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4.6 Reconstruction o€ontinuousTimeSignals
from Samples

AThe problem of reconstructing a continudimse signal from samples involves
mixture of continuousand discretégime signals.

AAs illustratedin block diagram of Fig. 4.3% device that performs this
operation has a discretene input signal and a continuatime output signal.

AAssuming that theonditions are satisfied, we establish a metloogerfect
reconstruction.

ASinceperfectreconstruction cannot be implementegractie, rencepractical
reconstruction technigues and their limitations.



4.6.1 Sampling Theorem

ASamplesof a signahot always determine corresponding contindtue signal.

AFor exampleif we sample a sinusoid at intervals of a period, then the samp
signal appears to be a constamigl we cannot determine the original signal

AFigure 4.32 illustrates this problem by depicting two different contintiouss
signals havindhe same set of samples. We have
QA wEY) we’Y

AThe rate at which the tim@omain signal changes, is directly related to the
maximum frequency that is present in the signal.

AHence, constraining smoothness in the time domain corresponds to limiting
bandwidth of the signal.

AThere is a on¢o-one correspondence between the tadoenain and frequeney
domain representations of a sigrdhy also consider the problem of
reconstructinghe signal in the frequency domain.



AAliasingdistorts the spectrum of the original signal and destroysrteéo-one
relationship between the FTs of continudmse signal and the sampled signal

Sampling Theorem

d
Let x( t) o(g lJ— iéiéiéiéifiiii » represent a bandlimited signal, sothat ()

o | oo lfoy o ' whereo y  ZH v|s the sampling frequency,
then x(t) Is unrquely determrned by Its samples( v.N=0,NLN2, .

AThe minimum sampling frequencyw?, is termed thexlyquist sampling rater
Nyquistrate.

AActualsampling frequency) , is referred to as the Nyquist frequency.

AIf"Q 0 T ¢* isthe highest frequency present in the signal'@denotes
the sampling frequency in hertz, then the sampling theorem stateQ tha®,
where'Q pf'Y.

AAlternatively, we must havey pf ¢’Q to satisfy conditionsf the theorem.




Figure 4.30 (p. 373)

Solution to Problem 4.11.



Figure 4.31 (p. 373)

Block diagram illustrating conversion of a disctete signal to a continuottame signal.



Figure 4.32 (p. 373)

Two continuougime signals(t) (dashed line) anxl(t) (solid line) that have the same set of samples.




EXAMPLE 4.12 SELECTING THE SAMPLING INTERVAL Suppose x(t) = sin(10wt)/(7t).
Determine the condition on the sampling interval T; so that x(2) is uniquely represented by
the discrete-time sequence x|n| = x(nT,).

Solution: In order to apply the sampling theorem, we must first determine the maxi-
mum frequency w,, present in x(t). Taking the FT (see Example 3.26), we have

v _ )1 lw| < 107
X(jw) = {0, lw| > 107’

as depicted in Fig. 4.33. Also, w,, = 107. Hence, we require that
2w/ L > 20,
or

I; < (1/10). &



Figure 4.33 (p. 374)
FT of continuougime signal for Example 4.12.
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AA reduced sampling rate can be used if the signal is passed through a conti
time low-pass filter prior to sampling.

Aldeally, this filter passes frequencgmponents below ¢ without distortion
and suppresses any frequency comporemsey 1.

ASuch a filter prevents aliasing and is thus termed an antialiasing filter.




Figure 4.34 (p. 375)

FT ofx(t) for Problem 4.12(c).

X(jv)



4.6.2 ldeal Reconstruction

AThe sampling theorem indicates how fast we must sample a signal so that
samplesiniquely represent the continuetisie signal.

ARecall that ifa(0)«—@® 'QU, thenthe FT representation of the sampled signa
given by Eq. (4.23), or
Q) = @00 W)

AThe goal of reconstruction is to apply some operatian, (@ that converts it
backto w(QO8

AThis is accomplished by multiplying,(CQ0 by

‘0 (Q) Yh | 7

o117 (4.28)

AAs shownin Fig. 4.35.



Figure 4.35 (p. 376)
ldeal reconstruction. (a) Spectrum of original signal. (b) Spectrum of
sampled signal. (¢) Frequency response of reconstruction filter.
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AWe thenhave

QY @y(QYQ QY (4.29)
AMultiplication in frequency domain transforms to convolution in time domair

W0 w02z QM0
AWhere'Q(0)«—"Q Q0. Wethenhave
o) w08 el (0 €7Y) B el Q0 €7Y)

AUsing ;
i e
o
ATo obtain
wo) B WE]li QB WO E£T ¢p (4.30)

AThis reconstruction operation is illustrated in Fig. 4.36.



Figure 4.36 (p. 377)
|deal reconstruction in the time

domain.

h.(1)
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AOperationdescribed in (4.30) is referred toideal bandlimited interpolation
since it indicates how to interpolate in between samples of a bandisyteal



4.6.3 A Practical Reconstruction: The Z&édoder Hold

Aln practice, a continuousme signal is often reconstructed by means of a device
known asazerocorder hold which simply maintains or holds the vakja] for T,
seconds, as depictauFig. 4.37.

