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Chapter 4
Applications of 

Fourier Representations to 
Mixed Signal Classes

Objectives of this chapter
ÅIntroduction
ÅFourier Transform Representations of Periodic 

Signals
ÅConvolution and Multiplication with Mixtures of 

Periodic and Nonperiodic Signals
ÅFourier Transform Representation of Discrete-

Time Signals
ÅSampling
ÅReconstruction of Continuous-Time Signals from 

Samples
ÅDiscrete-Time Processing of Continuous-Time 

Signals
ÅFourier Series Representations of Finite-Duration 

Nonperiodic Signals
ÅThe Discrete-Time Fourier Series Approximation 

to the Fourier Transform
ÅEfficient Algorithms for Evaluating the DTFS
ÅExploring Concepts with MATLAB

2

Sinusoidal 
Waveform

A
m

p
lit

u
d

e

ὃ

ὃ

π “

“ ς“

One Full Cycle or Period
T

Second Period
2T



4.1 Introduction

ÅIn the previous chapter, we developed Fourier representations of four 
distinct classesof signals: 

Ådiscrete-time Fourier series (DTFS) for periodic discrete-time signals, 
ÅFourier series (FS) for periodic continuous-time signals, 
Åthe discrete-time Fourier transform (DTFT) for nonperiodic discrete-

time signals, and 
Åthe Fourier transform (FT) for nonperiodic continuous-time signals

ÅWe now focus on applications of Fourier representations:
Åperiodic and nonperiodic signals
Åcontinuous-and discrete-time signals
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4.2 Fourier Transform Representations of Periodic Signals

ÅFS and DTFS have been derived as Fourier representations of periodic
signals. 

ÅStrictly speaking, neither the FT nor the DTFT converges for periodic signals.

ÅHowever, by incorporating impulses into the FT and DTFT in the appropriate 
manner,we may develop FT and DTFT representations of such signals. 
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4.2.1 Relating the FT to the FS
ÅThe FS representation of a periodic signal x(t) is

ὼὸ В ὢὯὩ (4.1)

ÅWhere wc is the fundamental frequency of the signal. 

ÅRecall ρ ς“‏ύ and frequency shift property, we obtain the inverse FT of 
a frequency-shifted impulse ‏ύ Ὧύπ as complex sinusoid w/ frequency 
kw0:

Ὡ ς“‏ύ Ὧύ (4.2)

Åsubstitute FT pair in (4.2) into the FS representation in (4.1) and use the 
linearity of the FT to obtain

ὼὸ В ὢὯὩ ὢὮύ ς“В ὢὯ ύ‏ Ὧύ
(4.3)
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ÅThus, the FT of a periodic signal is a series of impulses spaced by the 
fundamental frequencyw0. The kth impulse has strength 2“X[k], 
where X[k] is the kth FS coefficient

ÅFigure 4.1illustrates this relationship. Note that the shape of X(jw) is 
identical to that of X[k].

Å(4.3) also indicates that the FT is obtained from the FS by placing 
impulses at integer multiplesof w0 and weighting them by 2“times 
the corresponding FS coefficient. 

ÅGiven an FT consistingof impulses that are uniformly spaced inw, 
we obtain the corresponding FS coefficientsby dividing the impulse 
strengths by 2“. The fundamental frequency corresponds tothe 
spacing between impulses.
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Figure 4.1  (p. 343) : FS and FT representation of a periodic continuous-time signal.
7



8



Example: Find the Fourier Transform of a complex 
exponential waveform ●◄ ▄▒◌ ◄

ÅFourier Transform of a complex exponential 

ὼὸ Ὡ ρ Ὡ ᵾ ς“‏ύ ὊzὩ

ὢὮύ Ὡ Ὡ Ὠὸ Ὡ Ὠὸ ς“‏ύ ύ
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Example: Find the Fourier Transform of a cosine 
waveform ●◄ ἫἷἻ◌◄

