polynomial or linear time. Computing the minimum and maximum distance
of time from an integer-state to a p-marking is equivalent to the single-source
shortest path problem. The single-destination shortest path problem solves the
task of finding the minimum and maximum distance of time from a p-marking
to an integer-state. Both algorithms run in polynomial time, cf. [CLRS01].

3.9 Bibliographical Notes

Time Petri nets were first introduced by Merlin in [Mer74] and the first
algorithm for the analysis of these nets was presented by Berthomieu and
Menasche in [BM83] and extensively studied by Berthomieu and Diaz in
[BD91]. A slight variation of this algorithm can be found in some articles by
Berthelot and Boucheneb, as, for instance, in [BB94] and [BB93].

The method presented by Berthomieu and Menasche is based on the defini-
tion of reachability graphs whose vertices are state classes. The reachability
graph as well as the notion of a state class are defined differently than in
this book. Every edge of the graph represents the firing of a transition. The
elapses of times are not explicitly shown in the graph. A class as defined by
Berthomieu and Menasche is a pair consisting of a marking (in the sense of
place-markings) and a domain reflecting the time situation in the net. The
domain associates a variable with each enabled transition in the considered
marking. The values of these variables represent possible points in time for
the firing of this transition. Thus, a set of possible points in time (interval)
for firing is defined for each enabled transition. All the sets in the consid-
ered marking together define the domain of the class. A domain is defined
by linear inequalities, i.e. a domain is a system of linear inequalities. An
advantage of this definition of state classes over the definition presented here
is that the number of variables in a certain class is exactly the same as the
number of enabled transitions in the marking of the class. A disadvantage is
the possibly large number of inequalities defining the class. Hence, in order
to compute a vertex in the reachability graph introduced by Berthomieu and
Menasche, one always has to compute the bounds for the variables in order
to formulate the system of inequalities.

The algorithm reducing the state space of an arbitrary Time Petri net to the
set of all reachable integer-states or all reachable essential-states presented in
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this book is based on the the notion of parametric states. An earlier version
of this reduction was done for finite Time Petri nets in [Pop91] (in German
in [PZ89]) using an imaginary global clock. It should be noted that the set
of time conditions Bσ in the notion of a parametric state (zσ, Bσ) can be
formulated as a set of formulas of first-order logic (or even of Presburger
arithmetic) (cf. [PZS99] and [PZ07]).

A series of examples comparing the size of the two kinds of reachability graphs
(“state-class”-reachability graphs and “essential-state”-reachability graphs)
is given in [Pil09] (see also Appendix). For nets with high concurrency the
“essential-state”-reachability graph tends to be smaller than the respective
“state-class”-reachability graph.

A disadvantage of the “state-class”-reachability graph compared to the “essen-
tial-state”-reachability graph is the fact that time is not explicitly represented
and hence, a quantitative analysis using these graphs is hardly possible. How-
ever, [BFSV04] presents an algorithm which computes the minimum and
maximum lengths of time for a given firing sequence in the Time Petri net.
The solution to Problem 3 is a stronger result than this, since Problem 3
allows firing as well as non-firing sequences as input.

Furthermore, a transformation of a Time Petri net into a timed automaton
(cf. [AD94]) was presented by Cassez and Roux in [CR04]. The transfor-
mation is rather costly because a timed automaton is associated with each
transition. For some quite strongly restricted classes of Time Petri nets an
easier transformation was found in [Pen00] and [PP06]. The goal of such
transformations is use algorithms developed for timed automata in the anal-
ysis of Time Petri nets. The obvious downsides to this approach are the size
of the resulting timed automaton and the difficult transfer of information
back into the net after the analysis of the automaton. Therefore, algorithms
and tools developed specifically for Time Petri nets are of great practical
importance.
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3.10 Exercises

Exercise 3.1

Let the number-theoretical function f(x1, x2) be defined as follows

f(x1, x2) :=

{
2 · x1 − x2 if 2 · x1 ≥ x2

undefined otherwise
.

Give a counter machine and the corresponding Time Petri net computing f .

Exercise 3.2

Let us consider the Time Petri net Z3:

p3

[0,2]

p4

[1,4]t2t1

p1

[3,6][0,2]t4 t3 [0,5]t6

2

[4,5]

t5

p2

2

p5

3

2

Give the parametric state (zσ, Bσ) for σ = t3t6t1.

Exercise 3.3

Let Z = (P, T, F, V,m0, I) be a Petri net. Furthermore let (zσ, Bσ) be a
parametric state and σ = t1 · · · tn a transition sequence in Z. The number
of variables appearing in Bσ is at most n+1. Show that the number of non-
redundant inequalities in Bσ is at most min{2 ·(n · |T |+1

)
, (n+1) · (n2 +2)}.
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Exercise 3.4

Give a feasible run σ(β̂) in a Time Petri net Z such that

1 ≤ � n∑
k=0

xk

�
β̂
− � n∑

k=0

xk

�
β∗ ,

where β∗ and β̂ are defined as in the proof of Theorem 3.26.

Exercise 3.5

Consider Theorem 3.32: Give a recursive definition of the assignment β∗.

Exercise 3.6

Give a proof for the following generalization of Theorem 3.61: Let Z =
(P, T, F, V,m0, I) be a Time Petri net with

(a) S(Z) is an AC-net,11

(b) S(Z) is homogeneous,

(c) for each place p ∈ P it holds that: Min(p) ≤ Max(p), and

(d) for each transition t ∈ T it holds that: lft(t) > 0.

Then if S(Z) is live Z is live, too.

Hint: A solution to this exercise can be found in [Bac11] and in [BPZ10].

Exercise 3.7

Show that the Petri net N := (P, T, F ′, V ′,m0), obtained from S(Z) =
(P, T, F, V,m0) after Step 1 in the proof of Theorem 3.65 is an EFC net.

Exercise 3.8

11In this book AC nets are defined for arbitrary Petri nets, cf. Definition 2.19.
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Give a Time Petri net Z satisfying the conditions (a), (b), (c) and (d) of
Theorem 3.65 but not condition (e), such that the net Z ′ (defined in Step 1
in the proof of Theorem 3.65) does not comply with all conditions of Theorem
3.61.

Remark: With this exercise the necessity of assumption (e) for the proof of
Theorem 3.65 is shown.

Exercise 3.9

The firing of a transition in a Time Petri net is defined using the notion of
“static conflict”, cf. Definition 3.7, i.e., if two transitions with a common
pre-place are enabled and one of them fires, then if the second transition is
still enabled, its clock is reset to zero in the state after the firing.

(a) Give a definition using the notion of “dynamic conflict”, i.e., if two
transitions with a common pre-place are enabled and one of the transi-
tions fires, then if the second transition is still enabled, its clock is not
reset but continues measuring time.

(b) Do Theorems 3.26 and 3.32 hold if transitions fire according to this
new definition?



Chapter 4

Timed Petri Nets

In this chapter we consider a further important class of time-dependent Petri
nets, the Timed Petri nets. In any real system every event takes some amount
of time, no matter how small. In Timed Petri nets this fact is incorporated
by associating a duration with each transition. To model a real system with
a Timed Petri net the duration of a transition is set to the duration of the
event or process modeled by this transition. Therefore, in most studies on
Timed Petri nets, durations of length zero are not considered, but allowing
time durations of certain events to be zero can be very useful for practical
reasons. If, for instance, we want to model events of which one has a very
small time duration compared with the others, then it might be convenient
to set the small duration to zero, in order to avoid using huge values for the
durations of the other events. Later on, this simplifies the analysis of the
net.

Through the way in which time is attributed to transitions and because the
maximal-step rule is used for firing it is exactly determined when events
take place and the concurrency of the timeless skeleton of such a net is lost.
Timed Petri nets are however a very useful means of modeling because of their
simplicity and clearness but also because these nets and their analysis and
verification have already been thoroughly studied. They are also well suited
for combination with other types of Petri nets so that various extensions of
Timed Petri nets such as Interval-Timed Petri nets (cf. [PZP12]) and Timed
Petri nets with priorities (cf. [WPZR04], [RPZW02]) have been developed
as intuitive modeling tools for a wide variety of real systems.

, L. Popova-Zeugmann Time and Petri Nets, DOI 10.1007/978-3-642-41115-1_ ,
© Springer-Verlag Berlin Heidelberg 2013
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In the following we introduce Timed Petri nets, in which zero durations are
allowed, and also reachability graphs for this class of nets, and show their
computational equivalence to Turing machines. After that we explore the
possibility of a local transformation of Timed Petri nets into Time Petri
nets. We finally define time-dependent state equations for Timed Petri nets
consistently with the respective notion for classic Petri nets and show a suf-
ficient condition for non-reachability of place-markings.

4.1 Definitions

Timed Petri nets are classical Petri nets in which a time duration dt is asso-
ciated with each transition t. The firing of the transition t now takes exactly
dt time units. Transitions are fired according to the maximal-step firing rule,
i.e., in each marking a maximal set of enabled transitions fires at once, im-
mediately after their enabling. The time durations are generally rational
numbers.

Definition 4.1 (Timed Petri net) A Timed Petri net is a 6-tuple D =
(P, T, F, V,m0, D) such that

1. S(D) = (P, T, F, V,m0) is a Petri net and

2. D : T −→ Q+
0 .

The function D is called the duration function of the net D. Fig. 4.1 shows
a Timed Petri net. In the graphical representation of a Timed Petri net the
time duration of each transition is written next to the transition in angle
brackets.

We call the classic (timeless) Petri net S(D) the skeleton of D. Similarly as
for Time Petri nets, it is easy to see that without loss of generality we can
represent any rational time durations in a specific net by natural numbers.
Therefore, as of now, we assume the domain of every duration function to be
N.

Again similarly as for Time Petri nets, the (place-)markings alone cannot
describe the behavior of a Timed Petri net. A state needs to contain a place-
marking as well as a transition-marking and these two markings together
fully describe the situation in a Timed Petri net.
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Example 4.2

p2

t1 t2 t3 t4

p3

p1

p4

2

< 3 > < 2 > < 5 > < 0 >

Figure 4.1: The Timed Petri net D1

Definition 4.3 (state) A state in the Timed Petri net D = (P, T, F, V,m0, D)
is a pair z = (m,u) such that

1. m is a marking in S(D) and

2. u : T −→ R+
0 with ∀t ( (t ∈ T ∧ t− ≤ m) −→ u(t) ≤ D(t) ).

We call m a place-marking (short: p-marking) and u a transition-marking
(short: t-marking) of D. We understand u(t) to be the clock of transition t.
The transition clocks in Timed Petri nets work differently from the transition
clocks in Time Petri nets: They count down the remaining time until their
transition has finished firing. Therefore, as the initial state of a Timed Petri
net D = (P, T, F, V,m0, D) in which no transition is in the process of firing
we define the state z0 := (m0, u0) with u0(t) := 0 for all t ∈ T .

