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Objectivesof this chapter
ÅIntroduction
ÅFourier Transform Representations of Periodic Signals
ÅConvolution and Multiplication with Mixtures of 

Periodicand Nonperiodic Signals
ÅFourier Transform Representation of Discrete-Time 

Signals
ÅSampling
ÅReconstruction of Continuous-Time Signals from 

Samples
ÅDiscrete-Time Processing of Continuous-Time Signals
ÅFourier Series Representations of Finite-Duration 

Nonperiodic Signals
ÅThe Discrete-Time Fourier Series Approximation to the 

Fourier Transform
ÅEfficient Algorithms for Evaluating the DTFS
ÅExploring Concepts with MATLAB
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4.6 Reconstruction ofContinuous-TimeSignals
from Samples

ÅThe problem of reconstructing a continuous-time signal from samples involves a 
mixtureof continuousand discrete-time signals. 

ÅAs illustrated in block diagram of Fig. 4.31,a device that performs this 
operation has a discrete-time input signal and a continuous-timeoutput signal. 

ÅAssuming that theconditions are satisfied, we establish a methodfor perfect 
reconstruction. 

ÅSince perfect-reconstruction cannot be implementedin practice, hencepractical
reconstruction techniques and their limitations.
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ÅSamplesof a signalnot always determine corresponding continuous-time signal. 

ÅFor example,if we sample a sinusoid at intervals of a period, then the sampled 
signal appears to be a constant,and we cannot determine the original signal

ÅFigure 4.32 illustrates this problem by depicting two different continuous-time 
signals havingthe same set of samples. We have

ὼὯ ὼ ὲὝ ὼ ὲὝ

ÅThe rate at which the time-domain signal changes, is directly related to the 
maximum frequency that is present in the signal. 

ÅHence, constraining smoothness in the time domain corresponds to limiting the 
bandwidth of the signal.

ÅThere is a one-to-one correspondence between the time-domain and frequency-
domain representations of a signal. May also consider the problem of 
reconstructingthe signal in the frequency domain. 

4.6.1 Sampling Theorem
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ÅAliasingdistorts the spectrum of the original signal and destroys theone-to-one 
relationship between the FTs of continuous-time signal and the sampled signal.

Sampling Theorem

Let x( t) ●◄
╕╣
╧▒◌represent a band-limited  signal, sothat ╧▒◌

█▫►◌ ◌□. If ◌▼ ◌□ where ◌▼ ⱫȾ╣▼is the sampling frequency, 
then x(t) is uniquely determined  by its samples●▪╣▼ , n = 0, Ñ1 Ñ2, ...

ÅThe minimum sampling frequency, 2wm, is termed the Nyquist sampling rate or 
Nyquistrate. 

ÅActualsampling frequency, ύ , is referred to as the Nyquist frequency. 

ÅIf Ὢ ύ Ⱦς“ is the highest frequency present in the signal and Ὢdenotes
the sampling frequency in hertz, then the sampling theorem states thatὪ Ὢ , 
where Ὢ ρȾὝ. 

ÅAlternatively, we must have Ὕ ρȾςὪ to satisfy conditionsof the theorem.5



Figure 4.30  (p. 373)
Solution to Problem 4.11.
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Figure 4.31  (p. 373)
Block diagram illustrating conversion of a discrete-time signal to a continuous-time signal.
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Figure 4.32  (p. 373)
Two continuous-time signals x1(t) (dashed line) and x2(t) (solid line) that have the same set of samples.
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Figure 4.33  (p. 374)
FT of continuous-time signal for Example 4.12. 
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ÅA reduced sampling rate can be used if the signal is passed through a continuous-
time low-pass filter prior to sampling. 

ÅIdeally, this filter passes frequencycomponents below ύȾςwithout distortion 
and suppresses any frequency componentsabove ύȾς. 

ÅSuch a filter prevents aliasing and is thus termed an antialiasing filter. 
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Figure 4.34  (p. 375)
FT of x(t) for Problem 4.12(c). 
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4.6.2 Ideal Reconstruction
ÅThe sampling theorem indicates how fast we must sample a signal so that the 

samplesuniquely represent the continuous-time signal. 