ÅSince Ὡ ᵾ ς“‏ύ ύ

ÅFourier Transform of ὼὸ ÃÏÓύὸ Ὡ Ὡ ᵼ

ὢὮύ
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ύ‏“ ύ ύ‏“ ύ
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Figure 4.2a (p. 343) : FT of a cosine.
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Figure 4.2b (p. 343) : FT of a sine 12
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Figure 4.2.a  A real signal in frequency domain transforms into a 
complex signal in time domain and vice versa
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Figure 4.3  (p. 344)
An impulse train and its 
FT.
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Figure 4.4  (p. 345): Square wave for Problem 4.1. 16



4.2.2 Relating the DTFT to the DTFS
ÅThe DTFT expression for an N-periodic signal x[n] is

ὼὲ В ὢὯὩ (4.4)

ÅInverse DTFT of frequency-shifted impulse is a discrete-time complex 
sinusoid

ÅDTFT is a 2p-periodic function of frequency, so we may express a 
frequency-shifted impulse either by expressing one period, such as

Ὡ ς“‏ɱ Ὧɱ p ɱ p p Ὧɱπ p

ÅOr by using an infinite series of shifted impulses

Ὡ В ɱ‏ Ὧɱ άςp (4.5)

ÅThis is shown in Fig. 4.5
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The inverse DTFT of Eq. (4.5) is evaluated by means of the sifting property of the 
impulse function. 

p
Ὡ В ɱ‏ Ὧɱ άςp (4.6)

This is shown in Fig. 4.5. DTFT of the periodic signal x[n] is then found as:

ὼὲ В ὢὯὩ ὢὩ В ὢὯВ ɱ‏ Ὧɱ άςp (4.7)

Which can be combined into

ὼὲ В ὢὯὩ ὢὩ ς“В ὢὯ‏ɱ Ὧɱ (4.8)
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ÅThus, the DTFT representation of a periodic signal is a series of impulses 
spaced by the fundamentalfrequency ɱ . The kth impulse has strength 
2pX[k] where X[k] is the kth DTFScoefficient for x[n]. 

ÅFigure 4.6 depicts DTFS and the DTFT of aperiodic discrete-time signal

ÅGiven DTFS coefficients and fundamental frequency ɱ , we obtain DTFTas
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Figure 4.6  (p. 346)
DTFS and DTFT representations of a periodic discrete-time signal.
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Figure 4.7  (p. 347)
DTFT of periodic signal for Example 4.3.
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4.3 Convolution and Multiplication with 
Mixtures of Periodic and Nonperiodic Signals

ÅExample application: 
~ If a periodic signal is applied to a stable filter, the output is 

expressed as the convolution of the periodic input signal 
and the nonperiodic impulse response

~ We use FT to analyze problems involving mixtures of 
periodic and nonperiodic continuous-time signals; 

~ We use DTFT to analyze problems involving mixtures of 
periodic and nonperiodic discrete-time signals. 
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4.3.1 Convolution of Periodic and Nonperiodic Signals

ÅConvolution in the time corresponds to multiplication in the frequency domain. 

ώὸ ὼὸ Ὤzὸ ὣὮύ ὢὮύὌὮύ

ÅRecall from Eq. (4.3) that the FT of a periodic signal x(t) is

ὼὸ ὢὮύ ς“ ὢὯ‏ύ Ὧύ

Åwhere X[k] are the FS coefficients. Substitute this into the convolution property

ώὸ ὼὸ Ὤzὸ ὣὮύ ς“В ὢὯ‏ύ Ὧύ ὌὮύ (4.9)

ÅUsing the sifting property, we have

ώὸ ὼὸ Ὤzὸ ὣὮύ ς“В ὌὮὯύ ὢὯ‏ύ Ὧύ (4.10)

ÅThe strength of the kth impulse in ὢὮύis adjusted by the value of ὌὮύ
evaluated at frequency at which it is located, or ὌὮὯύ , to yield an impulse in
ὣὮύat ύ Ὧύ .