In order to define the firing mode we formally introduce the notion of a
maximal step:

Definition 4.4 (maximal step) Let z = (m,u) be a state in the Timed
Petri net D = (P, T, F, V,m0, D). Then M ⊆ T is a maximal step in z, if

(1) ∀t ( t ∈ M −→ u(t) = 0 ),
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(2)
∑
t∈M

t− ≤ m,

(3) ∀t̂( ( t̂ ∈ T ∧ t̂ �∈ M ∧ t̂− ≤ m ∧ u(t̂ ) = 0 ) −→ (
∑
t∈M

t− + t̂−) �≤ m
)
.

The first two conditions in Definition 4.4 define the notion of a step. A step is
a set of transitions. The first condition ensures that none of these transitions
is in the process of firing and the second condition states that not only is
every transition in M enabled in m but the pre-places of the transitions in M
hold enough tokens for all transitions in M to fire at once. In some books this
property is called collective enabledness. The third condition disallows the
existence of a proper superset of M which fulfills the previous two conditions.

It is easy to see that the notion of a maximal step can also be defined time-
independently by omitting condition (1) and omitting u(t̂ ) = 0 in condition
(3). Thus, we can use maximal-step firing mode in timeless Petri nets, too,
even if this is unusual. Timeless Petri nets firing in maximal-step mode
have more expressive power than our classic timeless Petri nets and are even
Turing equivalent. This can be proved by showing the equivalence between
this kind of nets and counter machines. We have introduced counter machines
in Section 3.3. The first three commands start, stop and INC can obviously be
simulated by Petri nets firing in maximal steps because in our simulation of
these commands by classic Petri nets there was always exactly one transition
enabled (cf. p.41 and p.41, respectively). We still need to prove that the
fourth command l : DEC(i) : r : s (cf. p.39), the so-called zero-test, can also
be simulated by such a timeless net.

The command DEC is simulated by the Petri net presented in Fig. 4.2.
Assuming that the place wi is empty, only the sequence of maximal steps
σ1 = M1

1M
1
2M

1
3 with

M1
1 = {t3},M1

2 = {t4},M1
3 = {t5}

can fire in N2. After that, the place pr contains a token and the place ps is
empty. Otherwise, assuming that the place wi is marked, only the sequence
of maximal steps σ2 = M2

1M
2
2M

2
3 with

M2
1 = {t3},M2

2 = {t1, t4},M2
3 = {t2}

can fire in N2. After that, the place ps contains a token and the place pr is
empty. Thus, N2 simulates the command l : DEC(i) : r : s and the Turing
equivalence of timeless Petri nets firing in maximal-step mode follows.
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p1

p2

t1

wi

t2

ps

t3

p1

p3

t4

t5

p4

pr

Figure 4.2: Simulation of the command l : DEC(i) : r : s by a timeless Petri
net firing in maximal-step mode

We will now define the rules for state change in Timed Petri nets: one rule
determining when an enabled transition starts to fire and one for the elapsing
of time. As already mentioned, similarly to Time Petri nets, we can interpret
u(t) as a clock associated with the transition t, here however, as a timer,
counting down the time until t has finished firing. In every state z = (m,u)
the clock u(t) shows whether the transition is in the process of firing (is
active) or is not active. Whenever a transition t is not in the process of
firing it holds that u(t) = 0. This does not mean that t is disabled in m.
When a transition starts to fire then its clock u(t) is set to D(t). With time
elapsing the value of u(t) is decremented. Hence, the clock u(t) shows the
time remaining in z until t reaches the end of its current firing. There is an
ambiguity when a transition t has duration zero, i.e., D(t) = 0. In this case
the value of the clock may indicate that the transition t starts to fire in the
state z = (m,u), that it ends its firing, or that it is disabled in m. This is no
problem since the enabledness of any transition in a state can be determined
using the place-marking.
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We define Timed Petri nets in such a way that a firing process once started
cannot be interrupted or stopped until it has ended.

1st rule for state change:

Definition 4.5 (firing) Let z1 = (m1, u1) be a state in the Timed Petri
net D = (P, T, F, V,m0, D) and M ⊆ T . Then M can fire in z1 (notation:

z1
M−→) if M is a maximal step in z1. After the firing of M the net D changes

into the state z2 = (m2, u2) (notation: z1
M−→ z2) with:

(1) m2 := m1 −
∑
t∈M

t− +
∑
t∈M,
D(t)=0

t+,

(2) u2(t) :=

{
D(t) if t ∈ M
u1(t) otherwise

.

2nd rule for state change:

Definition 4.6 (elapsing of time) Let z1 = (m1, u1) be a state in the
Timed Petri net D = (P, T, F, V,m0, D). Then, the elapsing of one time

unit is possible in D (notation: z1
1−→), if

∀t ( (t ∈ T ∧ u1(t) = 0) −→ t− �≤ m1

)
.

After the elapsing of one time unit the Timed Petri net D is in the state

z2 = (m2, u2) (notation: z1
1−→ z2 ) with:

(1) m2 := m1 +
∑
t∈T,

u1(t)=1

t+,

(2) u2(t) :=

{
u1(t)− 1 if u1(t) ≥ 1
0 otherwise

.

The conditions in Definition 4.6 ensure that firing of transitions is prioritized
over the elapsing of time and that a maximal set of enabled transitions in
the step immediately start to fire.
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The state change by elapsing time can also be defined for arbitrary τ ∈ R+
0

instead of one time unit. Such a definition does not change the behavior of
the net, because the “relevant states”, i.e., states in which the place-marking
changes, are always integer-states. This is obvious because when a transition
starts to fire, its clock is set to a natural number and thus the amount of
time units after which the firing ends is also a natural number.

The notions of reachable states, dead states, dead p-markings, boundedness,
liveness, etc. for Timed Petri nets are defined as usual. Likewise similarly
to Time Petri nets, the notion of the reduced reachability graph RGD of a
Timed Petri net D is defined. However, we now “fuse together” input edges
labeled with maximal steps and output edges labeled with time – this results
from the fact that in Timed Petri nets, a step generally needs to fire before
time can elapse.

Example 4.7
In Fig. 4.3 part of the reachability graph RGD1 of the Timed Petri net D1 is
shown. The states zi for i = 0, . . . , 11 are defined as follows:

z0 =
(
(2, 0, 0, 0), (0, 0, 0, 0)

)
z1 =

(
(0, 1, 1, 0), (0, 0, 3, 0)

)
z2 =

(
(1, 0, 1, 1), (0, 0, 0, 0)

)
z3 =

(
(0, 0, 1, 2), (0, 0, 0, 0)

)
z4 =

(
(0, 1, 2, 1), (0, 0, 0, 0)

)
z5 =

(
(1, 0, 0, 0), (3, 0, 0, 0)

)
z6 =

(
(1, 0, 0, 0), (0, 0, 2, 0)

)
z7 =

(
(0, 1, 1, 1), (0, 0, 0, 0)

)
z8 =

(
(1, 1, 1, 0), (0, 0, 0, 0)

)
z9 =

(
(1, 0, 1, 0), (0, 0, 2, 0)

)
z10 =

(
(1, 1, 2, 0), (0, 0, 0, 0)

)
The state z3 is a dead state. The place p3 is not bounded and therefore, the
reachability graph is infinite.
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 z0

 z1

 z2

 z3

 z7

 z6

 z4

 z5

 z8

 z10  z9

{t1},3

{t2,t3},2

{t3},5

{t1},3

{t2},2
{t3},3 {t2},3

{t1,t4},0

{t1,t2},3 {t1,t3},3

{t1,t2},3{t1,t3},3

{t2},2

{t2},2

Figure 4.3: A part of the reachability graph RGD1 of the Timed Petri net
D1

4.2 Timed Petri Nets and Counter Machines

The considerations in the previous section immediately indicate that counter
machines can be simulated by Timed Petri nets and therefore that Timed
Petri nets are Turing equivalent. For the sake of completeness, we show how
the four commands of counter machines can be simulated by Timed Petri nets
(cf. p.39). As with Time Petri nets we model each number l of an assignment
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by place pl. Such a place holds a token whenever the considered assignment
is being executed. Each counter Ki is modeled by a place wi. For each step
in the computation (program execution) it will hold that m(wi) = Ki for the
p-marking m corresponding to that computation step.

We model the commands by Timed Petri nets as indicated in Table 4.1 and
Table 4.2.

Notation
of the command

Model of the command as
a Timed Petri net

0 : start : l pl

l : halt

pl

< 1 >t

l : INC(i) : r

pl

< 1 >t

pr

wi

Table 4.1: Translation of the four possible commands of a counter machine
into Timed Peri nets (modules)
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Notation
of the command

Model of the command as
a Timed Petri net

l : DEC(i) : r : s

p1

p2

t1

wi

t2

ps

t3

p1

p3

t4

t5

p4

pr

< 1 >

< 1 >

< 1 >

< 1 >

< 1 >

Table 4.2: Continuation of the translation of the four possible commands of
a counter machine into Timed Peri nets (modules)

The notion of Timed PN-computability can be introduced similarly to TPN-
computability and PN-computability. A number-theoretical function is then
Timed PN-computable if and only if it is TPN-computable.

4.3 Transformation of a Timed Petri net into

a Time Petri net

As mentioned in the previous section, Timed Petri nets and Time Petri nets
have the same expressive power. In the following we will present a local
transformation, which can transform most Timed Petri nets into Time Petri
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nets. This transformation is very useful especially for slightly modified Timed
Petri nets, where the duration of transitions is not defined exactly but varies
(cf. Section 4.5.2). The limitation on the transformation is that the codomain
of the duration function D is the set of all positive integers, i.e., the duration
zero is not allowed. The limitation results from the different firing modes of
the two kinds of time-dependent Petri nets.

Let D = (P, T, V,m0, d) be a Timed Petri net. We obtain the Time Petri net
ZD from the Timed Petri net D as follows:

We let ZD := (P ∪ {At, Bt | t ∈ T}, {t∗, t∗∗ | t ∈ T}, F ∗, V ∗,m∗
0, I) and

F ∗, V ∗,m∗
0 and I are defined as indicated in Fig. 4.4. We refrain from giving

a more formal definition here.

p1
t

pn
< d >

q 1

q m

p1

[0,0]

A tt*

pn

[d,d]

t**

B t

q1

qm

t

Figure 4.4: The transformation of a transition in a Timed Petri net to a
Time Petri net

The sets of all reachable place-markings in D and in ZD can easily be derived
from each other. The same is true for the time relations in both nets.
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The following example shows how the transformation is applied to a Timed
Petri net including a transition with time duration zero. In this case the sets
of reachable p-markings differ.