AThe zereorder hold is represented mathematically as a weighted sum of rectangt
pulses shifted by integer multiples of the sampling intebwel.

o~ ph 1T 0 7Y
QO oo mhe v
AAs shownin Fig. 4.38.The output of the zerorder hold is expressed:as
w0 Q0zB e (0 €YY) Qozw o (4.31)
AAnd the FT i i i
®w(Q) O QL QU

) i fég "YC)
U

AFromwhich we obtain

QO—Qcqp ¢Q
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x[n] hold Yoll)

! 3 Tl TOT

0 -0

Figure 4.37 (p. 377)Reconstruction via a zemrder hold.
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Figure 4.38 (p. 378)

Rectangular pulse used to analyze

zercorder hold reconstruction. t
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AFigure 4.39 depicts the effect of the zerder hold in the frequency domain,
AComparing®d Q0 with (CQY, zeroorder hold introducethreemodification
1. Alinear phase shift corresponding to a time delayst¥ seconds.
2. Adistortion of portion ofyy("Q0 betweeri w,, andw,,

3. Distorted and attenuated versions of images(pf), centered at nonzero
multiples ofv .

AModifications2 nd 3 may be eliminatedby passingo (0) througha continous
time compensatiofiilter with frequencyresponse

000D 0"y h o] o
OETY, ™ I o

C
AThe magnitude of this frequency response is depicted in Fig. 4.40.



Figure 4.39 (p. 379)
Effect of the zerabrder hold
In the frequency domain.
(a) Spectrum of original
continuoustime signal.

(b) FT of sampled signal.

(c) Magnitude and phase o

Ho(jw).

(d) Magnitude spectrum of
signal reconstructed usmg
zeraorder hold.

Continoutin nextpages

X(jVv)

(b)
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Figure 4.39 (p. 379)

Effect of the zerabrder hold in the
frequency domain.

(a) Spectrum of original continuotisn
signal.

(b) FT of sampled signal.

(c) Magnitude and phase of Hwj.

(d) Magnitude spectrum of signal
reconstructed using zewrder hold.




Figure 4.40 (p. 380)
Frequency response of a compensation filter used to eliminate some of
the distortion introduced by the zepoder hold.
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A0 (Qyis often termed an anAimaging filter, because it eliminates ttiistorted
images ofQ('Qu that are present at nonzero multiple® of

AA block diagram re
process is depictec

oresentiripe compensated zeowder hold reconstruction
In Fig. 4.41.

ASeveral practicanddesignissuesn building an antimaging filter
A Cannotobtain a causal antinaging filter that has zero phase; hence some

phase distortion.

Aln passband) |
time delay

LU , alinearphase distortion corresponds to an additior

A The difficulty of approximatind”O Q0| depends on the separation betwee
w,, andw,-w,_ . However a good approximation is obtained by setting

'0(QYl p.
Aln practical reconst

the discretdime sig
oversampling,

ruction schemes increase the effective samplingte of
nal prior to zerorder hold. This technigusecalled



Figure 4.41 (p. 380)Block diagram of a practical reconstruction system.

. X, (1) :
x[n] Zeri?ocl)édcr . Antlﬁlll:ggmg - x.(0)
x[n] X (1) x(1)
0 0 0
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EXAMPLE 4.13 OVERSAMPLING IN CD PLAYERS In this example, we explore the bene-
fits of oversampling 1n reconstructing a continuous-time audio signal using an audio com-
pact disc player. Assume that the maximum signal frequency is £,, = 20 kHz. Consider two
cases: (a) reconstruction using the standard digital audio rate of 1/T; = 44.1 kHz, and
(b) reconstruction using eight-times oversampling, for an effective sampling rate of
1/T;, = 352.8 kHz. In each case, determine the constraints on the magnitude response
of an anti-imaging filter so that the overall magnitude response of the zero-order hold re-
construction system is between 0.99 and 1.01 in the signal passband and the images of the
original signal’s spectrum centered at multiples of the sampling frequency [the k& = %1,
+2,... terms in Eq. (4.23)] are attenuated by a factor of 10~ or more.

26



Solution: In this example, it is convenient to express frequency in units of hertz
rather than radians per second. This is explicitly indicated by replacing @ with f and
by representing the frequency responses H,(jw) and H.(jw) as H,(jf) and H.(jf), re-
spectively. The overall magnitude response of the zero-order hold followed by an anti-
imaging filter H.(jf) is [HL(;F)|H.(jf)|- Our goal is to find the acceptable range of
|H.(jf)| so that the product |H!, ;f)ﬁlH;(;f)I satisfies the constraints on the response.
Figures 4.42(a) and (b) depict ﬁH:,(jf)L assuming sampling rates of 44.1 kHz and
352.8 kHz, respectively. The dashed lines in each figure denote the signal passband and
its images. At the lower sampling rate [Fig. 4.42(a)], we see that the signal and its
images occupy the majority of the spectrum; they are separated by 4.1 kHz. In the
eight-times oversampling case [Fig. 4.42(b)], the signal and its images occupy a very
small portion of the much wider spectrum; they are separated by 312.8 kHz.