ÅRecall that if ὼὸ ὢὮύ, thenthe FT representation of the sampled signal is
given by Eq. (4.23), or

ὢdὮύ
ρ

Ὕ
ὢὮύ ὮὯύ

ÅThe goal of reconstruction is to apply some operation to ὢdὮύthat converts it 
backtoὢὮύȢ

ÅThis is accomplished by multiplying ὢdὮύby

Ὄ Ὦύ
Ὕȟ
πȟ

Ⱦ
Ⱦ

(4.28)

ÅAs shownin Fig. 4.35.
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Figure 4.35  (p. 376)
Ideal reconstruction. (a) Spectrum of original signal. (b) Spectrum of 
sampled signal. (c) Frequency response of reconstruction filter.
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ÅWe thenhave:

ὢὮύ ὢdὮύὌὶὮύ (4.29)

ÅMultiplication in frequency domain transforms to convolution in time domain,

ὼὸ ὼdὸ Ὤzὶὸ

ÅWhereὬὶὸ ὌὶὮύ. We thenhave

ὼὸ ὼdὸ Вz ὼὲ‏ὸ ὲὝ В ὼὲὬ ὸ ὲὝ

ÅUsing

Ὤ ὸ
ὝίὭὲ

ύ
ς
ὸ

“ὸ
ÅTo obtain

ὼὸ В ὼὲίὭὲὧύ ὸ ὲὝȾςp (4.30)

ÅThis reconstruction operation is illustrated in Fig. 4.36.
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Figure 4.36  (p. 377)
Ideal reconstruction in the time 
domain.
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ÅOperationdescribed in (4.30) is referred to as ideal band-limited interpolation, 
since it indicates how to interpolate in between samples of a bandlimitedsignal.
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4.6.3 A Practical Reconstruction: The Zero-Order Hold
ÅIn practice, a continuous-time signal is often reconstructed by means of a device 

known asa zero-order hold, which simply maintains or holds the value x[n] for Ts
seconds, as depictedin Fig. 4.37. 

ÅThe zero-order hold is represented mathematically as a weighted sum of rectangular
pulses shifted by integer multiples of the sampling interval. Let

Ὤ ὸ
ρȟ
πȟ

π ὸ Ὕ

ὸ πȟὸ Ὕ

ÅAs shownin Fig. 4.38. The output of the zero-order hold is expressed as:

ὼπὸ Ὤπὸ Вz ὼὲ‏ὸ ὲὝ Ὤ ὸ ὼz ὸ (4.31)

ÅAnd theFT
ὢ Ὦύ Ὄ Ὦύὢ Ὦύ

ÅFromwhichweobtain

Ὤπὸ ὌπὮύ ςὩ Ⱦ
ίὭὲ

ύὝ
ς

ύ
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Figure 4.37  (p. 377): Reconstruction via a zero-order hold.
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Figure 4.38  (p. 378)
Rectangular pulse used to analyze 
zero-order hold reconstruction.



ÅFigure 4.39 depicts the effect of the zero-order hold in the frequency domain, 

ÅComparing ὢ Ὦύwith ὢὮύ, zero-order hold introduces threemodification

1. A linear phase shift corresponding to a time delay of Ts/2 seconds.

2. A distortion of portion of ὢdὮύbetween ïwm and wm. 

3. Distorted and attenuated versions of images of X(jw), centered at nonzero
multiples of ύ .

ÅModifications2 nd3 maybe eliminatedby passingὼ ὸthrougha continous-
time compensationfilter with frequencyresponse:

Ὄ Ὦύ
ύὝ

ςÓÉÎ
ύὝ

ς

ȟ
πȟ

ύ ύ

ύ ύ ύ

ÅThe magnitude of this frequency response is depicted in Fig. 4.40.
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Figure 4.39  (p. 379)
Effect of the zero-order hold 
in the frequency domain. 
(a) Spectrum of original 
continuous-time signal. 
(b) FT of sampled signal. 
(c) Magnitude and phase of 
Ho(jw). 
(d) Magnitude spectrum of 
signal reconstructed using 
zero-order hold.