Example 4.8

p2

p3

p1

p4

< 0 > < 2 >

< 1 >

t2t1

t3

p2

p3

[0,0]

p1

[0,0]

[0,0]

[0,0]

[1,1]

p4

[2,2]

t3

t1 t2

Figure 4.5: The Timed Petri net
D2

Figure 4.6: The Time Petri net
ZD2

In the Timed Petri net in Fig. 4.5 only the firing of the maximal step {t1, t2}
is possible. The transition t3 is dead. The p-marking m with m(P1) =
m(P4) = 0,m(P2) = m(P3) = 1 is not reachable in D. The transformed
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net is the Time Petri net ZD2 , in which the p-marking m with m(P1) =
m(P4) = 0,m(P2) = m(P3) = 1 is reachable and the transition t3 can fire.

It is obvious that these nets have different behavior. There are however
Timed Petri nets including transitions with time duration zero that have the
same behavior as their transformed Time Petri nets.

4.4 State Equations

For the analysis of bounded Timed Petri nets we generally use the reacha-
bility graph but when the reachability graph is very large or the net itself is
unbounded, we need other methods of analysis.

For classic Petri nets we introduced the notion of the state equation of a
firing sequence σ, where m,CN and πσ are given and m′ is computed:

m′ = m+ CN · πσ. (1)

We can however also consider the two markings and the incidence matrix
as given and try to find a Parikh vector πσ such that the equation (1) holds.
In this case we obtain an equation (a system of equalities) whose variables
are the components of πσ. If equation (1) is not solvable in N then it is
clear that the marking m′ is not reachable from m in the considered net, but
this is only a sufficient condition. Equation (1) might be solvable in N but
if none of the solutions is the Parikh vector of some firing sequence in the
net m′ is still not reachable from m. Furthermore, it is clear that the set
of all reachable p-markings in a Timed Petri net is a subset of the set of all
reachable markings of its skeleton. Therefore, applying the method of state
equations in order to check the reachability of a marking from another one
in the skeleton is not very useful.

In this section we will extend the notion of the state equation of a firing
sequence σ for Timed Petri nets respecting the time. The extension is done
consistently. Thus, using time-dependent state equations we can exclude the
existence of undesirable situations in the system modeled by a Timed Petri
net.

For this reason we will classify all tokens in every place – we will distinguish
between immediately available tokens, tokens available after one time unit,
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tokens available after two time units, etc. We realize this by defining time-
extended place markings (short: time p-markings) as well as some auxiliary
notions: By M(k, l) we denote the set of all matrices over N with k rows
and l columns. For a matrix A ∈ M(k, l) the notation A.i stands for the i-th
column and Aj for the j-th row in A. All the new notions are exemplified
using the Timed Petri net D4, given in Fig. 4.7.

p2

< 2 >

p3

< 0 >t3t1

p1

< 2 >< 2 > t4t2

2 2
3

Figure 4.7: The Timed Petri net D3

Definition 4.9 (time dimension) Let D = (P, T, F, V,mo, D) be a Timed
Petri net. The time dimension of D is the number dD := max

t∈T
{D(t)}+ 1.

For the sake of simplicity we write d instead of dD whenever D is clear from
the context.

The time dimension of D3 is d = 3.

Subsequently, we will denote the duration D(tk) of a transition tk by dk.

Definition 4.10 (time-extended p-marking) Let D = (P, T, F, V,mo, D)
be a Timed Petri net and dD = d its time dimension. Then a time-extended
place-marking (short : time p-marking) in D is a matrix m ∈ M(|P |, d).

The idea of a time-extended place-marking is the following: Rather than a
vector, this marking is a matrix, in which the first column specifies for each
place the number of tokens available in the current state. These are the
tokens that can be used for firing in this state. The second column contains
the number of tokens that will appear in the place after the elapsing of one
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time unit and similarly for all the columns of m. These are the tokens that
transitions which are currently firing will put on the places once they finish
firing. The time p-marking is thus a matrix which has a row for each place of
the net and d columns, that is, the matrix has enough columns to keep track
of all tokens that will be released by transitions currently in the process of
firing and the i-th column contains the tokens that will be released after i−1
time units.

The initial time p-marking is the matrix m(0) ∈ M(|P |, |T |) with m
(0)
.1 = m0

and m
(0)
ij = 0 for i = 1, . . . , |P | and j = 2, . . . , d.

For the Timed Petri net D3 the initial time p-marking is

m(0) =

⎛⎝ 4 0 0
0 0 0
0 0 0

⎞⎠ .

So in addition to modeling the current moment a time state also contains
information about the future. Note however that the time state cannot fully
predict how many tokens will appear in the places, since additional transi-
tions with a shorter duration may fire and release tokens before the transi-
tions with the longest durations release their tokens (the latest releases of
tokens predicted by the marking) (cf. Definition 4.11). Furthermore, it can
easily be seen that the notion of a time p-marking is a consistent refinement
of the notion of a p-marking. The pair z = (m,u) of a time p-marking m
and a t-marking u is a time-extended state (short: time state). We can now
redefine the rules for time state change as well as the notion of a maximal
step for time states. We do this consistently with Definition 4.4 of maximal
steps and the firing rules for Timed Petri nets introduced in Definitions 4.5
and 4.6, replacing the p-marking m by m.1.

We note that m ∈ M(|P |, d) for every time state z = (m,u).

Definition 4.11 (firing) Let D = (P, T, F, V,mo, D) be a Timed Petri net,
z1 = (m(1), u1) a time state in D and M ⊆ T . If M is a maximal step in

m
(1)
.1 , then M can fire in z1. After M fires, the net D is in the time state

z2 = (m(2), u2) (notation: z1
M−→ z2 ) defined by
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m
(2)
i,j :=

⎧⎪⎪⎨⎪⎪⎩
m

(1)
i,j − ∑

ts∈M
V (pi, ts) +

∑
ts∈M,
ds=0

V (ts, pi) if j = 1

m
(1)
i,j +

∑
ts∈M,
ds=j−1

V (ts, pi) if j > 1

and

u2(t) :=

{
D(t) if t ∈ M
u1(t) otherwise

.

Definition 4.12 (elapsing of time) Let z1 = (m(1), u1) be a time state in
the Timed Petri net D. Then one time unit can elapse in D (notation:

z1
1−→), if

∀t ( (t ∈ T ∧ u1(t) = 0) −→ t− �≤ m
(1)
.1

)
.

After one time unit has elapsed, D is in the state z2 = (m(2), u2) (notation:

z1
1−→ z2 ) defined by

m
(2)
i,j :=

⎧⎪⎨⎪⎩
m

(1)
i,1 +m

(1)
i,2 if j = 1

m
(1)
i,j+1 if 2 ≤ j ≤ d− 1

0 if j = d

.

We now introduced the notion of a global step and a global reachable time
state (short: g-reachable). A global step is a sequence of maximal states
complying with certain conditions. The set of all g-reachable time states is
a subset of the set of reachable time states of a Timed Petri net.

Definition 4.13 (global step) Let z be a time state in the Timed Petri net
D. A global step in z is the multiset1 G computed by the following procedure:

1. G := ∅;
2. Let M be a maximal step in z;

3. if M �= ∅ then G := G+M else stop.

4. Let z
M−→ z1; Set z := z1; goto 2;

1A multiset over a setM denotes a function κM fromM to the natural numbers. κM (x)
is called the multiplicity of the element x in M .



4.4. STATE EQUATIONS 155

In D3 the multiset G = {t1, t2, t2, t4} is a global step in z0. This multiset
contains three maximal steps. The set M1 = {t1, t2} is a maximal step

in z0. Let z0
M1−→ z1. Then M2 = {t2, t4} is a maximal step in z1. Let

z1
M2−→ z2. Now M3 = ∅ is a maximal step in z2. So we obtain the global step

G = M1 +M2.

After firing a maximal step it is generally still possible to fire another max-
imal step but after firing a global step it is only possible to let time elapse.
Therefore, the subsequences of maximal steps of a sequence that are followed
by the passing of single time units are global steps, so that the whole sequence
alternates between firing global steps and letting single time units pass. So
when writing a firing sequence σ = G1G2 . . .Gn of global steps Gi, i ≤ i ≤ n,
we know that it will result in one of the two sequences G11G21 . . . 1Gn or
G11G21 . . . 1Gn1.

Finally, let it be noted that there are Timed Petri nets in which the compu-
tation of a global step cannot be completed. The reason is that transitions
with duration zero can repeatedly be enabled and then are required to fire
infinitely often. To avoid this, one needs to ensure that the net contains no
cycles of places and transitions of duration zero. There are however Timed
Petri nets containing such cycles where it is not necessary to fire transitions
with duration zero infinitely often.

Definition 4.14 (global reachability) Let D be a Time Petri net. The
time state z∗ is globally reachable in D (short: g-reachable), if there is a
sequence σ = G1G2 . . .Gk such that

z(0)
G1−→ ẑ(1) −→

1
z̃(1)

G2−→ ẑ(2) −→
1

z̃(2) . . . −→ z∗.

The last change of state can be either the firing of a global step or the elapse
of one time unit.

We can analogously define g-reachable time p-markings.

In the Timed Petri net D3 the following time p-marking is reachable but not
g-reachable.

m =

⎛⎝ 1 0 0
0 0 2
1 0 0

⎞⎠ .
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Any time state which is reachable but not g-reachable can be reached from
some g-reachable time state by firing maximal steps.

Definition 4.15 (time-extended incidence matrix) Let D = (P, T, F,
V,m0, D) be a Timed Petri net. The time-extended incidence matrix of D
is the matrix C ∈ M(|P |, d · |T |), C := (C(1), C(2), . . . , C(|T |)) with C(k) ∈
M(|P |, d), k ∈ {1, . . . , |T |} and submatrices C(k) = (c

(k)
i,j ) defined as follows:

c
(k)
i,j :=

⎧⎪⎪⎨⎪⎪⎩
V (tk, pi)− V (pi, tk) if dk = 0, j = 1
−V (pi, tk) if dk > 0, j = 1
V (tk, pi) if dk > 0, 0 < j − 1 = dk
0 otherwise

.

Example 4.16 The time-extended incidence matrix of the Timed Petri net
D3 (Fig. 4.7) is

C =

⎛⎝ −2 0 0 −1 0 0 0 0 3 0 0 2
0 0 1 0 0 0 −1 0 0 0 0 0
0 0 0 1 0 0 0 0 0 −1 0 0

⎞⎠ .

Definition 4.17 (bag matrix) Let D = (P, T, F, V,m0, D) be a Timed
Petri net and let G be a global step in a reachable time state of D and
let the multiplicity κG(ti) of ti in G be denoted by κGi

. The bag matrix of G
is the following Matrix G ∈ M(d · |T |, d):

G = (gi,j)i=1...d·|T |
j=1...d

=

⎛⎜⎜⎜⎝
G(1)

G(2)
...

G(|T |)

⎞⎟⎟⎟⎠ with G(s) = κGs · Ed .

If the transition ts does not belong to the global step G, then the submatrix
G(s) is obviously a zero matrix.