27



Figure 4.42 (p. 382) 3
Anti-imaging filter design with
and without oversampling. (a)
Magnitude ofH(jf) for 44.%
kHz sampling rate. Dashed lin
denote signal passband and
iImages. (b) Magnitude & (jf) (
for eighttimes oversampling
(352.8kHz sampling rate.

Dashed lines denote signal
passband and images. (c)
Normalized constraints on
passband response of anti
iImaging filter. Solid lines

assume a 44-kRHz sampling

rate; dashed lines assume eig
times oversampling. The
normalized filter response mu

lie between each pair of lines.
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The passband constraint is 0.99 < |H,(if)||H.(jf)| < 1.01, which implies that

0.99 - 1.01
o = PO < TGnn

Figure 4.42(c) depicts these constraints for both cases. Here, we have multiplied |H.(jf)|
by the sampling interval T, or T,, so that both cases are dlsplayed with the same vertical
scale. Note that case (a) requires substantial curvature in |H.(jf)| to eliminate the pass-

band distortion introduced by the mainlobe of H(jf). At the edge of the passband, the
bounds are as follows:

Case (a):

—-20kHz < f < 20kHz.

1.4257 < T,|H.(jf,,)| < 1.4545, f, = 20kHz
Case (b):
0.9953 < TolH.(jf.)| < 1.0154, f, = 20kHz
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The image-rejection constraint implies that |H.(jf)||H.(jf)] < 1073 for all frequen-
cies at which images are present. This condition is simplified somewhat by considering
only the frequency at which [H(jf)| is largest. The maximum value of |H/(jf)| in the image
frequency bands occurs at the smallest frequency in the first image: 24.1 kHz in case (a)
and 332.8 kHz in case (b). The value of |H.(jf)|/T; and |H,(jf)|/T;, at these frequencies
is 0.5763 and 0.0598, respectively, which implies that the bounds are

T, |H.(jf)| < 0.0017, f> 24.1kHz,

and
T,|H(jf)| < 0.0167, f> 332.8kHz,

for cases (a) and (b), respectively. Hence, the anti-imaging filter for case (a) must show a
transition from a value of 1.4257/T;; to 0.0017/T,; over an interval of 4.1 kHz. In contrast,

with eight-times oversampling the filter must show a transition from 0.9953/T,, to
0.0167/T,, over a frequency interval of 312.8 kHz. Thus, oversampling not only increas-
es the transition width by a factor of almost 80, but also relaxes the stopband attenuation
constraint by a factor of more than 10. B
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4.7 DiscreteTime Processingf ContinuousTime
Signals

AThere are several advantages to processitmntinuougime signal with a
discretetime system.

1. resultng from thepower and flexibility of discretétme computing devices.

2. signhalmanipulationgaser by using a computg¢han use of analog
components.

3. Implementing a system in a compubely involves writing a program to
execute.

4. the discretdime system is easily changed by modifying the computer
program.

5. direct dependenaaf dynamic range and signs-noise ratio on the number
of bits used to represetite discretdime signal.



AMinimal system for discretéme processing of continuouisne signalsontain

A a sampling device, as well as a computing device for implementing discre
time system

A reconstructiordevice
A oversamplingdecimation, and interpolatiatevices

A Decimation and interpolation are methods for chanthegeffective sampling
rate

A Decimation reduces the effectisampling rate, while interpolation increase:
the effective sampling rate.

Anti-aliasing X, (1) Sample at x[n] Bpiecreteitmell yIn] Sample and yo(1) Anti-imaging
X(1) — filter — intervals —— p‘roces's’ing — hold _ filter — V(1)
H,(jv) of T = H,(jv) H (jv)
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4.7.1 A Basic Discretéime SignaProcessing Systen

AA typical system for processing continuetirae signals in discrete time is
llustrated inFig. 4.43(a).

Acontinuoustime signal is first passed through a lpass antaliasing filterand
then sampled at intervals &fto convert it to a discretigme signal.

AThe sampledignal is then processed by a discitatee system to impart some
desired effect to the signal.

AAfter processing, the signal is converted backdltinuoustime format.
AZero-orderhold device converts discretiene signal backo continuous time,
AAnti-imaging filter removes the distortion introduced byzhesorder hold.
ACombinationof operations redua® equivalent filter by using FT as analysis tc

AThe idea is to find a continuotigne systenfT "F0)«—"Q Q0 such that
Y(w) = G(Jw)X(Jw), as depicted in Fig. 4.43(b).



Figure 4.43 (p.383)
Block diagram for discreteéme processing of continuodigne signals.
(a) A basic system. (b) Equivalent continuduse system.

Anti-aliasing x,(1) Sample at x[n]
X(1) — filter — intervals ~——
H,(jv) of T,

Sample and  y (1) Anti-imaging
hold —_— filter — V(1)

H,(jv) H.(jv)

Discrete-time Y1
processing

(a)

Equivalent

x(1) continuous-time ¥(1)
system

G(jv)

(b) 35



4.7.2 Oversampling

AWe noted that increasing the effective sampling rate associated with a discr:
time signal prior to the use of a zevoder hold for converting the discrdime
signalback to continuous time relaxes the requirements on thawaging filter.