Continoutin nextpageé
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Figure 4.39  (p. 379)
Effect of the zero-order hold in the 
frequency domain. 
(a) Spectrum of original continuous-time 
signal. 
(b) FT of sampled signal. 
(c) Magnitude and phase of Ho(jw). 
(d) Magnitude spectrum of signal 
reconstructed using zero-order hold.
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Figure 4.40  (p. 380)
Frequency response of a compensation filter used to eliminate some of 
the distortion introduced by the zero-order hold.
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ÅὌ Ὦύis often termed an anti-imaging filter, because it eliminates thedistorted 
images of ὌὮύthat are present at nonzero multiples of ύ . 

ÅA block diagram representingthe compensated zero-order hold reconstruction 
process is depicted in Fig. 4.41.

ÅSeveral practical anddesignissues in building an anti-imaging filter

ÅCannotobtain a causal anti-imaging filter that has zero phase; hence some 
phase distortion. 

ÅIn passband, ύ ύ , a linear-phase distortion corresponds to an additional 
time delay. 

ÅThe difficulty of approximatingὌ Ὦύdepends on the separation between 
wm and ws-wm. However, a good approximation is obtained by setting 
Ὄ Ὦύ ρ.

ÅIn practical reconstruction schemes, we increase the effective samplingrate of 
the discrete-time signal prior to zero-order hold. This techniqueis called
oversampling, 
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Figure 4.41  (p. 380): Block diagram of a practical reconstruction system.
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Figure 4.42  (p. 382)
Anti-imaging filter design with 
and without oversampling. (a) 
Magnitude of Ho(jf) for 44.1-
kHz sampling rate. Dashed lines 
denote signal passband and 
images. (b) Magnitude of Ho(jf) 
for eight-times oversampling 
(352.8-kHz sampling rate. 
Dashed lines denote signal 
passband and images. (c) 
Normalized constraints on 
passband response of anti-
imaging filter. Solid lines 
assume a 44.1-kHz sampling 
rate; dashed lines assume eight-
times oversampling. The 
normalized filter response must 
lie between each pair of lines.
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4.7 Discrete-Time Processingof Continuous-Time 
Signals

ÅThere are several advantages to processinga continuous-time signal with a 
discrete-time system. 

1. resulting from thepower and flexibility of discrete-time computing devices. 

2. signalmanipulations easier by using a computerthan use of analog 
components. 

3. implementing a system in a computeronly involves writing a program to 
execute.

4. the discrete-time system is easily changed by modifying the computer 
program.

5. direct dependenceof dynamic range and signal-to-noise ratio on the number 
of bits used to representthe discrete-time signal. 
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ÅMinimal system for discrete-time processing of continuous-time signalscontain 

Åa sampling device, as well as a computing device for implementing discrete-
time system

Åreconstruction device

Åoversampling,decimation, and interpolationdevices

ÅDecimation and interpolation are methods for changingthe effective sampling 
rate 

ÅDecimation reduces the effectivesampling rate, while interpolation increases 
the effective sampling rate. 
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4.7.1 A Basic Discrete-Time Signal-Processing System
ÅA typical system for processing continuous-time signals in discrete time is 

illustrated inFig. 4.43(a). 

Åcontinuous-time signal is first passed through a low-pass anti-aliasing filterand 
then sampled at intervals of Ts to convert it to a discrete-time signal. 

ÅThe sampledsignal is then processed by a discrete-time system to impart some 
desired effect to the signal.

ÅAfter processing, the signal is converted back tocontinuous-time format. 

ÅZero-order-hold device converts discrete-time signal backto continuous time, 

ÅAnti-imaging filter removes the distortion introduced by thezero-order hold.

ÅCombinationof operations reduceto equivalent filter by using FT as analysis tool 

ÅThe idea is to find a continuous-time systemFTὫὸ ὋὮύsuch that 
Y(jw) = G(jw)X(jw), as depicted in Fig. 4.43(b). 