Example 4.18 Let us consider the global step G = {t1, t2, t2, t4} = {t1, t2}+
{t2, t4} in the time state z(0) in D3. The bag matrix G of G is as follows:
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G =

⎛⎜⎜⎝
G(1)

G(2)

G(3)

G(4)

⎞⎟⎟⎠ with G(1) =

⎛⎝ 1 0 0
0 1 0
0 0 1

⎞⎠, G(2) =

⎛⎝ 2 0 0
0 2 0
0 0 2

⎞⎠,

G(3) =

⎛⎝ 0 0 0
0 0 0
0 0 0

⎞⎠, G(4) =

⎛⎝ 1 0 0
0 1 0
0 0 1

⎞⎠, i.e., G =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0
0 1 0
0 0 1

2 0 0
0 2 0
0 0 2

0 0 0
0 0 0
0 0 0

1 0 0
0 1 0
0 0 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

Definition 4.19 (progress matrix) Let D be a Timed Petri net with time
dimension d. The progress matrix of D is the matrix R ∈ M(d, d) with

ri,j :=

{
1 if (i = j = 1) or (i = j + 1)
0 otherwise

.

Example 4.20 The progress matrix R of D3 is R =

⎛⎝ 1 0 0
1 0 0
0 1 0

⎞⎠.

Definition 4.21 (Parikh matrix) Let D be a Timed Petri net and σ =
G1 . . .Gn a firing sequence in D. Furthermore let G(i) be the bag matrix of
the global step Gi for every i = 1, . . . , n. The Parikh matrix of σ is the matrix
Ψ ∈ M(d · |T |, d) with

Ψσ :=
n∑

i=1

G(i) ·Rn−i.
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Now we can finally introduce the notion of state equations for Timed Petri
nets.

Theorem 4.22 (state equations for Timed Petri nets) Let D be a Ti-
med Petri net with progress matrix R and the initial time state z(0) = (m(0), u0)

and let σ = G1 . . .Gn be a firing sequence in D with z(0)
G1−→ ẑ(1) −→

1
z̃(1)

G2−→
ẑ(2) −→

1
. . .

Gn−→ ẑ(n). Then it holds that:

m̂(n) = m(0) ·Rn−1 + C ·Ψσ, (2)

where ẑ(i) = (m̂(i), ui) and z̃(i) = (m̃(i), ui) for every i ∈ {1, . . . , n}.

The equality (2) is called the first state equation for the firing sequence σ in
D.

For the proof of Theorem 4.22 we need the next two lemmas:

Lemma 4.23 Let D be a Timed Petri net, R its progress matrix, z(1) =

(m(1), u1) a reachable time state in D and z(1)
1−→ z(2) with z(2) = (m(2), u2).

Then it holds that:
m(2) = m(1) ·R.

Proof:

Let us consider the matrix Q := m
(1)
i,j ·R with Q = (qi,j) for 1 ≤ i ≤ |P | and

1 ≤ j ≤ d. In order to prove the lemma it is now sufficient to show that
qi,j = m

(2)
i,j .

Case 1: j = 1

Hence, it holds that: qi,1 =
d∑

s=1

m
(1)
i,s · rs,1 = m

(1)
i,1 · 1+m

(1)
i,2 · 1 =

Def.4.12
m

(2)
i,1

Case 2: d > j ≥ 2

Hence, it holds that: qi,j =
d∑

s=1

m
(1)
i,s · rs,j = m

(1)
i,j+1 · 1 =

Def.4.12
m

(2)
i,j

Case 3: j = d

Hence, it holds that: qi,j =
d∑

s=1

m
(1)
i,s · rs,j = 0 = m

(2)
i,j . �
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Lemma 4.24 Let D be a Timed Petri net and z(1) = (m(1), u1) a reachable

time state in D. Furthermore let z(1)
G−→ z(2) with z(2) = (m(2), u2) and

G = {κGi1
· ti1 , κGi2

· ti2 , . . . , κGiq
· tiq}. Then it holds that:

m(2) = m(1) + C ·G.

Proof:

We compute m
(2)
i,j .

Case 1: j = 1

By Definitions 4.11 and 4.13 it follows that:

m
(2)
i,1 = m

(1)
i,1 −

∑
ts∈G

(
V (pi, ts) · κGs

)
+

∑
ds=j−1=0

ts∈G

(
V (ts, pi) · κGs

)
.

Hence, it is sufficient to show that

d·|T |∑
l=1

ci,lgl,1 = −
∑
ts∈G

(
V (pi, ts) · κGs

)
+

∑
ds=j−1=0

ts∈G

(
V (ts, pi) · κGs

)
.

We consider the bag matrix G. The first column G.1 of G is the vector
G.1 = (g(1), g(2), . . . , g(|T |))T , where g(k) is a d-dimensional vector with

g(k) = (g
(k)
1 , . . . , g

(k)
d )T for k = 1, . . . , |T | and g

(k)
j =

{
κGk

if j = 1
0 otherwise

.

So, if tk ∈ G then g(k) is the d-dimensional vector (κGk
, 0, . . . , 0)T and

otherwise g(k) is the d-dimensional zero vector.

Thus, it holds that:

d·|T |∑
l=1

ci,l · gl,1 =

|T |∑
k=1

d∑
l=1

c
(k)
i,l · g(k)l

=

|T |∑
k=1

(
c
(k)
i,1 · κGk

)
by Def. 4.15, for j = 1

= −
∑
tk∈G

(
V (pi, tk) · κGk

)
+
∑
dk=0
tk∈G

(
V (tk, pi) · κGk

)
.
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Case 2: j ≥ 2

We now have to show that
d·|T |∑
l=1

ci,l · gl,j =
∑

ds=j−1

(
V (ts, pi) · κGs

)
.

Let us consider the j-th column of the bag matrix G, which is the
vector G.j. It holds that:

G.j = (g(1), g(2), . . . , g(|T |))T with
|T |
∀
1
k g(k) = (g

(k)
1 , . . . , g

(k)
d )T

and g
(k)
l =

{
κGk

if l = j
0 otherwise,

i.e., g(k) = (0, . . . , 0)T︸ ︷︷ ︸
d

, if tk /∈ G

and g(k) = (0, . . . , κGk

↑j.
, 0, . . . , 0)︸ ︷︷ ︸

d

T , if tk ∈ G.

This yields

d·|T |∑
l=1

ci,l · gl,j =

|T |∑
k=1

(
c
(k)
i,j · κGk

)
by Def. 4.15, for j ≥ 2

=
∑

dk=j−1
tk∈G

(
V (tk, pi) · κGk

)
.

�

Proof of Theorem 4.22:

We will do the proof by induction on n:

Basis: We have to show that for m(0) G1−→ m(1) it holds that

m(1) = m(0) ·R0 + C ·Ψσ = m(0) + C ·Ψσ, with

Ψσ =
1∑

i=1

G(i) ·Rn−i = G(1) ·R0 = G(1).

Hence, we have to prove thatm(1) = m(0)+C ·G(1). This is true because
of Lemma 4.24.
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Step: We consider the firing sequence σ′ = σGn+1 with

z(0)
σ−→ ẑ(n)

1−→ z̃(n)
Gn+1−→ ẑ(n+1).

We have to show that the following equation holds:

m̂(n+1) = m(0) ·Rn + C ·Ψσ′ and Ψσ′ =
n+1∑
i=1

G(i) ·Rn+1−i.

According to the induction hypothesis it holds that:

m̂(n) = m(0) ·Rn−1 + C ·Ψσ = m(0) ·Rn−1 + C ·
(

n∑
i=1

G(i) ·Rn−i

)
.

(3)

Furthermore, because of Lemma 4.23 and Lemma 4.24 it holds that

m̃(n) = m̂(n) ·R (4)

and
m̂(n+1) = m̃(n) + C ·G(n+1). (5)

Hence, (3), (4) and (5) immediately yield:

m̂(n+1) =
(5)

m̃(n) + C ·G(n+1) =
(4)

m̂(n) ·R + C ·G(n+1)

=
(3)

(
m(0) ·Rn−1 + C ·

(
n∑

i=1

G(i)Rn−i

))
·R + C ·G(n+1)

= m(0) ·Rn + C ·
(

n∑
i=1

G(i)Rn+1−i

)
+ C ·G(n+1) · Ed︸︷︷︸

=R0

= m(0) ·Rn + C ·
(

n∑
i=1

G(i)Rn+1−i +G(n+1) ·R(n+1)−(n+1)

)

= m(0) ·Rn + C ·
(

n+1∑
i=1

G(i)Rn+1−i

)
= m(0)Rn + C ·Ψσ′ .
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�

Corollary 4.25 Let D be a Timed Petri net with progress matrix R and
initial time state z(0) and let σ = G1 . . .Gn be a firing sequence in D with

z(0)
G1−→ ẑ(1)

1−→ z̃(1)
G2−→ ẑ(2)

1−→ . . .
1−→ z̃(n). Then it holds that:

m̃(n) = m(0) ·Rn + C ·ΨσR. (6)

The equality (6) is called the second state equation for the firing sequence σ
in D.

Let σ = G1G2 . . .Gn be a firing sequence in the Timed Petri net D and
let z(1)

σ−→ z(2). If all global steps in σ are empty, then we often write
z(1) −→

n
z(2) or z(1) −→

n−1
z(2) (depending on the last state change).

Corollary 4.26 Let z(1) −→
τ

z(2) for some τ ∈ N+ in the Timed Petri net D.

Then it holds that:

∀j
(
(1 ≤ j ≤ |P |) →

d∑
i=1

m
(1)
j,i =

d∑
i=1

m
(2)
j,i

)
. (7)

Remark 4.27 Let z(1)
M−→ z(2) with M a maximal step in z(1) in the Timed

Petri net D. Then it holds that

∀t((t ∈ (T \M) ∧ u2(t) = 0 ) −→ m
(1)
.1 −

∑
t̂∈M

t̂− �≥ t−
)
. (8)

Remark 4.28 Let z(1)
G−→ z(2) in the Timed Petri net D. Then it holds

that:

∀t((t ∈ T ∧ u2(t) = 0) −→ m
(2)
.1 �≥ t−

)
. (9)

Theorem 4.22, Corollary 4.26 and Remarks 4.27 and 4.28 give necessary
conditions for the reachability of time p-markings. Therefore, they can be
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used to prove non-reachability of specific time states. Such conditions are
important because the reachability of a time p-marking is in general not
decidable.

The following Example 4.29 illustrates the use of state equations in proving
non-reachability of p-markings:

Example 4.29 Using Theorem 4.22 and Corollary 4.26 we will show that
the time p-marking

m∗ =
(

1 0
0 1

)
is not reachable in D4 (see Fig. 4.8).

p2

t1

p1

< 1 >< 1 > t2

Figure 4.8: The Timed Petri net D4

Assuming m∗ is reachable in D4, there exists a firing sequence σ = G1G2 . . .Gn

such that z(0)
σ−→ z(n) and z(n) = z∗. Then equality (2) or (6) holds for

m∗ = m(n).

