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Chapter 4
Applications of
Fourier Representations to

Mixed Signal Classes

Objectives of this chapter

A Introduction

A Fourier Transform Representations of Periodic
Signals

A Convolution and Multiplication with Mixtures of
Periodic and Nonperiodic Signals

A Fourier Transform Representation of Discrete
Time Signals

A Sampling

A Reconstruction of ContinuousTime Signals from
Samples

A Discrete-Time Processing of Continuougime
Signals

A Fourier Series Representations of Finitduration
Nonperiodic Signals

A The Discrete Time Fourier Series Approximation
to the Fourier Transform

A Efficient Algorithms for Evaluating the DTFS

A Exploring Concepts with MATLAB
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4.1 Introduction

Aln the previous chapter, we developed Fourier representations of four
distinct classesof signals:

Adiscrete-time Fourier series (DTFS) for periodic discretdime signals,
AFourier series (FS) for periodic continuoustime signals,

Athe discrete-time Fourier transform (DTFT) for nonperiodic discrete
time signals, and

Athe Fourier transform (FT) for nonperiodic continuous-time signals

AWe now focus on applications of Fourier representations:
Aperiodic and nonperiodic signals
Acontinuous-and discrete-time signals



4.2 Fourier Transform Representations of Periodic Signals

AFS and DTFS have been derived as Fourier representations of periodic
signals.

AStrictly speaking, neither the FT nor the DTFT converges for periodic signal

AHowever, by incorporating impulses into the FT and DTFT in the appropriate
manner,we may develop FT and DTFT representations of such signals.



4.2.1 Relating the FT to the FS

AThe FS representation of a periodic signa{t) is

wo) B ® QQ (4.1)
AWhere w. is the fundamental frequency of the signal.
ARecallp < ¢* 1(0) and frequency shift property, we obtain the inverse FT of

ﬁfrequencyshlfted impulse] (0 Q) as complex sinusoid w/ frequency
Wo.

Q < 0 D) (4.2)

Asubstitute FT pair in (4.2) into the FS representation in (4.1) and use the
linearity of the FT to obtain

w0 B W[ AQ ¢ s(Q)  ¢“ B ®QT M ®)
(4.3)




AThus, the FT of a periodic signal is a series of impulses spaced by the
fundamental frequencyw,. Thekth impulse has strength 2 X k],
where X K] is the kth FS coefficient

AFigure 4.lillustrates this relationship. Note that the shape oK(jw) is
identical to that of X K].

A(4.3) also indicatesthat the FT is obtained from the FS by placing
iImpulses at integer multiplesof w, and weighting them by 2 times
the corresponding FS coefficient.

AGiven an FT consistingf impulses that are uniformly spaced irw,
we obtain the corresponding FS coefficientby dividing the impulse
strengths by 2' . The fundamental frequency corresponds tthe
spacing between impulses.



-
-
"I'ﬁ
L
(s
I
2
|
|
- ]
(s

Figure 4.1 (p. 343): FS and FT representation of a periodic continuodsme signal.

7



EXAMPLE 4.1 FT oF A COSINE Find the FT representation of x(t) = cos(w,?)

Solution: The FS representation of x(t) is

S0, , k=41
cos(w,t) e——— X[k] = {8 b 41"

Substituting these coefficients into Eq. (4.3) gives
cos(w,t) — X(jo) = md(0 - w,) + m6(0 + w,).

This pair is depicted graphically in Fig. 4.2.
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Example: Find the Fourier Transform of a cosine
waveforme(4 "Hi I <«
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Figure 4.2a (p. 343): FT of a cosine.
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Figure 4.2.a A real signal in frequency domain transforms into
complex signal in time domain and vice versa
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ExaMPLE 4.2 FT oF A UNIT IMPULSE TRAIN  Find the FT of the impulse train
p(2) = X 8(t — aT).

#=—00

Solution: We note that p(t) is periodic with fundamental period T, so w, = 27/T, and
the FS coefficients are given by

1 [T~ |
P(k] = T/ 5(1)e ™ di
= 1/T.