AAnti-aliasing filter prevents aliasing by limiting sigreindwidth prioito samphg
AThesystemis illustrated in Fig. 4.44(a).

AThe shadedrea of the spectrum represents energy at frequencies above the
maximum frequency ahe signal; we shall refer to this component as noise.

AThe magnitude response of a practical-afitising filter goes from passband to
stopband over a range of frequencasdepicted in Fig. 4.44(b).

ASpectrumof filtered signalX (jw) has maximum frequendy's, as in Fig.4.44(c).
AThis signal is samplealt a ratav,, resulting in spectrum §w) in Fig.4.44(d).




Figure 4.44 (p. 385) -W 0 W -W, -W 0 u;_ N _l»
Effect of oversampling on anti ’
aliasing filter specifications.

(a) Spectrum of original signal.

(b) Anti-aliasing filter frequency :
response magnitude. /\
(c) Spectrum of signal at the —1 =

(a) (b)

anti-aliasing filter output. Mg W0 W W,
(d) Spectrum of the anéliasing (c)
filter output after sampling. The X 4(jv)

graph depicts the casewf> !

2y W,—v, —W, W 0 W W, v.— W, v,
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4.7.3 Decimation

AThe DTFTs obtained by samplingantinuoustime signal at differenntervals
T, andT, be denoted as;pn] and x[n].

AAssuning T= qT.,, whereq is integer, and aliasing does not occur at either
sampling rate.

AFigure 4.45 depicts the FT of a representative continumessignal and the
DTFTs X,(e%) andX,(€%) associated with the sampling intervalg, and T,

ADecimation corresponds thangingX,(e") into X,(e")

AOne way to do this is to convert the discritiee sequence bad& a continuous
time and then resample.

ASuch an approach is subject to distortion introduicedconstruction operation.

AWe can avoid the distortion by using methdus operate directly on the discre
time signals to change the sampling rate.




X(jv)

]
_/\ )
-W 0 W

Figure 4.45 (p. 387) (a)
Effect of changing the %ok
sampling rate. 1

(a) Underlying continuous
time signal FT. /\/\_/\/\/\ )

(b) DTFT of sampled data ~4p 2p -WT, 0 WT,  2p 4p
at sampling intervaly,. (b)

(c) DTFT of sampled data X,(e/%)

at sampling interval,,.

/\ /\_/\ ANVANES

-WT,,

(c)



ASubsampling is the key to reducing the sampling rate.

Alf the sampling interval i8Y and we wish to increase itt¥ =q Y,
we may selectverygth sample of thsequencey € ;

Athat is, we seg[n] = @ ¢ . Equation (4.27) indicates that the
relationshipbetweerniO'Q and® Q

dQ ) -B  »(Q P70 (4.27)

AThat is,"d'Q ) is a sum of shifted versions @f (Q 7 ), as depicted
In Fig.4.46.



Figure 4.46 (p. 387)
The spectrum that results from subsampling the DXK&V) depicted
In Fig. 4.45 by a factor ad.

Gle'*?)

—4p -2p () WqT.. 2p 4p

Q
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AFig. 4.47(a) depicta decimation system that includes a lpass
discretetime filter.

AThe input signak[n] with DTFT shown in Fig. 4.47(b) corresponds |
the oversampledignal, whose FT Is depicted in Fig. 4.47(d).

AThe shaded regions indicate noise energy.

AThe lowpass filter characterized in Fig. 4.47(c) removes most of tl
noise in producing theutput signal depicted in Fig. 4.47(d).

AAfter subsampling, the noise does not alias thosignal band, as
illustrated in Fig. 4.47(e).




X (el
1

: . I
Discrete-time fn] Subsample =
x[n] = lowpass —— by —_— Xgln]
H d(efQ) q Q

~2p -WT,, 0| WT, 2p
(a) (b)
Figure 4.47 (p. 388) ) (ﬁ (ﬁ
Frequencydomain interpretation of Wi, 0| wr
decimation. 2
X (e’

(a) Block diagram of decimation

system.
(b) Spectrum of oversampled input /\/\ ,‘/\P\ ,/\

signal. Noise is depicted as the shaded e
portions of the spectrum. X,
(c) Filter frequency response. a;

(d) Spectrum of filter output. W -

(e) Spectrum after subsampling. 7 W o WI.q 2




Figure 4.48 (p. 389)
Symbol for decimation by a factor qgf

Note Decimation is also known amwnsampling

X[N] =— ‘, q —_— X 1]



4.7.4 Interpolation
Alnterpolation increases the sampling rate and requires that we produce vall
netweerthe samples of the signal.