ÅApplication: output of a filter with impulse response h(t) and periodic input x(t)24



Example 4.4 Periodic Input to an LTI System Let the input signal applied to an
LTI system with impulse responseὬὸ ÓÉÎ“ὸȾ“ὸbe the periodic square wave
depicted in Fig. 4.4. Usethe convolution property to find the output of this system.

Solution: The frequency response of the LTI system is obtained by taking the FT of the impulse 
response h(t), as given by

Ὤὸ ὌὮύ
ρ ύ “
π ύ “

Using Eq. (4.3), we may write the FT 
of the periodic square wave:

ὢὮύ
ςÓÉÎὯ“Ⱦς

Ὧ
ύ‏

Ὧ“

ς

The FT of the system output is ὣὮύ ὌὮύὢὮύ. This product is depicted in Fig. 4.9, where 3 
components fall within the passband of ὌὮύȢ

ὣὮύ ς‏ύ
“

ς
ύ‏“ ς‏ύ

“

ς
which follows from the fact that ὌὮύacts as a low-pass filter, passing the harmonics at “Ⱦς, 0 and 
“Ⱦς, while suppressing all others. Taking the inverse FT of ὣὮύgives the output:

ώὸ ÃÏÓ since ρᵾς“‏ύ
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Figure 4.4  (p. 345): Square wave for Problem 4.1.
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Figure 4.4  (p. 345) : Square wave for Problem 4.1.

27



ÅConsider again the multiplication property of the FT, repeated here as

ώὸ Ὣὸὼὸ ὣὮύ
ρ

ς“
ὋὮύz ὢὮύ

ÅIf x(t) is periodic, we may apply the multiplication propertyand sifting 
property of the impulse function implies results in a shifted version of 
original function as (useØÔ В ὢὯὩ )

ώὸ Ὣὸὼὸ ὣὮύ В ὢὯὋὮύ Ὧύπ (4.12)

ÅMultiplication of g(t) with the periodic function x( t) gives a FT consisting of 
a weightedsum of shifted versions of G(jw), as shown in Fig. 4.11. 

ÅAs expected, theform of Y(jw) corresponds to FT of a nonperiodic signal, 
since the product of periodicand nonperiodic signals is nonperiodic.

4.3.2 Multiplication of Periodic and Nonperiodic Signals

28



Figure 4.11  (p. 352)
Multiplication of periodic and 
nonperiodic time-domain signals 
corresponds to convolution of the 
corresponding FT representations.

29



Figure 4.8  (p. 449)
Convolution property for mixture of 
periodic and nonperiodic signals. 30



Figure 4.9  (p. 350)
Application of convolution 
property in Example 4.4.



Figure 4.10  (p. 350)
Signal x(t) for Problem 4.4. 
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Figure 4.12  (p. 353)
Solution for Example 4.5 (b).
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Figure 4.13: (a) Simplified AM radio transmitter and receiver. (b) Spectrum of message signal. 

35



Figure 4.14  (p. 354)
Signals in the AM transmitter and receiver.  
(a) Transmitted signal r(t) and spectrum 
R(jw). 
(b) Spectrum of q(t) in the receiver.  
(c) Spectrum of receiver output y(t).
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ÅThe discrete-time multiplication property may be restated as

ώὲ ὼὲᾀὲ ὣὩ
p
ὢὩ ṫὤὩ (4.13)

ÅIf x[n] is periodic, then this property is still applicable, provided that we use the 
DTFT representationof x[n], given in Eq. (4.8), namely

ὢὩ ςp ὢὯ‏ɱ Ὧɱ

Åwhere X[&] are the DTFS coefficients. Then

ὣὩ ὢὯ‏— Ὧɱ ὤὩ Ὠ—

ÅHence, we may reduce the infinite sum to any N consecutive values of kand

ὣὩ ὢὯ —‏ Ὧɱ ὤὩ Ὠ—
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Åapply sifting property of impulse function to evaluate the integral and obtain

ώὲ ὼὲᾀὲ ὣὩ В ὢὯὤὩ (4.14)