We substitute these values into Eq. (4.3) to obtain
P(jw) = o > 8w — kw,).
3 k=—00

Hence, the FT of p(t) is also an impulse train; that is, an impulse train is its own FT. The
spacing between the impulses in the frequency domain is inversely related to the spacing
between the impulses in the time domain, and the strengths of the impulses differ by a fac-
tor of 277/T. This FT pair is depicted in Fig. 4.3. »
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Figure 4.3 (p. 344)
An impulse train and its
FT.
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x(1)

0
Figure 4.4 (p. 345) Square wave for Problem 4.1.



4.2.2 Relating the DTFT to the DTFS

AThe DTFTexpression for an Nperiodic signalx[n] is
WE B ®QQ (4.4)

Alnverse DTFT of frequencyshifted impulse isa discretetime complex
sinusoid

ADTFTis a 2o-periodic function of frequency, sowe may express a
frequency-shifted impulse either by expressing one period, sucas

Q ¢ (M n ) p m p p Ay p
AOr by usingan infinite series of shifted impulses
Q < >B T(m M & (4.5)

AThis is shown in Fig4.5
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The inverse DTFT of Eg. (4.5) is evaluated by means of the siftipperty of the
iImpulse function.

S0 B 1M @ &) (4.6)

This is shown in Fig4.5. DTFT of theperiodic signal x[n] is then found as:

oje] B (I)[?Q'Q <—>00(Q ) B OB 1 (m TQT] a ¢p) (4.7)
Which can be combined into

o] B QQ —(Q ) ¢“B DA m Oy (4.8)

N

T c O c T 03
n c¢° m c¢°

Figure 4.5 (p. 346) : Infinite series of frequencyshifted impulses that is 2 periodic in frequency W.
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AThus, the DTFT representation of a periodic signal is a series of impulses
spaced by the fundamentafrequency m . Thekth impulse has strength
2pX k] where X[K] is the kth DTFScoefficient for x[n].

AFigure 4.6 depicts DTFS and the DTFT opariodic discrete-time signal
AGiven DTFS coefficients and fundamental frequenay , we obtain DTFTas

19



Figure 4.6 (p. 346)

DTFS and DTFT representations of a periodic discretane signal.
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ExXAMPLE 4.3 DTFT oOF A PERIODIC SIGNAL Determine the inverse DTFT of the fre-
quency-domain representation depicted in Fig. 4.7, where {}; = w/N.

Solution: We express one period of X(¢/!) as

X(e) = Zlia(a - Q,) - 21,,5(0 +Q,), —7<Q=m,

from which we infer that
1/(4mj), k=1
X[k]) =4 —-1/(4m)), k= -
0, otherwiseon—=1 <k <= N -— 2

Then we take the inverse DTFT to obtain

1

<l = 2| (6% = )| = 5L-sin(@m)

21



Figure 4.7 (p. 347)

DTFT of periodic signal for Example 4.3.
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4.3 Convolution and Multiplication with
Mixtures of Periodic and Nonperiodic Signals

AExample application:

~ |f a periodic signal is applied to a stable filter, the output Is
expressed as the convolution of the periodic input signal
and the nonperiodic impulse response

~ We use FT to analyze problems involving mixtures of
periodic and nonperiodic continuoustime signals;

~ We use DTFT to analyze problems involving mixtures of
periodic and nonperiodic discretetime signals.

23



4.3.1 Convolution of Periodic and Nonperiodic Signals

AConvolution in the time corresponds to multiplication in the frequency domain.
w0 w(0)Zz Qo)< >o(Q) QYO QU
ARecall from Eqg. (4.3) that the FT of a periodic signaft) is

w(0)¢ A(QY ¢ OO D)

Awhere X[K] are the FS coefficients. Substitute this into the convolution property

w0 w(0) 2z o)« >(Q) ¢“ B O (O B )HOQL (4.9
AUsing the sifting property, we have
w0 w(0) 2z o)« >(Q) ¢“ B gJo]o™g (v @ ) (4.10)

AThe strength of thekth impulse in @ QU is adjusted by the value ofO Q0
evaluated at frequency at which it is located, 60 QI ], to yield an impulse in
w Quatv D .