34



Figure 4.43  (p.383)
Block diagram for discrete-time processing of continuous-time signals. 
(a) A basic system. (b) Equivalent continuous-time system. 
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4.7.2 Oversampling
ÅWe noted that increasing the effective sampling rate associated with a discrete-

time signal prior to the use of a zero-order hold for converting the discrete-time 
signalback to continuous time relaxes the requirements on the anti-imaging filter. 

ÅAnti-aliasing filter prevents aliasing by limiting signalbandwidth priorto samplng

ÅThesystemis illustrated in Fig. 4.44(a). 

ÅThe shadedarea of the spectrum represents energy at frequencies above the 
maximum frequency ofthe signal; we shall refer to this component as noise. 

ÅThe magnitude response of a practical anti-aliasing filter goes from passband to 
stopband over a range of frequencies,as depicted in Fig. 4.44(b). 

ÅSpectrumof filtered signalXa(jw) has maximum frequency Ws, as in Fig.4.44(c). 

ÅThis signal is sampledat a rate ws, resulting in spectrum Xd(jw) in Fig.4.44(d). 
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Figure 4.44  (p. 385)
Effect of oversampling on anti-
aliasing filter specifications. 
(a) Spectrum of original signal. 
(b) Anti-aliasing filter frequency 
response magnitude. 
(c) Spectrum of signal at the 
anti-aliasing filter output. 
(d) Spectrum of the anti-aliasing 
filter output after sampling. The 
graph depicts the case of ws > 
2Ws.
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4.7.3 Decimation
ÅThe DTFTs obtained by sampling acontinuous-time signal at differentintervals 

Ts1 and Ts2 be denoted as x1[n] and x2[n]. 

ÅAssuming Ts1= qTs2 , where q is integer, and aliasing does not occur at either 
sampling rate.

ÅFigure 4.45 depicts the FT of a representative continuous-time signal and the 
DTFTs X1(e

jW) andX2(e
jW) associated with the sampling intervals Ts1 , and Ts2

ÅDecimation corresponds tochanging X2(e
jW) into X1(e

jW) 

ÅOne way to do this is to convert the discrete-time sequence backto a continuous-
time and then resample. 

ÅSuch an approach is subject to distortion introducedin reconstruction operation. 

ÅWe can avoid the distortion by using methodsthat operate directly on the discrete-
time signals to change the sampling rate.
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Figure 4.45  (p. 387)
Effect of changing the 
sampling rate. 
(a) Underlying continuous-
time signal FT. 
(b) DTFT of sampled data 
at sampling interval Ts1. 
(c) DTFT of sampled data 
at sampling interval Ts2.
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ÅSubsampling is the key to reducing the sampling rate. 

ÅIf the sampling interval is Ὕ and we wish to increase it to Ὕ = qὝ , 
we may selectevery qth sample of thesequence ὼ ὲ; 

Åthat is, we set g[n] = ὼ ήὲ. Equation (4.27) indicates that the 
relationshipbetween ὋὩ and ὢ Ὡ

ὋὩ В ὢ Ὡ pȾ (4.27)

ÅThat is, ὋὩ is a sum of shifted versions ofὢ Ὡ Ⱦ , as depicted 

in Fig.4.46.
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Figure 4.46  (p. 387)
The spectrum that results from subsampling the DTFT X2(ejW) depicted 
in Fig. 4.45 by a factor of q.
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ÅFig. 4.47(a) depicts a decimation system that includes a low-pass 
discrete-time filter.

ÅThe input signal x[n] with DTFT shown in Fig. 4.47(b) corresponds to 
the oversampledsignal, whose FT is depicted in Fig. 4.47(d). 

ÅThe shaded regions indicate noise energy.

ÅThe low-pass filter characterized in Fig. 4.47(c) removes most of the 
noise in producing theoutput signal depicted in Fig. 4.47(d).

ÅAfter subsampling, the noise does not alias intothe signal band, as 
illustrated in Fig. 4.47(e).
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Figure 4.47  (p. 388)
Frequency-domain interpretation of 
decimation. 
(a) Block diagram of decimation 
system. 
(b) Spectrum of oversampled input 
signal. Noise is depicted as the shaded 
portions of the spectrum. 
(c) Filter frequency response. 
(d) Spectrum of filter output.  
(e) Spectrum after subsampling.
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Figure 4.48  (p. 389)
Symbol for decimation by a factor of q.