The time-extended incidence matrix C, the progress matrix R and Rn, n ≥ 1
of D4 are:

C =

(
0 1 −1 0
−1 0 0 1

)
, R =

(
1 0
1 0

)
, Rn =

(
1 0
1 0

)
.

Let xi
j be the number of appearances of the transition tj in Gi. The bag matrix

Gi of the global step Gi (1 ≤ i ≤ n) is then as follows:
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G(i) =

⎛⎜⎜⎝
xi
1 0
0 xi

1

xi
2 0
0 xi

2

⎞⎟⎟⎠ .

Therefore, the Parikh matrix Ψσ is:

Ψσ =

⎛⎜⎜⎝
x1
1 + . . .+ xn

1 0
x1
1 + . . .+ xn−1

1 xn
1

x1
2 + . . .+ xn

2 0
x1
2 + . . .+ xn−1

2 xn
2

⎞⎟⎟⎠ .

Case 1: Equality (2) holds for m∗. Then it holds that

C ·Ψσ =

(
0 1 −1 0
−1 0 0 1

)
·

⎛⎜⎜⎝
x1
1 + . . .+ xn

1 0
x1
1 + . . .+ xn−1

1 xn
1

x1
2 + . . .+ xn

2 0
x1
2 + . . .+ xn−1

2 xn
2

⎞⎟⎟⎠ .

This leads to

m∗ =
(

1 0
0 1

)
=

(
1 0
1 0

)
·
(

1 0
1 0

)
+

(
α− β − xn

2 xn
1

−α− xn
1 + β xn

2

)
,

i.e., (
0 0
−1 1

)
=

(
α− β − xn

2 xn
1

−α− xn
1 + β xn

2

)
, (10)

with α := x1
1 + . . .+ xn−1

1 and β := x1
2 + . . .+ xn−1

2 for n ≥ 2.

Now (10) yields

xn
1 = 0, (11)

α = β + xn
2 , x

n
2 = 1 and − 1 = −α− xn

1 + β.

Thus, it follows that

x1
1 �= x1

2 (12)

in contradiction to G1 = {t1, t2}. Therefore we have ruled out this case.
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Case 2: Equality (6) holds for m∗.

Then, it follows that:

m∗ =
(

1 0
0 1

)
=

(
1 0
1 0

)
+

(
α− β − xn

2 xn
1

−α− xn−1
1 + β xn

2

)
·
(

1 0
1 0

)
.

Hence (
0 0
−1 1

)
=

(
α + xn

1 − β − xn
2 0

−α− xn−1
1 + β + xn

2 0

)
,

and therefore 1 = 0 which is obviously again a contradiction. Therefore,
this case cannot hold either.

Thus, we have shown that the assumption of m∗ being reachable in D4 in-
evitably leads to contradictions. Hence, m∗ is not reachable in D4.

4.5 Variations of Timed Petri Nets

Petri nets are suitable for modeling systems on different levels of abstraction.
It is the desire of every user to describe a system adequately, exactly, and
in a natural way. This has led to the introduction of various extensions of
Timed Petri nets. But the more extensions are defined, the more difficult
and limited the analysis becomes. In the next two subsections we present
two useful extensions of Timed Petri nets.

4.5.1 Timed Petri Nets with Priorities

One enrichment of the specification possibilities of Timed Petri Nets is the
addition of priorities. This extension became necessary in order to support
the specification of priority-based schedules as used in real-time systems. An
example of the use of a specification using Timed Petri Nets with priorities is
the verification of the architecture “Message Scheduled System” (MSS) that
targets control systems for automation and transportation. More on the
specification and the analysis of this architecture can be found in [RWPZ02]
and [Ric06].
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Definition 4.30 A Timed Petri net with priorities (P-Timed Petri net) is
a pair PD = (D, ξ) such that

1. D is a Timed Petri net with T as its set of transitions and

2. ξ : T −→ N.

The function ξ is called the priority function of PD. In the graphic represen-
tation of a P-Timed Petri net the value ξ(t) is given in curly brackets. The
value D(t) is given in angle brackets.

p2

< 2 >
 

t3t1

p1

< 2 >
 

< 0 >
 

t2{3}{2} {1}

< 0 >
 {1}t4

3

Figure 4.9: The P-Timed Petri net PD1

All the notions defined for Timed Petri nets can be adapted to P-Timed
Petri nets. In deciding which transitions to use for a maximal step in a P-
Timed Petri net, transitions with higher priorities are always preferred over
transitions with lower priorities.

Definition 4.31 (prioritized maximal step) Let z = (m,u) be a time
state in the P-Timed Petri net PD with set of transitions T . Then M ⊆ T
is a prioritized maximal-step in z, if

(1) ∀t ( t ∈ M −→ u(t) = 0 ),
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(2)
∑
t∈M

t− ≤ m.1,

(3) ∀t̂ ((t̂− ≤ m.1 ∧ u(t̂) = 0 ∧ t̂ �∈ M) −→ ∑
t∈M,

ξ(t)≥ξ(t̂)

t− + t̂− �≤ m.1

)
,

(4) ¬∃M∗((M∗ � M) ∧ ( M satisfies (1) – (4))
)
.

We note that it is possible to obtain a prioritized maximal step containing a
transition with a lower priority than some enabled transition which does not
belong to the step: Consider the net PD2 in Figure 4.10. The only prioritized
maximal step in the initial time state is M = {t1, t3}. Transition t2 is not in
M and t3 is in M even though t2 has higher priority than t3. The reason is
that t2 is in a (dynamic) conflict with transition t1 which has higher priority
than t2.

t1 t2 t3
{3}
<1>

{2}
<1>

{1}
<1>

Figure 4.10: The P-Timed Petri net PD2

The firing rule for P-Timed Petri nets is immediate firing in maximal step.
All formal definitions for P-Timed Petri nets can be found in [WPZR04].
They are similar to the definitions in Section 4.4. For P-Timed Petri nets we
can give an additional sufficient condition for non-reachability which makes
use of the priorities. Using this condition and the time-dependent state
equations for the net PD1 we can for instance prove that the time p-marking

m∗ =
(

0 0 0
0 0 0

)
is not reachable in PD1. The approach is similar to the one in Example 4.29.

Finally, we note that reachability graphs for P-Timed Petri nets can be de-
fined without difficulty and hence graph-theoretical algorithms can be applied
in the analysis of these nets.



168 CHAPTER 4. TIMED PETRI NETS

4.5.2 Timed Petri Nets with Variable Durations

In the real world it is often difficult or even impossible to determine an exact
duration for any event but it might be possible to estimate lower and upper
bounds for the duration of the event. To model such circumstances with
time-dependent Petri nets, every transition is associated with an interval
determining the range of possible durations of this transition. Such nets are
called Timed Petri nets with variable durations.

Definition 4.32 (Timed Petri nets with variable durations) A Timed
Petri net with variable durations (short: U-Timed Petri net) is a pair UD =
(N , U) such that

1. N is a Petri net, T is its set of transitions and

2. U : T −→ Q+×Q+ with U(t) = (at, bt) implies at ≤ bt for every t ∈ T .

The duration of the firing process of a transition is not fixed, it varies within
the interval associated with the transition by the function U . The firing mode
is immediate firing of maximal steps. A formal introduction of U-Timed Petri
nets and of state equations for these nets can be found in [PZP12]. Fig. 4.11
shows a U-Timed Petri net.

t1 t2 t3 t4

p3

p1

p4

2

< 1,1 > < 1,3 > < 5,6 > < 1,2 >

p2

Figure 4.11: The U-Timed Petri net UD1
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One way to analyze a U-Timed Petri net is to transform it into a Time Petri
net and then analyze the obtained net. The transformation is similar to the
transformation of Timed Petri nets into Time Petri nets in Section 4.3, cf.
Fig. 4.12.

p1
t

pn
< d,c >

q1

qm

p1

[0,0]

a tt*

pn

[d,c]

t**

b t 

q1

qm

t

Figure 4.12: The transformation of a transition in a U-Timed Petri net into
a Time Petri net

For U-Timed Petri nets containing transitions with zero as a lower or upper
bound there is no such straightforward transformation, but individual nets
can be transformed similarly to Timed Petri nets with zero durations, cf.
Fig. 4.5.

These nets are mostly used in the modeling and verification of the depend-
ability of technical systems (dependability engineering). We used them for
software verification in [HPZ97].
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4.6 Bibliographical Notes

Unlike in classical and Time Petri nets, in Timed Petri nets it is completely
determined when in time the transitions fire, so that no real concurrency
exists in these nets. Thus, every Timed Petri net has an implicit global
clock. But we still do not need a global clock for the analysis, it is sufficient
to consider time locally at each transition. The reason is that time passes
at the same speed for all firing transitions. This does not mean that time
always passes at equal speed.

Apart from Ramchandani who first introduced Timed Petri nets, Sifakis
in [Sif80] and Starke in [Sta90] have studied these nets. W. M. Zuberek
extensively studied Timed Petri nets and a wide area of their applications and
made huge theoretical and practical contributions in this area. An algebraic
method for the quantitative analysis of conflict-free Timed Petri nets (Timed
Petri nets whose skeletons are marked graphs) is given in [Wan98]. The
method, however, cannot be generalized to arbitrary Timed Petri nets.
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4.7 Exercises

Exercise 4.1

Let D = (P, T, V,m0, D) be a Timed Petri net and ZD the Time Petri net
obtained from D using the local transformation described in Section 4.3 (cf.
Fig. 4.4). For each p-marking m in D we let the set Mm ⊆ RZD be defined
as follows:

Mm := {m̃ | ∀p (p ∈ P → m̃(p) :=

{
m(p) if p ∈ P
0 or 1 otherwise

)}.
Show that if m is reachable in D, then at least one element m̃ of Mm is a
reachable p-marking in ZD.

Remark: The set Mm is nonempty and finite for every reachable p-marking
in D.

Exercise 4.2

Define the notions of “maximal step” and “global step” for U-Timed Petri
nets with the additional condition that the duration of any transition should
be a natural number. Is it possible to generalize these definitions so that
they allow rational durations?

Exercise 4.3

Give a definition of a time-dependent state equation for a sequence of global
steps and elapses of single time units in U-Timed Petri nets where the dura-
tions of all transitions are natural numbers.

Exercise 4.4

(a) Consider the following Timed Petri net:
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p2

p3

t1

t3

p5

t2< 1 >

p1

p4

t6

t4

< 2 >

< 1 > < 1 >t5< 1 >

< 1 >

Give a timeless Petri net such that the two nets have isomorphic reach-
ability graphs.

(b) Let D = (P, T, V,m0, D) be an arbitrary Timed Petri net. Give a local
transformation which transforms D into a timeless Petri net ND such
that the reachability graphs of the two nets are isomorphic.

Hint: Note that Timed Petri nets are Turing equivalent but classic Petri
nets are not.