Aln frequency domain, we conveit('Q ) of Fig. 4.45(b) intadd (Q ) of Fig.
4.45(c).The samplingate isincreagdby an integer factay; thatis,”Y n Y

ALetsdefinea new sequence

O] € e 6 Qi
W &
1 | OEAOxEOA
AAndwehavem [§] ® n ¢and® (Q ) &,(Q )
AThisis as illustrated in Figs..49.



Figure 4.49 (p. 390)
Frequencydomain interpretation of
Interpolation. (a) Spectrum of original
sequence.

(b) Spectrum after insertirgyi 1 zeros
In between every value of the original
sequence. (c) Frequency response ol
filter for removing undesired replicate
located af 2p/q,° 4p/g, & (g7
1)2p/q.

(d) Spectrum of interpolated sequenc

X.(e’*h

/\MA/\J\/\

_2p

Wl \\I

(b)

(c)

X (e}
iR

A

H;(e”*)
q
\ / , \. / - Q
-2p P 0 P 2p
q q

A

~WT, | WT,,

(d)



4.8 Fourier Series Representationg-inite-Duration
Nonperiodic Signals

ARecall that the DTFS is the only Fourier representation that can be evaluate
numerically.

AAs a result, we often apply the DTFS to signals that are not periodic. It is
Important to understandchplications of applying a periodic representation to
nonperiodic signals.



Figure 4.50 (p. 390)

(a) Block diagram of an interpolation system. (b) Symbol denoting interpolation by a factor of
g.

Insert g — 1 x.[n] Discrete-time
x[n] =~ zeros between ————  lowpass —— x[n]
each value H; (e’

x[n] x.[n] x;[n]

&?TT?TT?& n ?oioTo?oToTo? ; ?TTTT??T”TT? e te —xn

0 0 0
(a) (b)



Figure 4.51 (p. 391)

Block diagram of a system for discratee processing of continuotsne signals including decimation and
interpolation.

R STy ATy G AN T e ]
| I
Anti-aliasing x,(1) Sample at x[n] : Decimation |
X(1) —— filter —> intervals ——— filter S :
H,(jv) of Ts, : Hd("jn) |
|
e ] : xglnl | ]
|
|
| Insert g, — 1 Ly . . ¢, [n] Subsample ]
2 ) T = X4 |
: zeros between Discreee e by -~ }
| each value | processing | q; I
| | |
L[ yln ' o ST =
| . | Decimate by q,
| |
: Interpolation ' vilnl] Sample and ¥,(t) Anti-imaging
| filter ——> holdatT;, —— filter —_— (1)
: Hi(e/ | H,(jv) H_(jv)

Interpolate by g,



4.8.1 Relating the DTFS to the DTFT
Let x[n] be a finite-duration signal of length M; that is,
x[n] =0, n<0 or m= M.
The DTFT of this signal is
X(e®) = :‘Z-;x[n]e""“".

Now suppose we introduce a periodic discrete-time signal X[#] with period N = M such
that one period of X[n] is given by x[#n], as shown in the top half of Fig. 4.52. The DTFS
coefficients of x[n] are given by

X[kl = = 3 x[n]e7*0, (4.35)
n=0
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Figure 4.52 (p. 392)The DTFS of a finiteduration nonperiodic signal.
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A comparison of X[k] and X(e®) reveals that

~ 1 ,
X[k] = = X(e?) . (4.36)

The DTFS coefficients of X[7] are samples of the DTFT of x[n], divided by N and evalu-
ated at intervals of 27/N.

Although x[n] is not periodic, we define DTFS coefficients using x[#], n = 0,
1,...,N — 1 according to

1 N-1

X[k] = ﬁ';ox[n]e‘”‘“o".

With this definition, we see that X[k] = X [k] given in Eq. (4.35) and thus write the DTFS
of the finite-duration signal x[n], using Eq. (4.36), as X[k] = (1/N)X(e*®).

The latter equation implies that the DTFS coefficients of x[ 7] correspond to the DTFS
coefficients of a periodically extended signal X[#n]. In other words, the effect of sampling

the DTFT of a finite-duration nonperiodic signal is to periodically extend the signal in the
time domain. That is,



fn]= 3 xn+ mN) —te , k] =%X(eﬁ*ﬂo). (4.37)

Figure 4.52 illustrates these relationships in both the time and frequency domains. They are
the dual to sampling in frequency. Recall that sampling a signal in time generates shifted
replicas of the spectrum of the original signal in the frequency domain. Sampling a signal
in frequency generates shifted replicas of the original time signal in the time-domain rep-
resentation. In order to prevent overlap, or aliasing, of these shifted replicas in time, we re-
quire the frequency sampling interval {}, to be less than or equal to 27r/M. In essence, this
result corresponds to the sampling theorem applied in the frequency domain.
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Figure 4.52 (p. 392)The DTFS of a finiteduration nonperiodic signal.
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EXAMPLE 4.14 SAMPLING THE DTFT oF A CoSINE PULSE Consider the signal

37
cos(Tn), 0=n=<31

0, otherwise

x[n] =

Derive both the DTFT, X (¢’), and the DTFS, X[k], of x[n], assuming a period N > 31.
Evaluate and plot |X(¢)| and N|X[k]| for N = 32, 60, and 120.