ÅMultiplication of z[n] with the periodic sequence x[n] results in a DTFT 

consisting of aweighted sum of shifted versions of ὤὩ

ÅNote that y[n] is nonperiodic, since the productof a periodic signal and a 
nonperiodic signal is nonperiodic. 
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Figure 4.15  (p.  357)
Effect of windowing a 
data record. Y(Ὡ ) for 
different values of M, 
assuming that W1 = 
7p/16 and W2 = 9p/16. 
(a) M = 80, 
(b) M = 12, 
(c) M = 8.
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Figure 4.16  (p. 358)
Problem 4.7 (a) System. (b) Input spectrum. 
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Figure 4.17  (p. 358) Solutions to Problem 4.7

45



4.4 Fourier TransformRepresentation of Discrete-
Time Signals

ÅLet us define the complex sinusoidsὼὸ Ὡ andὫὲ Ὡ

ÅA connection between the frequencies of these sinusoids is establishedby 
requiring g[n] to correspond to x(t). 

ÅSuppose we force g[n] to be equal to thesamples of x(t) taken at intervals of Ts ; 
that is, g[n] = x(nTs ). This implies that

Ὡ Ὡ

Åfrom which we conclude that ɱ ὮύὝ. Dimensionlessdiscrete-time 
frequencyɱcorresponds to continuous-time frequency w, multiplied by 
sampling interval Ts.
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4.4.1 Relating the FT to the DTFT
ÅNow consider the DTFT of an arbitrary discrete-time signal x[n]. We have

ὢὩ В ὼὲὩ (4.15)

ÅWe seek an FT pair ὼdὸ ὢdὮύthat corresponds to DTFT pairὼὲ ὢὩ

ÅSubstituting ɱ ὡὝίinto Eq. (4.15), we obtain the following functionof continuous-
time frequency w:

ÅTaking the inverse FT andusing linearity and the FT pair, wehave

(4.18)
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Åwhere xd(t) is a continuous-time signal that corresponds to x[n], while the 
Fourier transformXd(jw) corresponds to the discrete-time Fourier transform

ὢὩ

ÅWe refer toEq. (4.17) as the continuous-time representation of x[n]. This 
representation has an associatedas shownin Figure 4.18

48



Figure 4.18  (p. 359): Relationship between FT and DRFT representations of a 
discrete-time signal. 

49



50



ÅTheparallels betweenxd(t) and X(jw) are a direct consequence of the FS-DTFT 
duality property. 

ÅDuality states that the roles of time and frequency are interchangeable. 

ÅHere, xd(t) is a continuous-time signal whose FTis a (2p/Ts)-periodic functionof 
frequency, while X(jw) is a continuous-frequency signal whose inverse FT is a 
(2p/w0) periodic function of time.
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Figure 4.19  
(p. 361)
Solution to 
Problem 4.8.
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4.4.2 Relating the FT to the DTFS
ÅNow we investigatethe representation of a discrete-time periodic signal withthe 

FT, is obtained by combining the DTFT representation of a discrete-time 
periodic signalwith the results of the previous subsection. 

ÅOnce this is accomplished, we may use theFT to represent any of the four 
classes of signals.

ÅRecall that the DTFT representation of an N-periodic signal x[n] is given inEq. 
(4.8) as

ὢὩ ςp ὢὯ‏ɱ Ὧɱ

Åwhere X[k] are the DTFS coefficients.
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ÅSubstituting ɱ= wTs into this equation andmanipulatingtheeqn. yields theFT 
representation

ὢdὮύ
p
В ὢὯ‏ύ ὯɱȾὝ (4.19)

ÅRecall that X[k] is an N-periodic function, which implies that ὼdὮύis periodic 
with periodὯɱȾὝ= ςpȾὝ. 

ÅThe signal ὼdὸcorresponding to this FT is most easily obtained bysubstituting 
the periodic signal x[n] into Eq. (4.17); that is,

ὼdὸ В ὼὲ‏ὸ ὲȾὝ (4.20)

ÅNote that the N-periodic nature of x[n] implies that ὼdὸis also periodic with 
fundamentalperiod NTS. 