AApplication: output of a filter with impulse responseh(t) and periodic input x(t),,



Example 4.4 Periodic Input to an LTI System Let the input signal applied to an
LTI system with impulse response @0) OHK"l o “ 0 be the periodic square wave
depictedin Fig. 4.4. Usethe convolution property to find the output of this system.

Solution: The frequency response of the LTI system is obtained by taking the FT of the impulse

response h(t), as given by (D)

W~ 2 ~T, p |U | l

HOTEAR oy T ]
Using Eg. (4.3), we may write the FT | | |
of the periodic square wave: -6 -4 2-1 45 1 2 4 6 8

L O ETD‘T , ?'Qu . :

QD C i C 10 T Figure 4.4 (p. 345) Square wave for Problem 4.1.

The FT of the system output i83(Q0 "0CQ0M "QU. This product is depicted in Fig. 4.9, where 3
components fall within the passband ofOCQ08

A c1(o o) ") 1o o)

which follows from the fact that"O "Q0 acts as a lowpass filter, passing the harmonics at “ 7¢, 0 and
“ Tc, while suppressing all others. Taking the inverse FT af Q0 gives the output:

W(0) (—) (—)AT (9) sincepy ¢ “ (0) .
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FIGURE 4.9 Application of convolution property in Exarfple 4.4.



Figure 4.4 (p. 345) : Square wave for Problem 4.1.
X(1)
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4.3.2 Multiplication of Periodic and Nonperiodic Signals

AConsider again the multiplication property of the FT, repeated here as

ran i s e P T
w0 CLO)u(0)¢ >0('QY g qQQyzw Qu
Alf x(t) is periodic, we may apply the multiplication propertyand sifting
property of the impulse function implies results in a shifted version of
original function as use@dQ B w QQ )

W0 "FO)W0)¢ s o(Q) B OO QU ) (4.12)

AMultiplication of g(t) with the periodic function x(t) gives a FT consisting of
a weightedsum of shifted versions of G{), asshownin Fig. 4.11.

AAs expected, thdorm of Y(jw) corresponds to FT of a nonperiodic signal,
since the product of periodicand nonperiodic signals is nonperiodic.

28
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X(jv)
‘ 2pX[0]

Y(jv)

| 2PX[01H(j0)
2pX|[2]H(j2v,)
Figure 4.8 (p. 449) , v | v | ,
Convolution property for mixture of by, _zv,,| o|zv,, w, 1
periodic and nonperiodic signals.
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Figure 4.9 (p. 350)
Application of convolution
property in Example 4.4.
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Figure 4.10 (p. 350)

Signak(t) for Problem 4.4.

X(r)
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Figure 4.12 (p. 353)
Solution for Example 4.5 (b).
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EXAVIPLE 4.6 AM RADIO The multiplication property forms the basis for understand-
ing the principles behind a form of amplitude modulation (AM) radio. (A more detailed dis-
cussion of AM systems is given in Chapter 5.} A simplified transmitter and receiver are
depicted in Fig. 4.13(a). The effect of propagation and channel noise are ignored in this sys-
tem: The signal at the receiver antenna, r(t), is assumed equal to the transmitted signal. The
passband of the low-pass filter in the receiver is equal to the message bandwidth,
—-W < @ < W. Analyze this system in the frequency domain.

Solution: Assume that the spectrum of the message is as depicted in Fig. 4.13(b). The
transmitted signal is expressed as

r(t) = m(t) cos(w.t) < > Rjo) = (1/2)M(j(0 — o)) + (1/2)M(j(0 + o)),
where we have used Eq. (4.12) to obtain R(jw). Figure 4.14(a) depicts R(jw). Note that
multiplication by the cosine centers the frequency content of the message on the carrier
frequency w,.

34
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In the receiver, r(¢) 1s multiplied by the identical cosine used in the transmitter to obtain
q(t) = r(t) cos(w.t) «— Qfjw) = (1/2)R(j(0 — ©.)) + (1/2)R(j(0 + @,)).

Expressing R(jw) in terms of M(jw), we have
Qjw) = (1/4)M(j(0 — 2w.)} + (1/2)M(jo) + (1/49)M(j(e + 20.)),

as shown in Fig. 4.14(b). Multiplication by the cosine in the receiver centers a portion of
the message back on the origin and a portion of the message at twice the carrier frequency.
The original message is recovered by low-pass filtering to remove the message replicates cen-
tered at twice the carrier frequency. The result of such filtering is an amplitude-scaled ver-
sion of the original message, as depicted in Fig. 4.14(c).