Note: Decimation is also known as downsampling. 
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4.7.4 Interpolation
ÅInterpolation increases the sampling rate and requires that we produce values 

betweenthe samples of the signal. 

ÅIn frequency domain, we convert ὢ Ὡ of Fig. 4.45(b) into ὢ Ὡ of Fig. 

4.45(c). The samplingrate is increasedby an integer factorq; that is, Ὕ ήὝ

ÅLetsdefinea new sequence

ὼ ὲ
ὼ ὲȾή ὲ

ήὭὲὸὩὫὩὶ

π ÏÔÈÅÒ×ÉÓÅ

ÅAnd we haveὼ ὲ ὼ ήὲand ὢςὩ ὢρὩ

ÅThis is as illustrated in Figs. 4.49.
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Figure 4.49  (p. 390)
Frequency-domain interpretation of 
interpolation. (a) Spectrum of original 
sequence. 
(b) Spectrum after inserting qï1 zeros 
in between every value of the original 
sequence. (c) Frequency response of a 
filter for removing undesired replicates 
located at °2p/q, °4p/q, é, °(qï
1)2p/q. 
(d) Spectrum of interpolated sequence.
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4.8 Fourier Series RepresentationsofFinite-Duration 
Nonperiodic Signals

ÅRecall that the DTFS is the only Fourier representation that can be evaluated 
numerically.

ÅAs a result, we often apply the DTFS to signals that are not periodic. It is 
important to understandimplications of applying a periodic representation to 
nonperiodic signals.
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Figure 4.50  (p. 390)
(a) Block diagram of an interpolation system. (b) Symbol denoting interpolation by a factor of 
q.

48



Figure 4.51  (p. 391)
Block diagram of a system for discrete-time processing of continuous-time signals including decimation and 
interpolation.
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4.8.1 Relating the DTFS to the DTFT
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Figure 4.52  (p. 392): The DTFS of a finite-duration nonperiodic signal.
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Figure 4.52  (p. 392): The DTFS of a finite-duration nonperiodic signal.
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Figure 4.53  (p. 394)
The DTFT and length-N DTFS of a 32-
point cosine. The dashed line denotes 
|X(ejW)|, while the stems represent 
N|X[k]|. 
(a) N = 32, 
(b) N = 60, 
(c) N = 120.
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4.9 The Discrete-Time Fourier Series
Approximation to the Fourier Transform

ÅThe DTFS involves a finite number of discrete-valued coefficients in both the 
frequencyand time domains. 

ÅAll the other Fourier representations are continuous in either the timeor 
frequency domain or both. 

ÅHence, DTFS is the only Fourier representation that canbe evaluated on a 
computer and it is widely applied as a computational tool for manipulating
signals

ÅIn this section, we consider using the DTFS to approximate the FT of a 
continuous-time signal.
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ÅThe FT applies to continuous-time nonperiodic signals. 

ÅDTFS coefficients arecomputed by using N values of a discrete-time signal. 

ÅIn order to use the DTFS to approximatethe FT, we must sample the 
continuous-time signal and retain at most N samples.

ÅWe assume that sampling interval is Tsand that M < N samples ofcontinuous-
time signal are retained. 

ÅFigure 4.54 depicts this sequence of steps. 

ÅSamplingerror is due to aliasing. Let ὼdὸ ὢdὮύ, (4.23) indicates that

ὢ Ὦύ В ὢὮύ Ὧύ (4.38)

Åwhere ύ ς“ȾὝ. 