Chapter 5

Petri Nets with Time Windows
(Petri Nets with Retention Time on Places)

The last time extension of Petri nets introduced in this book are Petri nets
with retention time on places and we show ways to analyze them. They
were first devised as a formal specification technique for designing complex
automaton systems. Most important for this application are the possibili-
ties for system diagnostics, namely error detection, localization, evaluation,
recognition and reaction. It is important to minimize the total time needed
for the internal diagnostic process of the system; considering only the causal
relationships between events is therefore not sufficient.

In order to model event-driven systems in a natural way by Petri nets we
would like to be able to specify delays and safety distances of time between
events. That is why we extend classic Petri nets by retention times for tokens
on the places. The time assigned to a place can be interpreted in different
ways, as minimum or maximum delay, or a combination of both, as exact
retention time or periods of validity, etc.

We consider here a time extension where for each place an interval specifies
the minimum and maximum retention time for tokens reaching this place.
When a token arrives in a place, “its time” starts to run. If the token remains
on the place until after its maximum retention time has passed, we can either
define that it may not be used to fire a transition any more at all and simply
remains on this place or we can reset its time to zero. The minimum retention
time can then be viewed as a kind of preparation time required before the
token is ready for use and the token only stays ready for a limited amount of

, L. Popova-Zeugmann Time and Petri Nets, DOI 10.1007/978-3-642-41115-1_ ,
© Springer-Verlag Berlin Heidelberg 2013

15 73
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time, namely until its maximum retention time has passed, then it needs to
be prepared again and can be used for firing when it has reached its minimum
retention time. This second version is the one we consider here.

The minimum and maximum retention time of each place can be understood
as a time window for each token on the place. The window is closed until
the considered token has reached the minimum retention time. Then the
window opens and the token can leave the place but only until the maximum
retention time is reached, when the window closes. Therefore these nets are
also sometimes called Petri nets with time windows.

5.1 Definitions

Definition 5.1 (Petri nets with retention time on places) A Petri net
with retention time on places or with time windows (short: tw-Petri net), is
a pair P = (N , I) such that

1. N is a classic Petri net, P its set of places and

2. I : P −→ Q+
0 × (Q+

0 ∪ {∞}) with I(p) = (lp, up) where lp ≤ up for all
p ∈ P .

The classic Petri net N is called the skeleton of P and is denoted by S(P).
Without loss of generality we consider the codomain of I to be N+

0 × (N+
0 ∪

{∞}). Fig. 5.1 illustrates a Petri net with retention time on places.

Tokens can obviously arrive on a place at different moments. Therefore each
token needs its own clock. This can be formally described in an unexpectedly
simple and elegant way by using words over the real numbers. Each token
in a place is represented by a (real) number (modulo1 the upper bound of
the place) representing the time this token has spent on the place. Thus, a
place with three tokens is marked with a word consisting of three numbers.
Within one such word, the numbers will be ordered numerically, decreasing
from left to right. An unmarked place is marked with the empty word. Such
a marking will be called a time-marking.

1The modulo notion will be slightly modified, cf. Definition 5.9



5.1. DEFINITIONS 175

Example 5.2

t1

p2

t2 t3 t4

p3

p1

p4

2

[0,2]

[0,1] [2,6]
[1,3]

Figure 5.1: P1 is a Petri net with retention time on places

Definition 5.3 (time-marking) Let P be a tw-Petri net with set of places
P . A time-marking in P is a total function M : P −→ (

R+
0

)∗
.

Definition 5.4 (integer time-marking) A time-marking M in a tw-Petri
net with a set of places P is an integer time-marking, if it holds that M :
P −→ N∗.

Notation: We writemM := (�(M(p1)), �(M(p2)), . . . , �(M(p|P |))) to denote
the marking in S(P) corresponding to the time-marking M in a tw-Petri net
P .

Definition 5.5 (initial time-marking) Let P be a tw-Petri net and m0

the initial marking of S(P). The initial time-marking M0 of P is defined by

M0(p) :=

{
ε if m0(p) = 0
0m0(p) otherwise

.

Note that it always holds that: mM0 = m0.

The initial time-marking M0 of P1 (cf. Fig. 5.1) is M0 = (0, ε, ε, ε).
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As usual for time-dependent Petri nets, state change can occur through firing
of transitions or through elapsing of time. Tw-Petri nets fire in single firing
mode. Thus, we first define under which circumstances a transition is ready
to fire and then introduce state change through firing of transitions.

Definition 5.6 (ready to fire) Let P be a tw-Petri net with set of places
P , t a transition in P and M a time-marking in P with M(p) = ap1a

p
2 . . . a

p
n

for each place p ∈ P . Then t is ready to fire in M , if

1. t− ≤ mM ,

2. ∀p(p ∈ •t −→ ∀j(j ∈ {1, . . . , t−(p)} −→ lp ≤ apj ≤ up)).

Definition 5.7 (firing) Let P be a tw-Petri net, T its set of transitions and
M a time-marking in P. A transition t ∈ T can fire in M if t is ready to fire

in M (notation: M
t−→ ). After the firing of t the time-marking M changes

into the time-marking M ′ (notation: M
t−→ M ′ ), defined as follows:

Let M(p) = ap1a
p
2 . . . a

p
n where it holds that t−(p) = k and t+(p) = r (For any

letter α in an alphabet it holds that α0 = ε.) Then

M ′(p) :=
{

apk+1 . . . a
p
n0

r if k < n
0r if k = n

.

Remark 5.8 Let M1
t−→ M2 be an admissible state change in P. Then the

transition t is enabled in mM1 in S(P) and mM1

t−→ mM2 is an admissible
state change in S(P).

Before introducing state change through elapsing of time we define a modified
“modulo”2 operation.

Definition 5.9 (modified modulo) Let a and b be natural numbers. We
define:

a m̂od b :=

{
a mod b if a mod b �= 0
b if a mod b = 0

.

2a mod b := c for natural numbers a and b �= 0 with a = n · b+ c and n ∈ N, 0 ≤ c < b.
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The modified modulo function only differs from the usual modulo definition
if a is a multiple of b. In that case the modified modulo function takes the
value b instead of zero. So for b = 0, where the usual modulo is undefined
the new function has the value zero.

Definition 5.10 (elapsing of time) Let P be a tw-Petri net andM a time-
marking in P. Furthermore, let τ be a non-negative real number. The elaps-
ing of time τ starting in M is always possible (notation: M

τ−→). After time
τ has elapsed the time-marking M of P changes into the time-marking M ′

(notation: M
τ−→ M ′ ), defined as follows:

Let M(p) = ap1a
p
2 . . . a

p
n. Let the index i be such that 1 ≤ i ≤ n and

up <
(
api + τ

)
m̂od up but

(
ai+1 + τ

)
m̂od up ≤ up.

Then it holds that M ′(p) = bp1b
p
2 . . . b

p
n with

bpj :=

{
(api+j + τ) m̂od up if i+ j ≤ n

(api+j−n + τ) m̂od up otherwise
.

Example 5.11 Let P be a tw-Petri net and M a time-marking in P with

M(p) = 3.7 2.8 2.3 2 1.5 0.3 0.1 and I(p) = (2, 6).

Then, for the time-marking M ′
i with M

τi−→ M ′
i the following holds for the

place p:

(1) If τ1 = 4, then

M ′
1(p) = 6 5.5 4.3 4.1 1.7 0.8 0.3 .

(2) If τ2 = 14, then

M ′
2(p) = 5.7 4.8 4.3 4 3.5 2.3 2.1 .

(3) If τ3 = 17, then

M ′
3(p) = 5.3 5.1 2.7 1.8 1.3 1 0.5 .

The notions of firing sequences, runs and feasible runs in tw-Petri nets are
defined similarly to the respective notions for Time and Timed Petri nets.
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5.2 Reachability

In this section we study the reachability behavior of tw-Petri nets and com-
pare it with that of their skeletons.

Theorem 5.12 Let P be a tw-Petri net and S(P) = (P, T, F, V,m0) its
skeleton. Then a transition sequence σ is a firing sequence in S(P) if and
only if σ is a firing sequence in P.

Proof:

(=⇒) Let σ = t1t2 . . . tn be a firing sequence in S(P). Then it holds that

m0
t1−→ m1

t2−→ m2 . . .
tn−→ mn in S(P).

We will show the existence of a feasible run σ(τ) = τ0t1τ1t2τ2 . . . τn−1tn in P .

The idea of the proof is to use the ultimo rule, according to which after each
firing we let time elapse until the clock of every token reaches the upper
bound of the place the token is lying on. This property is called the ultimo
property for the related time-marking. At that point each enabled transition
is also ready to fire. The ultimo rule is realized by setting the time α between
the firing of two transitions to the LCM of all up ∈ N+ (that is, all up that
are not ∞ and not zero). This “waiting” time can also be chosen smaller, as
we will see in the proof.

The proof is formally done by induction on n:

Basis: n = 1, i.e., σ = t1.

Let τ0 := LCM {up | p ∈ P ∧ up �= ∞ ∧ up �= 0 ∧ M0(p) �= ε}. We
consider M ′

0 with
M0

τ0−→ M ′
0.

For M ′ it holds that

M ′
0(p) :=

{
ε if m0(p) = 0

u
m0(p)
p otherwise

,

i.e., M ′
0 has the ultimo property and it holds that mM0 = m0 = mM ′

0
.

Hence, the transition t1 is ready to fire in the time-marking M ′
0. Let
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M ′
0

t1−→ M1.

Then

M1(p) =

{
ε if m1(p) = 0

u
m0(p)−|t−1 (p)|
p 0|t

+(p)| if m1(p) �= 0
.

Hence, the clock of each token on a place p ∈ P is zero if the token has
arrived there after the last firing or up otherwise. We will call this the
pre-ultimo property for the time-marking and will show that it holds
after every firing in the constructed run.

Finally, by Remark 5.8 it still holds that m1 = mM1 .

Step: Let σ = t1t2 . . . tn−1︸ ︷︷ ︸
=:θ

tn.

By induction hypothesis it holds that θ(τ) = τ0t1τ1t2τ2 . . . τn−2tn−1 is
already a feasible run in P , so we let

M0
θ(τ)−→ Mn−1

with mn−1 = mMn−1 such that the pre-ultimo property holds for Mn−1.

We will show that
Mn−1

τn−1−→ M ′
n−1

tn−→ Mn

is feasible in P and that every token inMn still has the ultimo property.

Let

τn−1 := LCM {up | p ∈ P ∧ up �= ∞ ∧ up �= 0 ∧ Mn−1(p) �= ε}.
According to Definition 5.10 it holds for every place p and the time-
marking M ′

n−1 that M ′
n−1(p) ∈ (up

)∗
. In other words: M ′

n−1 has the
ultimo property. Therefore and by the induction hypothesis it follows
that tn is ready to fire in M ′

n−1.