Solution: First we evaluate the DTFT. Write x[n] = g[n]w[n], where g[n] = cos(3mn/8)
and
wn] = 1, 0sn=31
"= 0, otherwise

is the window function. We have

G(e™) = 'mS(Q + 3?17) + 11'8(9. - *3%*), - <l =<,



as one 2 period of G(e"), and we take the DTFT of w[n] to obtain

sin(1602)
sin(/2)

W( e:ﬂ) - e—fslnjz

The multiplication property implies that X(e/?) = (1/(27))G(e’)}®W(e'™); for the prob-
lem at hand, this property yields
PO Sin(16(D + 3m/8)) | &3O sin(16(0 — 37/8))

2 sin((Q + 37/8)/2) 2 sin((Q - 37/8)/2)"

Now let ), = 27/N, so that the N DTFS coefficients are given by

X[k] = %321 cos(37/8n)e*"
1 31

n=0
1 31
I 2 e-f(kﬂ,-l-.lffﬂ)n + — e-j(mo-_’m/s]u.
2N n=0 2N n=0

X(e®) =
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Summing each geometric series produces

1 1- e—i(kn°+3-/8)32 1 1 - e—i(kﬂo—.}wﬂ)Jz

X[k] = IN 1 = g60,537/8) ' 2N ] — g kR, —3a/8) >

which we rewrite as

X[k] = (

o ik, +3%/8)16 \ (kN +3m/8)16 _ (k2 +3m/8)16

ZNe-i%(lzﬂ,ﬂr/s)) el kD, +37/8)/2 _ =ik +3m/8)/2
e—i(m,—;-/s)xe pi(k=3m/8)16 _ ,=j(kQ,~3m/8)16

(ZNe‘f("ﬂo‘i"/‘)/z) /(R =37/8)/2 _ ,=i(kQ,=3m/8)/2

_ e‘i31(500+3f/8)/2 sin(l6(kﬂo + 317/8))
a 2N sin((kQ, + 37/8)/2)
. e 31(k0,=37/8)/2 \ 5in(16(kQ, — 37/8))
2N sin((kQ), — 37/8)/2)
A comparison of X[k] and X(e'®) indicates that Eq. (4.36) holds for this example. Hence,
the DTFS of the finite-duration cosine pulse is given by samples of the DTFT.
Figures 4.53(a)—(c) depict |X(e/)| and N|X[k]| for N = 32, 60, and 120. As N in-

creases, X[ k] samples X(e/®) more densely, and the shape of the DTFS coefficients resem-
bles that of the underlying DTFT more closely. =
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m 4.8.2 RELATING THE FS 10 THE FT

The relationship between the FS coefficients and the FT of a finite-duration nonperiodic
continuous-time signal is analogous to that of the discrete-time case discussed in the pre-
vious subsection. Let x(¢) have duration T, so that

x(t)=0, t<0 or t=T,.
Construct a periodic signal

o0

%¥(t)= D x(t +mT)

m=—-00

with T = T, by periodically extending x(¢). The FS coefficients of %(¢) are

=) i I~
X[k] = = £ ¥(t)e ! dt

1 [P
= — —Tkw,t
T l x(t)e dt,
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4.9 The Discretdime Fourier Series
Approximation to the Fourier Transform

AThe DTFS involves a finite number of discretdued coefficients in both the
frequencyand time domains.

AAIl the other Fourier representations are continuous in either thetime
frequency domain or both.

AHence, DTFS is the only Fourier representation thabeagvaluated on a
compute and it is widely applied as a computational tool for manipulating
signals

Aln this section, we consider using the DTFS to approximate the FT of a
continuoustime signal.



AThe FT applies to continuodigne nonperiodic signals.
ADTFS coefficients areomputed by using N values of a discréitee signal.

Aln order to use the DTFS to approxim#ie FT, we must sample the
continuoustime signal and retain at most N samples.

AWe assume that sampling interval&and that M < N samples ebntinuous
time signal are retained.

AFigure 4.54 depicts this sequence of steps.

ASamplingerror is due tolaasing Let &y(0)«—& 0, (4.23) indicates that
»(Q) —B QW QL) (4.38)
Awhered  ¢“TY.
AAliasingintheband 0 0 0 is prevented by choosirity such that
0 0 0
as Illustratedn Fig. 4.55. That is, we require that



X([) —

Figure 4.54 (p. 396)
Block diagram depicting the sequence of operations
iInvolved in approximating the FT with the DTFS.

x|n]

Sample

Windowto " Zero pad N point
at T, length M to length N

DTES —— Tlk]

win|
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Figure 4.55 (p. 397)Effect of aliasing.

X4(Vv)

[«—— No aliasing ——>t<—— V) —>
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AThat is, we require that

% (4.39)

AWe mayrewrite this periodic convolution in terms of the continutinse
frequencyw as

O(Q) —o (Qdt Q) (4.40)
ASince

Ve ] oph 1T € U p

"L T GEAOXEOA
AThenwe have

wq(Qd Q 7 (4.41)

AA plot of |c y(QD| is given in Fig. 4.56.



