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3 PROPERTIES

Below we consider some of the behavioral and the structural properties of Petri
nets. Properties of a Petri net that are dependent on the initial marking are
referred to as behavioral properties. Those that are independent of the initial
marking and dependent only on the structure of the Petri net are called
structural properties.

3.1 Behavioral properties of Petri nets

The reachability, boundedness, safety, limitation, liveness, deadlock,
reversibility, home state, coverability, persistence and fairness are oftenly
referred behavioral properties.

Reachability. When studying the dynamics of Petri nets, it is often
desirable to know if the given marking M; can be reached from the initial

marking M, or if an undesirable marking M, can be avoided. Therefore, it is

necessary to know if there is a firing sequence that can bring the net to a new
marking. This problem is referred as a reachability problem.

Definition 1. A finite occurrence sequence o is a sequence of markings and steps:
o =M[S, > M[S, =M 4[S, =M,
such that r € N, where N is the set of natural numbers.

We also say that M, is reachable from M, in r steps. Analogously, an
infinite occurrence sequence is a sequence of markings and steps

M,[S, = M,[S, > .

Definition 2. The marking M, is said to be reachable from M, if there exists a firing

sequence o of transitions that will yield M, , i.e. M;——>M,, denoted M [o > M, .

The set of all possible markings reachable from M, is denoted by R(M,).

For the Petri in the Fig. 13, the marking M, =(11100) is immediately (or
directly) reachable from the initial marking M, =(01010) by occurrence of
transition t,. However, marking M, =(00101) is reachable from same initial

marking by occurrence of the step S, ={t,,t.}.
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Fig..13. Petri net with the initial setting Mq= (02101 0).

Boundedness and safety. It is often desirable to know whether Petri net
model is bounded. The boundedness property is especially useful when we want
to define the size of the system or to reveal some design errors.

Definition 3. A Petri net is k -bounded with respect to an initial marking M, if the

number of tokens in any of its places never exceeds K for any marking in the reachability
set R(M,), i.e. M(p)<k, VpeP and YM e R(M,), where M(p) is the number of

tokens in place p in marking M .

Definition 4. A Petri net is said to be bounded (or limited) if it is k-bounded for
ke N.
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Fig. 14. A Petri net that is not bounded.
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Definition 5. A Petri net is safe if it is k-bounded and k =1.

Safety is a special case of boundedness. Any net that is 1-bounded is safe.
The concept of safe and bounded nets is independent of the firing sequences. It
should be noticed that boundedness indicates the finiteness of reachability space.

Places in a Petri net are often used to represent buffers and registers for
storing intermediate data. By verifying that the net is bounded or safe, it is
guaranteed that there will be no overflows in the buffers or registers, no matter
what firing sequence is taken.

For instance, a Petri net in Fig. 14 is not bounded since p, and p, may

receive infinitely many tokens. However, Petri net in Fig. 15, that is slightly
modification of the one illustrated in Fig. 14, is bounded. Moreover, this Petri net
is safe.
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Fig. 15. Bounded Petri net.

Consider Petri net shown in Fig. 16. In this Petri net, the number of tokens
in p, can never exceed 46. This is because the only way to add tokens in p, is

through occurrence of t,. When t, occurs, on the other hand, p, looses a token.
Consequently, p, is 46-bounded. Likewise, p, can receive at most 44 tokens.
This happens through occurrence of t 44 times in a row. Hence, p, is 51-

bounded. In the same way one can verify that both p, and p, are 59-bounded.
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From the above analysis we conclude that the Petri net in Fig.4 is 59-bounded
and therefore bounded.

Fig. 16. A Petri net.

Liveness. The concept of liveness is closely related to the complete
absence of deadlocks in operating systems. A Petri net (N, M,) is said to be live
(or equivalently M, is said to be a live marking for N) if, no matter what
marking has been reached from M, it is possible to ultimately fire any transition

of the net by progressing through some further firing sequence. This means that
a live Petri net guarantees deadlock-free operation, no matter what firing
sequence is chosen.

Definition 6. A Petri net is said to be live if for all transitions there is a way to fire
transition in any marking M reachable from the initial marking M, i.e. YM e R(M,)

and VteT, IM e R(M) such that t is enabled in M .

Definition 7. A marking M reachable from the initial marking M, is a deadlock if

none of the transitions of the Petri net is enable in M .

Note that according to the definition of liveness, if a transition is not
deadlocked then it must be live, which means that there exists a firing sequence
such that the transition will be enabled. It turns out that liveness quarantees the
absence of deadlocks. In other words, every transition of the net can fire an
infinite number of times. Specifically, we say a transition t is live at

e level 0 if, it can never fire, meaning that t is a dead transition;

e level 1 if, it can fire at least once, which means that there exists a marking
M € R(M,) such that transition t is enable;

4



WEEK 2 - BEHAVIORAL PROPERTIES

e level 2 if, given any positive integer n, there exists a firing sequence that
contains t at least n times;

e level 3 if, there exists an infinite-length firing sequence in which t can
potentially occur infinitely many times but it can be blocked;

e level 4 if, it can fire infinitely many times and there is no way to block it.

The above definitions lead to the following conclusions.
Proposition 1. A Petri net is live at level i if every transition is live at level i.
Proposition 2. A Petri net is live if all the transitions are live.
The liveness that is often of interest is the one at level 4 - the strongest one.

It should be noticed that liveness at level iimplies one at level i—1. Consider the
net shown in Fig. 17. The transitions t;, t,, t, and t; are respectively live at levels

0,1, 2 and 3. Bounded and live Petri net is usually called well-formed Petri net.

Fig. 17. Another Petri net.

Fig. 20. A Pet net that is an unconditionally-fair net but not a B-fair net.
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