Hence,
θ(τ)τn−1tn

is a feasible run of σ in P . Moreover, for the time-marking Mn it holds
that mn = mMn . Then, because of the pre-ultimo property for Mn−1

and according to Definition 5.7 the time-marking Mn also has the pre-
ultimo property.
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(=⇒) This follows immediately from Remark 5.8. �

The “waiting time” τi can possibly be reduced if there are places which in
the time-marking Mi contain tokens but have no post-transitions in the net.
We can modify the algorithm from Theorem 5.12 not to take into account
the upper bounds of such places in the computation of τi. The next example
illustrates this slightly modified algorithm.

Example 5.13 Let us consider the tw-Petri net P2 and the transition se-
quence σ = t1t2t3 in its skeleton S(P2).

t4

p2

t1

t3

t2

p3

p1

p5

[1,2] [3,3]

[0,4]

[0,5]
p4

[1,8]

Figure 5.2: The tw-Petri net P2

We can easily see that σ is a firing sequence in S(P2). In order to see that σ is
also a firing sequence in P we must give a feasible run σ(τ) in P, i.e., a σ(τ)

with M0
σ(τ)−−→ in P. According to the modified algorithm the run starts with

τ0 = 4, because in M0 only the place p1 contains a token and uP1 = 4. After
four time units have passed, t1 fires. Now the places p2 and p3 are marked
and they both have post-transitions. This results in τ1 = LCM{2, 3} = 6.
After then firing t2, the places p2, p4 and p5 are marked. For computing τ2,
only p2 and p5 are relevant, because p4 has no post-transitions. Thus, we
obtain τ2 = 10. Therefore we have found the run

4 t1 6 t2 10 t3

which is a feasible run of σ in P2. The algorithm in Theorem 5.12 would
have given us the feasible run σ(τ) = 4 t1 6 t2 40 t3.
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The following proposition follows immediately from Theorem 5.12.

Proposition 5.14 Let P be a tw-Petri net and T its set of transitions.
Furthermore, let σ(τ) = τ0t1τ1t2τ2 . . . τn−1tn with τi ∈ R+

0 for 0 ≤ i ≤
n − 1 be a feasible run in P. Then there also exists a feasible run σ(τ ∗) =
τ ∗0 t1τ

∗
1 t2τ

∗
2 . . . τ

∗
n−1tn with τ ∗i ∈ N for 0 ≤ i ≤ n− 1 in P.

The state space RP of a tw-Petri net P is the set of all reachable time-
markings in the net. It is clear that for an arbitrary marking m∗ in the
skeleton S(P) the set {M | M ∈ RP ∧ mM = m∗ } is generally infinite.

Let us consider the set R|P| := {mM | M ∈ RP} of all markings mM in S(P)
where M is a reachable time-marking in P . R|P| corresponds to the set of
time-markings in P when the age of the tokens is ignored.

Definition 5.15 (boundedness) A tw-Petri net P is bounded if the set
R|P| is finite.

The next two assertions follow immediately from Theorem 5.12.

Corollary 5.16 Let P be a tw-Petri net and S(P) its skeleton. Then

(1) RS(P) = R|P| and

(2) P is bounded if and only if S(P) is bounded.

Although the sets RS(P) and R|P| are equal, the reachability behavior of the
tw-Petri net can be different from that of its skeleton. The reason for this
is that for a firing sequence in the skeleton, say σ = σ1σ2, there might be
some run of σ1 in P which leaves the tw-Petri net in a time-marking in which
transitions are enabled but none of them are ready to fire. It can happen
that in this last time-marking it is only possible for time to elapse but none
of the enabled transitions ever become ready to fire. Note that there is of
course always at least one feasible run of σ in P .
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Example 5.17 Let us consider the skeleton of the tw-Petri net P3 given in
Fig. 5.3. The transition sequence σ = t1 t1︸︷︷︸

σ1

t2︸︷︷︸
σ2

is a firing sequence in the

Petri net S(P3).

t2

p2

t1

p1

[2,3]

[0,1]
2

2

Figure 5.3: The tw-Petri net P3

The run σ1(τ) = 1.5 t1 1.5 t1 is a feasible run in P3, but after its firing only
time can elapse and t2 can never become ready to fire even though it is always
enabled.
We note that the Petri net S(P3) is live.

In order to study this kind of a behavior we define the notion of a time-
deadlock. A transition is in a time-deadlock in a certain time-marking if it is
enabled but not ready to fire in the time-marking and no elapse of time can
change this. In other words: The time restrictions prevent the firing of the
transitions.

Definition 5.18 (time-deadlock) Let P be a tw-Petri net and M a time-
marking in P. The transition t̂ is in a time-deadlock in M if it holds that:

1. t̂− ≤ mM and

2. ∀τ(τ ∈ R+
0 −→ M

τ−→� t̂−→).

If a tw-Petri net is in a time-marking in which all enabled transitions are
in time-deadlocks it is obviously only possible for time to pass. This means
in any extension of this run no more transitions can fire, even though the
respective transition sequence can be continued in the skeleton.
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The following Example 5.19 shows that the usual discretization of the state
space based on all possible integer time elapses is generally not sufficient for
studying the behavior of a tw-Petri net. To see this we define the integer
reachability graph IRP of a tw-Petri net P , a labeled digraph whose vertices
are the reachable integer time-markings in P and whose edges are triples

(M, t,M ′) or (M, 1,M ′) such that M
t−→ M ′ or M

1−→ M ′ is feasible in P ,
respectively. An edge (M, t,M ′) is labeled with t and an edge (M, 1,M ′)
with 1.

Example 5.19

Let us again consider the tw-Petri net P3 shown in Fig. 5.3.

1 0 1 10 0 𝛆

1 1

𝛆 1 0

𝛆0 0

2 1

3 2

𝛆

𝛆

𝛆 3 1

1

t1

𝛆 0 0

1 1𝛆

𝛆 2 2

3 3𝛆

1

1

1

t1

1 2

2 0𝛆

1

1 1t1

1 3

𝛆 3 0

t1

1
1

t1

t1
t1

1

1

1

11

t2

1

t2t2

Figure 5.4: The integer reachability graph IRP3 of the tw-Petri net P3
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As we have already seen, after firing the run σ1(τ) = 1.5 t1 1.5 t1 the only
enabled transition t2 is in a time-deadlock. Hence, after reaching this time-
marking no firing is possible any more. The integer reachability graph IRP3

on the other hand is strongly connected (cf. Fig. 5.4 ) and therefore every
feasible run of P represented here can be continued infinitely.

A further characteristic property of tw-Petri nets are possible “time-gaps” in
firing sequences. This means that the time continuum [0,∞] can be divided
into intervals [0, a0], [a0, a1], [a1, a2], [a2, a3], [a3, a4], . . . such that it is possi-
ble to find a feasible run σ(τ i) of the transition sequence σ with a length
�(σ(τ i)) ∈ [ai, ai+1] for any i = 0, 2, 4, . . . but there is no feasible run with
time-length from [0, a0] or from [ai, ai+1] for any i = 1, 3, 5, . . ..

Such time-gaps are impossible in Time Petri nets, but there are tw-Petri
nets with time-gaps. The next proposition proves the absence of time-gaps
in Time Petri nets. We will then give an example of a tw-Petri net with
time-gaps.

Proposition 5.20 Let Z be a TPN and σ = t1t2 . . . tn an arbitrary transi-
tion sequence in Z. Furthermore, let σ(τα) = τα0 t1 τα1 t2 τα2 . . . ταn−1 tn ταn
and σ(τβ) = τβ0 t1 τ

β
1 t2 τ

β
2 . . . τβn−1 tn τβn be two feasible runs of the transition

sequence σ, with �(σ(τα)) = α and �(σ(τβ)) = β and α < β. Then for each
γ ∈ [α, β] there exists a feasible run σ(τγ) = τ γ0 t1 τ

γ
1 t2 τ γ2 . . . τ γn−1 tn τ γn with

�(σ(τγ)) = γ.

Idea of the proof. Let us consider the parametric run (σ(x), Bσ).

Then, the length of every run σ(τ) of the transition sequence σ is given by
the linear function

f(x) :=
n∑

i=0

xi such that x ∈ Rn+1 and x satisfies Bσ.

Let Hσ := {x ∈ Rn+1 | x satisfies Bσ}. The length of σ(τα) is then f(x) = α
for x = τα and the length of σ(τβ) is f(x) = β for x = τβ. Obviously the
values α and β are real numbers between μ = min{f(x) | x ∈ Hσ} and
λ = max{f(x) | x ∈ Hσ}3.

3If λ exists. Otherwise α and β are not bounded from above.
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f(x)= f(x)=

f(x)=

f(x)=

τγ

H σ

τβ

f(x)=
τ

γ

α

α

λ

μ

β

Figure 5.5: Graphical illustration of Hσ for n = 2

Because the polyhedron Hσ is convex and the points τα and τβ belong to
Hσ, there is a point τγ, which belongs to Hσ (to the segment defined by the
points τα and τβ), and lies on some hyperplane parallel to the hyperplanes
f(x) = α and f(x) = β (cf. [GLS93]). This means that f(x) = γ for x = τγ.�

In general, not all tw-Petri nets have time-gaps, but it is possible to find a
tw-Petri net P and a firing sequence σ with two feasible runs in P whose
lengths are α and β such that no run of σ with length γ, α < γ < β exists.
This of course is neither true for all α and β nor for all firing sequences.

The next example verifies this fact.

Example 5.21 Let us consider the tw-PN P4 given in Fig. 5.6 and the
transition sequence σ1 = t1t2t3. The runs 3 t13 t23 t3 and 5 t12 t23 t3 are fea-
sible runs of σ1 with lengths 9 and 10. It is easy to see that there does not
exist a run of σ1 whose length is, e.g., 9.5 or any other number strictly be-
tween 9 and 10. The lengths of all feasible runs of σ1 belong to the intervals
[7, 9], [10, 12], [13, 15], . . . .
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t4

p4

t3

t1

t2

p1 p2

[0,1]

[2,3]

p3

t5

[3,3]

[2,3]

Figure 5.6: The tw-Petri net P4

Considering the sequence σ2 = t4t5t4, it is obvious that the shortest time
length of a feasible run of σ2 is 4. Furthermore, it can easily be seen that for
each real number k ≥ 4 a feasible run of σ2 with time length k exists.

5.3 Petri Nets with Retention Time Places

and Counter Machines

In Chapter 2 we showed that classic Petri nets are not Turing equivalent and
therefore it is generally not possible to simulate counter machines with such
nets. The reason is that classic Petri nets cannot simulate the zero-test, so
there is no way to check whether some place in a classic Petri net does not
contain any tokens. The explicit addition of time made Time and Timed
Petri nets more powerful. The real cause of this gain in power however is
not time itself, but the possibility to force transitions to fire at some point in
time, either at the end of an interval (Time Petri nets) or immediately after
their enabling (Timed Petri nets). The absence of any compulsion to fire in
tw-Petri nets is the reason why they, too, cannot simulate the zero-test. Let
us examine this claim in more detail:

We assume that the zero-test can be simulated with tw-Petri nets, so we can
check for a place p whether it is marked or not. There are thus two further
places pmarked and pempty, both of them empty in the initial marking and if
p is marked in M then pmarked will be marked after a finite amount of time
and pempty will always stay unmarked and if p is empty in M then pempty will
be marked after a finite amount of time and pmarked will always stay empty.
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Case 1: M0(p) = ε.