ÅHence, both ὼdὸandὢdὮύare N-periodic impulse trains, as depicted in
Fig.4.20.
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Figure 4.20  (p. 362)
Relationship between FT and DTFS representations of a discrete-time periodic signal.
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4.5 Sampling
ÅThe sampling operation generates a discrete-time signalfrom a continuous-time 

signal. 

ÅSampling of continuous-time signals is often performed inorder to manipulate 
the signal on a computer or microprocessor: 

ÅSuch manipulations arecommon in communication, control, and signal-
processing systems. 

ÅSampling isalso frequently performed on discrete-time signals to change the 
effective data rate, an operationtermed subsampling. 
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Figure 4.21  (p. 363) . Mathematical representation of sampling as the product of a 
given time signal and an impulse train.
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4.5.1 Sampling Continuous-Time Signals
ÅLet x(f) be a continuous-time signal. We define a discrete-time signal x[n] 

that is equal tothe ñsamplesò of x(t) at integer multiples of a sampling 
interval Ts ; that is, x[n] = x(nTs ).

ÅWe begin with the continuous-time representation of the discrete-time 
signal x[n] given in Eq. (4.17):

ὼdὸ ὼὲ‏ὸ ὲὝ

ÅNow we use x(nTs ) for x[n] to obtain

ὼdὸ ὼὲὝ‏ὸ ὲὝ
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ÅSinceὼὸ‏ὸ ὲȾὝ , wecan rewritefinal eqnas:

ὼdὸ ὼὸὴὸ (4.21)

ÅWhere

ὴὸ В ὸ‏ ὲὝ (4.22)

ÅHence, (4.21) implies, we may mathematically represent the sampled signal 
as multiplicationof original continuous-time signal and an impulse train

ÅSince multiplication in the time domain corresponds to convolution in the 
frequency domain,we have

ὢdὮύ
ρ

ς“
ὢὮύz ὖὮύ

ÅSubstitutingfor P(jw), wehave:

ὢdὮύ ὢὮύz В ύ‏ Ὧύ В ὢὮύ Ὧύ

(4.23)
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ÅThe shifted versionsof X(jw) may overlap with each other if ws is not large 
enough compared with thefrequency extent, or bandwidth, of X(jw). 

ÅThis effect is demonstrated in Fig. 4.22 by depicting(4.23) for several different 
values ofTs = 2p/ws. 

ÅThe frequency content of thesignal x(t) is assumed to lie within the frequency 
band -W< w < W for purposes of illustration.

ÅIn Fig. 4.22(b)-(d), we depict the cases ws = 3W,ws = 1W, and ws = 3 W/2.

ÅNote that as Ts increases and ws, decreases, the shifted replicates of X(jw) move 
closertogether finally overlapping one another when ws < 2W.

ÅOverlap in the shifted replicas of the original spectrum is termed aliasing, and
distorts the spectrum of the sampledsignal. 

ÅEffect is illustrated in Fig. 4.22(d). 

ÅOverlap between the replicas of X(jw) centered at w = 0 (the k = 0 term in Eq. 
(4.23)) and at w = ws (the k = 1 term in (4.23) occurs for frequencies between ws -
W and W.
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Figure 4.22  (p. 364)
The FT of a sampled signal for 
different sampling frequencies. (a) 
Spectrum of continuous-time 
signal. (b) Spectrum of sampled 
signal when ws = 3W. 
(c) Spectrum of sampled signal 
when ws = 2W.  (d) Spectrum of 
sampled signal when ws = 1.5W.

61



ÅAs Fig. 4.22 illustrates, aliasing is prevented by choosing the samplinginterval Ts

so that ύ ςὡ, where Wis highest nonzero frequency component insignal. 

ÅHence, sampling interval must satisfy the condition Ὕ pȾςὡfor 
reconstructionof the original signal to be feasible.
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Figure 4.23  (p. 365)
The DTFTs corresponding to 
the FTs depicted in Fig. 4-22 
(b)-(d). (a) ws= 3W. (b) ws = 
2W. (c) ws = 1.5W.
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