As explained in Section 1.3.1, the motivation for shifting the message frequency band
so that it is centered on a carrier includes the following: (1) Multiple messages may be trans-
mitted simultaneously without interfering with one another, and (2) the physical size of a prac-
tical antenna is inversely proportional to the carrier frequency, so at higher carrier frequencies,
smaller antennas are required. =

37



AThe discretdime multiplication property may be restated as

el aglae  ——N(Q ) —pcI)('Q )t (Q ) (4.13)
Alf x[n] is periodic, then this property is still applicable, provided that we use
DTFT representatioof x[n], given in Eq. (4.8), namely

Q) ¢ OQ M )
Awhere X[&] are the DTFS coefficientShen
A(Q ) OQ (— MmHa  )o—
AHence, we may reduce the infinite sum to any N consecutive valuemndf k

(Q ) ®Q 1(— m)aa )

38



Aapply sifting property of impulse function to evaluate the integral and obtain

Eg] @ElaE ——N(Q ) B o©QNQ ) (4.14)
AMultiplication of z[n] with the periodic sequence x[n] results in a DTFT
consisting of aveighted sum of shifted versions©fQ )

ANote that y[n] is nonperiodic, since the prodofa periodic signal and a
nonperiodic signal is nonperiodic.

39



EXAMPLE 4.7 APPLICATION: WINDOWING DATA It is common in data-processing ap-
plications to have access only to a portion of a data record. In this example, we use the
multiplication property to analyze the effect of truncating a signal on the DTFT. Consid-

er the signal
7 9
x[n] = cos(-i—-s-n) + cos(--i-s-n).
Evaluate the effect of computing the DTFT, using only the 2M + 1 values x[n], || = M.
Solution: The DTFT of x[n] is obtained from the FS coefficients of x[n] and Eq. (4.8) as

97r 7 7 O
X(e’n) = 1:'5(0 + R) + w&(ﬂ + 1_6) + 776(0 - 16) + 175(0 - ﬁ)a

<=
which consists of impulses at +77/16 and £97/16. Now define a signal y[n] = x[n]w[n],

where
1, 0= M
win] = {0, ] > M’

40



Multiplication of x[#] by w/[#n] is termed windowing, since it simulates viewing x[ )] through
a window. The window w/(n] selects the 2M + 1 values of x[#n] centered on n = 0. We
compare the DTFTs of y[n] = x[n]w[n] and x[n] to establish the effect of windowing.
The discrete-time multiplication property Eq. (4.13) implies that

Y(e,n) —_ %{W(e,'(nwr/ns)) + W(ef(n-lhr/lé)) + W(e,-(n-n/:e)) s W(ei(n-% 16))}’

where the DTFT of the window w/[] is given by

sin({2(2M + 1)/2)

a. _
o ) sin({)/2)

We see that windowing introduces replicas of W(e™) centered at the frequencies 77/16 and
91r/16, instead of the impulses that are present in X(e'). We may view this state of affairs
as a smearing or broadening of the original impulses: The energy in Y(¢') is now smeared
over a band centered on the frequencies of the cosines. The extent of the smearing depends
on the width of the mainlobe of W(e'""), which is given by 47/(2M + 1). (See Figure 3.30.)



Figure 4.15(a)-(c) depicts Y(&™) for several decreasing values of M. If M is large
enough so that the width of the mainlobe of W(e™) is small relative to the separation be-
tween the frequencies 77/16 and 97/16, then Y(¢") is a fairly good approximation to
X (™). This case is depicted in Fig. 4.15(a), using M = 80. However, as M decreases and
the mainlobe width becomes about the same as the separation between frequencies 77/16
and 97/16, the peaks associated with each shifted version of W(e™) begin to overlap and
merge into a single peak. This merging is illustrated in Fig. 4.15(b) and (c) by using the val-
ues M = 12 and M = 8, respectively. n
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Figure 4.16 (p. 358)