Figure 4.56 (p. 398)Magnitude response M-point window.

| W4(iv) |

M
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ASince wecannot resolve details in the spectrum that are closer tmamndobe
width apart, we defintheresolutionas themainlobewidth O 70 . Hence, to
achieve a specified resolution, we require that

0 i o+ 0y (4.42)

AConsequently, if aliasing does not occur dhis chosen large enough to
prevent loss ofesolution due to windowing, then the DTFS approximation IS

related to the spectrum tife original signal according to

O T o1/ oY
VY




ExXAMPLE 4.15 DTFS APPROXIMATION OF THE FT FOR DAMPED SINUSOIDS Use the
DTEFS to approximate the FT of the signal

x(t) = e™Mu(t)(cos(10¢) + cos(12t)).

Assume that the frequency band of interest is —20 < @ < 20 and the desired sampling in-
terval is Aw = /20 rads/s. Compare the DTFS approximation with the underlying FT
for resolutions of (a) , = 2w rad/s, (b) ®, = 2w/5 rad/s, and (¢) w, = 27/25 rad/s.

Solution: In order to evaluate the quality of the DTFS approximation, we first deter-
mine the FT of x(z). Let f(z) = ¢™/'°u(t) and g(t) = (cos(10z) + cos(12t)), so that
x(2) = f(2)g(2). Use

1

F(jw) = -
jw + 35

and

G(jw) = wé(w + 10) + wé(w — 10) + 7wé(w + 12) + wé(w — 12),
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together with the multiplication property, to obtain

. 1 1 1 1 1
X(f"-')=5(. 1 + - 1 + - 1 Tt 1)'
o +10)+3 jlw—10)+3 jle+12) + 5  jlo —12) + 35
Now put the first two terms and last two terms of X(jw) over common denominators:

1 - 1 .
n T I T T @
X(jw) = 72— y—0F2 (4.45)
(ﬁ + ]w) + 10° (E + ;w) + 122

The maximum frequency of interest is given as 20, so w, = 20 rad/s. In order to
use Eq. (4.39) to find the sampling interval, we must.also determine w,,, the highest
frequency present in x(¢). While X(jw) in Eq. (4.45) is not strictly band limited, for
@ >> 12 the magnitude spectrum |X(jw)| decreases as 1/w. We shall assume that X(jw)
is effectively band limited to w,, = 500, since |X(7500)| is more than a factor of 10 less
than |X(j20)|, the highest frequency of interest and the nearest frequency at which
aliasing occurs. This will not prevent aliasing in —20 < w < 20, but will ensure that
the effect of aliasing in this region is small for all practical purposes. We require that_



T, < 2w/520
= (0.0121s.

To satisfy this requirement, we choose T, = 0.01s.
Given the sampling interval T;, we determine the number of samples, M, using

Eq. (4.42):

M= 20011'.

w,

Hence, for (a), w, = 2w rad/s, we choose M = 100; for (b), w, = 27/5 rad/s, we choose
M = 500; and for (c), w, = 2m/25 rad/s, we choose M = 2500.

Finally, the length of the DTFS, N, must satisfy Eq. (4.44):
2007

Nz ——

Aw
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Substitution of Aw = /20 into this relation gives N = 4000, so we choose N = 4000.
We compute the DTFS coefficients Y[k] using these values of T,, M, and N.
Figure 4.57 compares the FT with the DTFS approximation. The solid line in each plot is
X(jw)|, and the stems represent the DTFS approximation, NT,|Y[k]|. Both |X(jw)| and
Y[k]| have even symmetry because x(z) is real, so we only need to depict the interval
0 < w < 20. Figure 4.57(a) depicts M = 100, (b) depicts M = 500, and (c) depicts
M = 2500. As M increases and the resolution w, decreases, the quality of the approxima-
tion improves. In the case of M = 100, the resolution (27 = 6) is larger than the separa-
tion between the two peaks, and we cannot distinguish the presence of separate peaks. The

only portions of the spectrum that are reasonably well approximated are the smooth sec-
tions away from the peaks. When M = 500, the resolution (27/5 = 1.25) is less than the
separation between the peaks, and distinct peaks are evident, although each is still blurred.
As we move away from the peaks, the quality of the approximation improves. In case (c),
the resolution (27r/25 = 0.25) is much less than the peak separation, and a much better
approximation is obtained over the entire frequency range.
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Figure 4.57 (p. 400) K K
The DTFS approximation to = E
the FT ofx(t) = /10 S 3

u(t)(cos(1@) + cos(12). The
solid line is the FT{(jw)|, and
the stems denote the DTFS °
approximatiorNTJY[k]|. Both @
IX(jw) andNTJY[K]| have even ¢ * =5 °
symmetry, so only 0 <20 s
IS displayed.