ÅAliasing in the band ύ ύ ύ is prevented by choosing Ὕsuch that 

ύ ύ ύ

as illustratedin Fig. 4.55. That is, we require that
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Figure 4.54  (p. 396)
Block diagram depicting the sequence of operations 
involved in approximating the FT with the DTFS.
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Figure 4.55  (p. 397): Effect of aliasing.
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ÅThat is, we require that

Ὕ (4.39)

ÅWe mayrewrite this periodic convolution in terms of the continuous-time 
frequency w as

ὣ Ὦύ ὢ Ὦύṫ Ὦύ (4.40)

ÅSince

ύὲ
ρȟ
πȟ

π ὲ ὓ ρ

ÏÔÈÅÒ×ÉÓÅ

ÅThenwe have

ὡdὮύ Ὡ Ⱦ (4.41)

ÅA plot of ὡdὮύ is given in Fig. 4.56.
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Figure 4.56  (p. 398): Magnitude response of M-point window.
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ÅSince wecannot resolve details in the spectrum that are closer than a mainlobe
width apart, we definethe resolutionas the mainlobewidth ύȾὓ. Hence, to 
achieve a specified resolution ύ , we require that

ὓ ϳ ᵼὓὝ ϳ (4.42)

ÅConsequently, if aliasing does not occur and M is chosen large enough to 
prevent loss ofresolution due to windowing, then the DTFS approximation is 
related to the spectrum ofthe original signal according to

ὣὯ
ρ

ὔὝ
ὢὮὯύȾὔ
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Figure 4.57  (p. 400)
The DTFS approximation to 
the FT of x(t) = e-1/10

u(t)(cos(10t) + cos(12t). The 
solid line is the FT |X(jw)|, and 
the stems denote the DTFS 
approximation NTs|Y[k]|. Both 
|X(jw) and NTs|Y[k]| have even 
symmetry, so only 0 < w< 20 
is displayed. 
(a) M = 100, N = 4000. 
(b) M = 500, N = 4000. 
(c) M = 2500, N = 4000. 
(d) M = 2500, N = 16,0000 for 
9 < w< 13.
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ÅRecall that the FT of periodic signals contains continuous-valued impulse 
functionswhose area is proportional to the value of the corresponding FS 
coefficients. 

ÅNatureof the DTFS approximation to the FT of a periodic signal differs slightly 
from that of thenonperiodic case because the DTFS coefficients are discrete and 
thus are not well suited toapproximating continuous-valued impulses. 

ÅIn this case, the DTFS coefficients are proportionalto the area under the 
impulses in the FT.

ÅTo illustrate, consider using the DTFS to approximate the FT of a complex 
sinusoidὼὸ ὥὩ with amplitude a and frequency w0. We have

ὼὸ ὢὮύ ς“ὥ‏ύ ύ

ÅSubstitution of X(jw) into Eq. (4.38) yields

ὢ Ὦύ
ς“

Ὕ
ὥ ύ‏ ύ Ὧύ
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ÅRecognizing that ύ ς“ȾὝand substituting for ὢ Ὦύin Eq. (4.40) gives the 
FT of thesampled and windowed complex sinusoid as

ὣ Ὦύ ὥВ ὡ Ὦύ ύ Ὧύ ὥὡ Ὦύ ύ (4.46)

ÅApplication of Eq. (4.43) indicates that the DTFS coefficients associated with 
the sampledand windowed complex sinusoid are given by

ὣὯ ὡ ὮὯ ύ (4.47)

ÅHence, the DTFS approximation to the FT of a complex sinusoid consists of 
samples of theFT of the window frequency response centered on w0 with 
amplitude proportional to a.

Åwe thenhave

ὣὯ
ὥȟ
πȟ

Ὧ ά

ÏÔÈÅÒ×ÉÓÅ
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Figure 4.58  (p. 404)
The DTFS approximation to 
the FT of x(t) = cos(2p(0.4)t) 
+ cos(2p(0.45)t). The stems 
denote |Y[k]|, while the solid 
lines denote (1/M|Yd(jw)|. The 
frequency axis is displayed in 
units of Hz for convenience, 
and only positive frequencies 
are illustrated. 
(a) M = 40. 
(b) M = 2000. Only the stems 
with nonzero amplitude are 
depicted. 
(c) Behavior in the vicinity of 
the sinusoidal frequencies for 
M = 2000. 
(d) Behavior in the vicinity of 
the sinusoidal frequencies for 
M = 2010. 78
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