Problem 4.7 (a) System. (b) Input spectrum.
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Figure 4.17 (p. 358) Solutions to Problem 4.7
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4.4 Fourler TransfornRepresentation of Discrete

Time Signals
ALet us define the complex sinusoid®) Q and'Q¢] O
AA connection between the frequencies of these sinusoids is establjshed
requiring g[n] to correspond it).
ASuppose we force d[io be equal to theamples ok(t) taken at intervals Of, ;
that 1s,g[n] = x(nT ). This implies that
Q Q
Afrom which we conclude thay "QO0Y. Dimensionlessliscretetime

frequencymcorresponds to continuotisne frequencyv, multiplied by
sampling intervall.

46



4.4.1 Relating the FT to the DTFT

ANow consider the DTFT of an arbitrary discréitee signal x[n]. We have
®»(Q ) B we Q (4.15)

AWe seek an FT paily 0 «—¢&y Q0 that corresponds to DTFT paire «—— &(Q )

ASubstitutingn o “Yiinto Eq. (4.15), we obtain the following functiofcontinuous
time frequencyw:

0O

Xs(jw) = x(em)l0=¢.ﬂ;= E x[n]e /T

rn=—00

ATaking the inverse Fandusing linearity and the FT paive have

x5(t) = i x[n]&(t — nl) < FT — X;(jw) = i x[n]e—iw'l;n
N i (4.18)

47



Awherex (t) is a continuousime signal that correspondsxjm], while the
Fourier transfornX,(jw) corresponds to the discrdtee Fourier transform

W(Q )
AWe refer toEq. (4.17) as theontinuoustime representatioof x[n]. This
representation has an associasshownin Figure 4.18

48



Figure 4.18 (p. 359)Relationship between FT and DRFT representations of a
discretetime signal.
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ExamMPLE 4.8 FT FroM THE DTFT Determine the FT pair associated with the DTFT pair

1
ae

DTFT

x[n] = a"u[n] <«

- X(e®) = —

......’n -

This pair is derived in Example 3.17 assuming that |a| < 1 so the DTFT converges.
Solution: We substitute for x[7] in Eq. (4.17) to define the continuous-time signal
x5(t) = D, a"8(t — nT).
n=0
Using () = T gives

. 1
i Xs(iw) = 1 — ge T,

x5(t)

50



ATheparallels betweerd(t) andX(jw) are a direct consequence of the[FBFT
duality property

ADuality states that the roles of time and frequency are interchangeable.

AHere,xd(t) is a continuougime signal whose Fi& a ($/T)-periodic functionof
frequency, while Xjwv) is a continuou$requency signal whose inverse FT Is a
(2p/wy) periodic function of time.
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4.4.2 Relating the FT to the DTFS

ANow we investigatehe representation of a discraime periodic signal witlthe
FT, Is obtained by combining the DTFT representation of a distneée
periodic signalvith the results of the previous subsection.

AOnce this is accomplished, we may useRfdo represent any of the four
classes of signals.

ARecall that the DTFT representation of ap&fiodic signal xfi] is given inEq.
(4.8) as

Q) ¢ O (M )

AwhereX[K] are the DTFS coefficients.

53



ASubstitutingm= wT, into this equatiomndmanipulatingghe egn yields theFT
representation

oy 2B @ oy (4.19)
ARecall thatX[k] is anN-periodic function, which implies thay('Q0 is periodic
with period'(n ¥'Y=¢cpT'Y.

AThe signaky(0) corresponding to this FT is most easily obtainedudystituting
the periodic signal x[n] into Eqg. (4.17); that is,

w0 B wel (0 1Y) (4.20)
ANote that the Noeriodic nature of x[n] implies tha}(0) is also periodic with
fundamentaperiodNTs.

AHence, bothy,(0) and®,("QD are Nperiodic impulse trains, as depicted in
Fig.4.20.
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Figure 4.20 (p. 362)
Relationship between FT and DTFS representations of a disenet@eriodic signal.
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4.5 Sampling

AThe sampling operation generates a diseiigte signalfrom a continuoudime
signal.

ASampling of continuoume signals is often performedander to manipulate
the signal on a computer or miCroprocessor:
ASuch manipulations ammmon in communication, control, and signal
processing systems.