(a) M = 100,N = 4000.
(b) M = 500,N = 4000
(c) M = 2500,N = 4000
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It appears that the values at each peak are still not represented accurately in case (c).
This could be due to the resolution limit imposed by M or because we have not sampled
the DTFT at small enough intervals. In Fig. 4.57(d), we increase N to 16,000 while keep-
ing M = 2500. The region of the spectrum near the peaks, 9 < w < 13, is depicted. In-
creasing N by a factor of 4 reduces the frequency sampling interval by that same factor. We
see that there is still some error in representing each peak value, although less than suggested
by Fig. 4.57(c). [
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ARecall that the FT of periodic signals contains contina@lised impulse
functionswhose area is proportional to the value of the corresponding FS
coefficients.

ANatureof the DTFS approximation to the FT of a periodic signal differs sligh:
from that of thenonperiodic case because the DTFS coefficients are discrete
thus are not well suited pproximating continuougalued impulses.

Aln this case, the DTFS coefficients are proportidodhe area under the
Impulses in the FT.

ATo illustrate, consider using the DTFS to approximate the FT of a complex
sinusoida(0) ¢X2  with amplitudea and frequencyv,. We have

W0) Q) ¢ ®o U
ASubstitution ofX(jw) into Eqg. (4.38) yields

~

& () C—Yoo 00 @



ARecognizing thab ¢“ 7'Y and substituting fodd QU in Eq. (4.40) gives the
FT of thesampled and windowed complex sinusoid as
O(Q) B o 0 @) (W v)) (4.46)
AApplication of Eq. (4.43) indicates that the DTFS coefficients associated wit
the samplednd windowed complex sinusoid are given by

Q-6 (”z(""Q— O )) (4.47)

AHence, the DTFS approximation to the FT of a complex sinusoid consists o
samples of th&T of the window frequency response centereapwith
amplitude proportional to a.

Awe thenhave

A4

& T a
A i GEAOXEOA



ExXaMPLE 4.16 DTFS APPROXIMATION OF SINUSOIDS Use the DTFS to approximate the
FT of the periodic signal

x(t) = cos(2m(0.4)t) + %cos(Zw(OAS)t).

Assume that the frequency band of interest is —107 < w < 107 and the desired sampling

interval is Aw = 20w/M. Evaluate the DTFS approximation for resolutions of
(a) w, = w/2rad/s and (b) w, = w/100 rad/s.

Solution: First note that the FT of x(2) is given by
X(jw) = wd(w + 0.87) + wd(w — 0.87) + 12'-5(w +0.97) + %5(«» ~ 0.97).

The maximum frequency of interest is w, = 10 rad/s, and this is much larger than
the highest frequency in X(jw), so aliasing is not a concern and we choose w, = 2w,. This
gives T, = 0.1 s. The number of samples, M, is determined by substituting w, into Eq. (4.42):

207
M= :

w,
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To obtain the resolution specified in case (a), we require that M = 40 samples, while in case
(b) we need M = 2000 samples. We shall choose M = 40 for case (a) and M = 2000 for
case (b). We substitute Aw = 207/M into Eq. (4.44) with equality to obtain N = M, and
thus no zero padding is required.

The signal is a weighted sum of complex sinusoids, so the underlying FT is a weight-
ed sum of shifted window frequency responses and is given by

V(i) = 5 Wi(w + 0.87)) + 5 W(j(w — 0.87)) +  Wy(j(w + 0.97))

+ % W(i(w — 0.97))

[n case (a),
L 39 sin(2w)
Woljw) = ™ sin(w/20)
In case (b),
sin(100w)

.\, =jw]999/20
W] = sin(w/20) "
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The DTFS coefficients Y[ k] are obtained by sampling ¥(jw) at intervals of Aw. The
stems in Fig. 4.58(a) depict |Y[k]| for M = 40, while the solid line depicts (1/M)|Y;(jw)|
for positive frequencies. We have chosen to label the axis in units of Hz rather than rad/s
for convenience. In this case, the minimum resolution of w, = #/2 rad/s, or 0.25 Hz, is five
times greater than the separation between the two sinusoidal components. Hence, we can-
not identify the presence of two sinusoids in either |Y[k]| or (1/M)|Y;(je)|.

Figure 4.58(b) illustrates |Y[k]| for M = 2000. We zoom in on the frequency band
containing the sinusoids in Fig. 4.58(c), depicting | Y[k]| with the stems and (1/M)|¥%(jw)|
with the solid line. In this case, the minimum resolution is a factor of 10 times smaller
than the separation between the two sinusoidal components, and we clearly see the pres-
ence of two sinusoids. The interval for which the DTFS samples ¥(jw) is 27r/200 rad/s, or
0.005 Hz. The frequency of each sinusoid is an integer multiple of the sampling interval,
so Y[k] samples ¥(jw) once at the peak of each mainlobe, with the remainder of samples
occuring at the zero crossings. Thus, the amplitude of each component is correctly re-

flected in | Y[&]|.
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Figure 4.58 (p. 404) a 08

The DTFS approximationto " /\ 07,
the FT ofx(t) = cos(D(0.4}) ™° o
+ cos(D(0.45)). The stems ¢ g %5 ]
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lines denote (M|Y, (jw)|. The ™

frequency axis is displayed i " 02
units of Hz for convenience, /| ;
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