In the tw-Petri net P checking whether p is empty or not it then holds
for any feasible run σ(τ) in P with

M0
σ(τ)−−→ M that

M(pmarked) = ε and M(pempty) �= ε.

So let us consider an arbitrary run σ(τ). By Theorem 5.12 it follows
that the transition sequence σ is also a firing sequence in the skeleton
S(P), i.e.,

mo = mM0

σ(τ)−−→ mM in S(P) and

mM(pmarked) = 0 and mM(pempty) �= 0.

There are two reasons for pmarked to stay empty in P .

It can be impossible to extend the run σ(τ) because of time-deadlocks
for all enabled transitions in the time-marking M . If pmarked is empty
because of time-deadlocks, then we consider the feasible run of σ using
the ultimo-rule. During the firing of this run no enabled transition is
ever in a time-deadlock. Therefore after firing this feasible run both
places pmarked and pempty would be marked. This is a contradiction to
the assumption that P can simulate the zero-test for p.

If however there is no feasible run in P without any time-deadlocks
leading to a time-marking such that pmarked is marked then, because
of Theorem 5.12, there is no firing sequence in S(P) such that after
its firing the place pmarked is marked and therefore the classic Petri net
S(P) can check whether p is empty.

Case 2: M0(p) �= ε.

We can similarly conclude that S(P) is able to check whether p is
marked.

Thus our assumption lets us prove that the classic Petri net S(P) can simu-
late the zero-test which contradicts Theorem 2.18. Hence, the zero-test can
not be simulated by a tw-Petri net and we have shown the following:
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Theorem 5.22 tw-Petri nets are not Turing equivalent.

The computational power of tw-Petri nets is however no smaller than that
of classic Petri nets, because every classic Petri net can be simulated by a
tw-Petri net with the interval [0,∞] associated with each place.

5.4 Liveness

Liveness in tw-Petri nets can be introduced similarly as for Time Petri nets.
We know that every firing sequence of a tw-Petri net is also a firing sequence
in its skeleton and vice versa. This results in the same boundedness behavior
for a tw-Petri net and its skeleton. Surprisingly however, the liveness be-
havior of a tw-Petri net and that of its skeleton are not equivalent. This is
caused by the existence of time-deadlocks in some tw-Petri nets, meaning the
existence of reachable time-markings such that all enabled transitions are in
time-deadlocks.

Thus, we can assert the following:

Proposition 5.23 The skeleton of any live tw-Petri net is live, too.

Proof: The statement follows immediately from Theorem 5.12. �

There are however some structurally restricted classes of tw-Petri nets with
the same liveness behavior as their skeletons. For more on this cf. [WPZ09].

5.5 Bibliographical Notes

Petri nets in which time is explicitly associated with the places are used
less often than Time or Timed Petri nets. This probably results from the
fact that the systems that are developed using these nets can also easily be
modeled by other time-dependent nets, which are already well studied and
for which tools facilitating the analysis are available.

In [JR83] a time-dependent Petri net is introduced in which for each place
a time delay is specified. The transitions in the net fire immediately and
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according to the maximal-step rule. Only 1-safe nets are considered. A
general methodology for analyzing them is not presented. These nets were
introduced in order to design control systems and to compute time distances
between system states. For a subset of this class of time-dependent Petri
nets, the marked graphs, a state equation is given using minmax-algebra in
[Wan98].

Petri nets with explicit time specifications for places as presented here were
first introduced in [PZ93]. In [Lem95] two variants of these time-dependent
nets were introduced and thoroughly studied. In the first variant each place
has a minimum retention time and there is no compulsion to fire. In the
second variant a retention time and a time period of validity are associated
with each place and combined with a compulsion to fire. Reachability graphs
are used to analyze the qualitative and quantitative properties of such nets.
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5.6 Exercises

Exercise 5.1

(1) Are all feasible T-invariants of the skeleton of an arbitrary tw-Petri net
feasible T-invariants of the tw-Petri net? Justify your answer.

(2) Are all P-invariants of the skeleton of an arbitrary tw-Petri net also
P-invariants of the tw-Petri net? Justify your answer.

Exercise 5.2

Are time-gaps possible in Timed Petri nets? If so, give an example and if
not, a proof.

Exercise 5.3

Is there a (structurally) restricted subset of the set of all tw-Petri nets such
that the liveness behavior of such nets is fully represented by their integer
reachability graph even though the time elapses are modeled with ratio-
nal/real numbers? Justify your answer.
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A.1 Appendix on Time Petri Nets

The Time Petri nets Z9 and Z10, as well as the results shown in Tables A.1,
A.2, A.3, A.4 and A.5 were first represented in [Pil09]. In the next six tables,
the sizes of the reachability graphs, which is defined as the sum of the number
of vertices and the number of edges, are compared.

The reachability graphs, given below, were computed with the tools TINA
(cf. [Ber09]) and partly with INA (cf. [Sta97]) and Charlie (cf. [Hei11]).

For every Time Petri net, TINA computes the reachability graph based on
state classes and the reachability graph based on essential states. The com-
putations are done according to the definition of dynamic conflict (cf. Defi-
nition 2.19). Nevertheless, we can use TINA for computations of reachability
graphs where the firing rule is defined based on the definition of static con-
flict. For this reason a place qi can be added to each shared place pi in a
Time Petri net. The place qi is marked with a token in the initial marking
and qi is a pre-place and post-place for each post-transition of pi. The mul-
tiplicity of every input-arc and output-arc of qi is 1. When the firing rule is
defined based on static conflict this modification of the net does not change
the number of vertices or the number of edges in either reachability graph,
but it ensures that every conflict in the net is a static conflict.

INA computes reachability graphs based on essential states where the firing
rule is defined based on the definition of static conflict. INA also computes
minimum and maximum distances.

, L. Popova-Zeugmann Time and Petri Nets, DOI 10.1007/978-3-642-41115-1,
© Springer-Verlag Berlin Heidelberg 2013
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Charlie computes reachability graphs based on essential states, according to
the definition of either dynamic or static conflict.

The next five tables compare for different initial place-markings the sizes of
the two reachability graphs of Z9, one based on essential states and the other
based on state classes.

p2

t1

t2

t3

t4

p3

p1

p0

t0 [0, 6]
[2, 5]

[1, 8]

[5, 6]

[1, 2]

Figure A.1: The Time Petri net Z9
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number of essential-states algorithm state class algorithm
tokens number of number of total number of number of total
in p0 vertices edges number vertices edges number

0 1 0 1 1 0 1
1 4 21 25 4 5 9
2 63 310 373 81 157 238
3 250 1252 1502 258 574 832
4 692 3920 4612 1053 2979 4032
5 1367 8115 9482 2653 8119 10772
6 2265 13769 16034 5000 15884 20884
7 3386 20882 24268 8089 26315 34404
8 4730 29454 34184 11909 39371 51280
9 6297 39485 45782 16454 55023 71477
10 8087 50975 59062 21708 73210 94918

Table A.1: A comparison of the size of the reachability graphs for the Time
Petri net Z9 by increasing the number of tokens in place p0 from 0 to 10.
The firing rule is defined based on static conflict.

number of essential-states algorithm state class algorithm
tokens number of number of total number of number of total
in p0 vertices edges number vertices edges number

0 1 0 1 1 0 1
1 4 21 25 4 5 9
2 86 441 527 94 186 280
3 550 2740 3290 570 1354 1924
4 1916 9975 11891 2181 5907 8088
5 9167 50618 59785 16588 53781 70369
7 15152 84449 99601 34118 114249 148367
8 22862 127989 150851 61123 208195 269318
9 32165 180510 212675 97479 335218 432697
10 42989 241713 284702 142712 493602 636314

Table A.2: A comparison of the size of the reachability graphs for the Time
Petri net Z9 by increasing the number of tokens in place p0 from 0 to 10.
The firing rule is defined based on dynamic conflict.
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number of essential-states algorithm state class algorithm
tokens number of number of total number of number of total
in p1 vertices edges number vertices edges number

0 1 0 1 1 0 1
1 2 4 6 2 2 4
2 4 8 12 3 3 6
3 4 8 12 3 3 6
4 4 8 12 3 3 6
5 4 8 12 3 3 6
6 4 8 12 3 3 6
7 4 8 12 3 3 6
8 4 8 12 3 3 6
9 4 8 12 3 3 6
10 4 8 12 3 3 6

Table A.3: A comparison of the size of the reachability graphs for the Time
Petri net Z9 by increasing the number of tokens in place p1 from 0 to 10.
These values are independent of whether the firing rule is defined based on
static or dynamic conflict.
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number of essential-states algorithm state class algorithm
tokens number of number of total number of number of total
in p2 vertices edges number vertices edges number

0 1 0 1 1 0 1
1 2 4 6 2 2 4
2 4 8 12 3 3 6
3 9 18 27 6 6 12
4 17 35 52 10 11 21
5 26 55 81 16 19 35
6 35 75 110 28 34 62
7 44 95 139 39 51 90
8 53 115 168 53 70 123
9 62 135 197 68 92 160
10 71 155 226 83 114 197
11 80 175 255 98 136 234
12 89 195 284 113 158 271
13 98 215 313 128 180 308
14 107 235 342 143 202 345
15 116 255 371 158 224 382

Table A.4: A comparison of the size of the reachability graphs for the Time
Petri net Z9 by increasing the number of tokens in place p2 from 0 to 15.
These values are independent of whether the firing rule is defined based on
static or dynamic conflict.
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number of essential-states algorithm state class algorithm
tokens number of number of total number of number of total
in p3 vertices edges number vertices edges number

0 1 0 1 1 0 1
1 4 21 25 4 5 9
2 79 383 461 87 169 256
3 523 2521 3044 539 1273 1812
4 1810 9258 11068 2051 5515 7566
5 4182 22274 26456 6051 18277 24328
6 7344 39718 47062 13742 44134 57876
7 11218 61345 72563 25174 83106 108280
8 15996 88100 104096 41145 138054 179199
9 21585 119380 140965 61281 207597 268878
10 28061 155778 183839 86457 294929 381386

Table A.5: A comparison of the size of the reachability graphs for the Time
Petri net Z9 by increasing the number of tokens in place p3 from 0 to 10.
The firing rule is defined based on dynamic conflict.
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t0 [1, 1]

p1p2 p3

p6p5 p7

p4

p0

t1 t3 t4 t5

t2 t6

[0, 8] [2, 4] [1, 2] [2, 5]

[4, 7][3, 5] 2

Figure A.2: The Time Petri net Z10

The next table compares the size of the two reachability graphs of Z10

based on essential-states and based on state classes for different initial place-
markings and different time intervals for the transition t0.
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