ASampling isalso frequently performed on discrdime signals to change the
effective data rate, an operatimmmed subsampling.
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Figure 4.21 (p. 363) . Mathematical representation of sampling as the product of
given time signal and an impulse train.
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4.5.1 Sampling Continuouslime Signals

ALet x(f) be a continuoume signal. We define a discretiene signal xfi
thatisequaltt he nsampleso of x(t) at 1 n
interval T, ; that is,x[n] = x(nT,).

AWe begin with the continuottéme representation of the discrdime
signal x| given in Eqg. (4.17):

wy(0) wel (0 €7Y)
ANow we usex(nT, ) for x[n] to obtain

wy(0) weY] (0 £7)

58



ASincew 07 (0 £7T7Y), we canrewritefinal egnas:
w0 «no (4.21)
AWhere
o B 10 &) (4.22)

AHence, (4.21) impliesve may mathematically represent the sampled signal
asmultlpllcatlon of original continuougime signal and an impulse train

ASince multiplication in the time domain corresponds to convolution in the
frequency domainye have
P

QY CTc:b(""gzoz 0 QU
ASubstitutingfor P(jw), we have

u(Q) —a(Qyz—B 100 @) -B (@ W)
k)
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AThe shifted versionsf X(jw) may overlap with each othenif, is not large
enough compared with theequency extent, or bandwidth, Xfw).

AThis effect is demonstrated in Fig. 4.22 by depic(hg3) for several different
values ofl; = 2p/w,.

AThe frequency content of tisggnalx(t) is assumed to lie within the frequency
band-W < w < W for purposes of illustration.

Aln Fig. 4.22()-(d), we depict the cases = 3W,w, = 1W, andw, = 3 W/2.

ANote that aJ, increases and,, decreases, the shifted replicateX@fv) move
closertogether finally overlapping one another wiverx 2W.

AOverlap in the shifted replicas of the original spectrum is temtiasing, and
distorts the spectrum of the sampseghnal.

AEffectis illustrated in Fig. 4.22(d).

AOverlap between the replicasX{jw) centered atv = 0 (the k = 0 term in Eq.
(4.23)) and at w w (thek = 1 term in (4.23) occurs for frequencies betweaen
W and W.
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Figure 4.22 (p. 364) 1

The FT of a sampled signal for /KZ A‘ 7\”’ /\'

different sampling frequencies. (a) — R i Pe +
Spectrum of continuodsme “ " “
signal. (b) Spectrum of sampled ®)
signal whenwvs = 3W. '
(c) Spectrum of sampled signal

whenw, = 2W. (d) Spectrum of
sampled signal whew, = 1.5W.




AAs Fig. 4.22 illustrates, aliasing is prevented by choosing the sanmiéngal T,
so thaty ¢ w where Wis highest nonzero frequency componergignal.

AHence sampling interval must satisfy the conditioh pfc for
reconstructiorof the original signal to be feasible.
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Flgure 4.23 (p. 365)

t

"he DTFTs corresponding to
ne FTs depicted in Fig. €2

(

b)-(d). () W= 3W. (b)w, =

2W. (c)w, = 1.5W.
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ExaMPLE 4.9 SAMPLING A SINUSOID  Consider the effect of sampling the sinusoidal signal
x(t) = cos(mt).

Determine the FT of the sampled signal for the following sampling intervals: (i) T, = 1/4,
(ii) T, = 1, and (iii) T; = 3/2.
Solution: Use Eq. (4.23) for each value of T;. In particular, note from Example 4.1 that

x(t) — > X(jo) = w(w + 7) + 78(w — ).

Substitution of X(jw) into Eq. (4.23) gives

)Q(}w)—-—- 2 o + 7 — ko,) + §(w — 7 — ko,).
k-—oo
Hence, X;(jw) consists of pairs of impulses separated by 27, centered on integer multiples of
the sampling frequency w,. This frequency differs in each of the three cases. Using w, = 27/T,
gives (i) w, = 8, (il) w, = 2, and (iii) w, = 47/3, respectively. The impulse-sampled rep-
resentations for the continuous-time signals and their FTs are depicted in Fig. 4.24.






