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2.2 The Convolution Sum

A In discrete-time case, an arbitrary signal is expressed as a weighted
superposition of shifted impulses

A Then, the convolution sum is obtained by applying a signal represented in
this manner to an LTI system

A A similar procedure is for continuoustime systems
A Let a signalx[n] be multiplied by impulse sequencel[n]; i.e.
x[n] d[n] =x[0] d[n]

A This relationship may be generalized to product of[n] and a time-shifted
Impulse sequence, to obtain

X[n] d[n-K] = x[k] d[n-K]

AWhere n represents the time indexx[n] the entire signal,x[k] a specific value
of the signalx[n] at time k.

3



A Lets representx[n] as weighted sum of timeshifted impulse
X[nN|E  8x[-2Td[n+2] + Xx[-1] d[n+1] +X[0] d[n] +
X[1] dn-1] +x[2] din-¢ ¥ C 8
A Which can be rewritten as

~

oe] B o ¢ 0 (2.1)
A Which is graphically illustrated in Fig .2.1
A Whenx[n] is passed through a system denoted by H, output is
oe] dale]} OB o' & Q
ACan also be written as

ge] B O & QF B o Qa ¢ Q) (2.2)

fDefining A Qe 0 (2.3)

«Je¢] B oA Q

A Which is the convolution process illustrated in Fig. 2.2.



Figure 2.1 (p. 99)

Graphical example illustrating the
representation of a signalx[n] as a
weighted sum of timeshifted impulses.




Figure 2.2a (p. 100)
lllustration of the convolution sum. (a) LTI system
with impulse responseh[n] and input x[n].
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Figure 2.2b

(p. 101)

(b) The decomposition of
the Iinput x[n] Into a
weighted sum of time
shifted impulses results
In an output y[n] given by
a weighted sum of time
shifted impulse
responses.
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EXAMPLE 2.1 MULTIPATH COMMUNICATION CHANNEL: DIRECT EVALUATION OF THE CON-
voLuTioN SuM  Consider the discrete-time LTI system model representing a rwo-path prop-
agation channel described in Section 1.10. If the strength of the indirect pathisa = 1/2, then

y{n) = x[n) + %x[n - 1].

Letting x[n] = &[n], we find that the impulse response is
1, n=0
b(n] = %, n =1
0, otherwise
Determine the output of this system in response to the input
2, n=0
4, n=1
xn] = -;, n=2
0, otherwise



Solution: First, write x[7] as the weighted sum of time-shifted impulses:
x[n] = 28[n] + 48[n — 1] — 28[n — 2].

Here, the input is decomposed as a weighted sum of three time-shifted impulses because
the input is zero for » < 0 and # > 2. Since a weighted, time-shifted impulse input,
y8[n — k], results in a weighted, time-shifted impulse response output, ys[n — k], Eq. (2.4)
indicates that the system output may be written as

yln] = 2b[n) + 4b[n — 1] — 2b[n — 2].
Summing the weighted and shifted impulse responses over k gives

0, n<0
2, n=0
S5, n=1
] = 0, n=2
-1, =3

0, n=4
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2.3 Convolution Sum Evaluation Procedure

AWhen the input is of long duration, recall that the convolution sum is
expressed as

We] B JQQs Q
Mefining 0 Q JqQQs Q (2.5)

A Hence,
y[n]=B 0 O (2.6)
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EXAMPLE 2.2 CONVOLUTION SUM EVALUATION BY USING AN INTERMEDIATE SIGNAL
Consider a system with impulse response

b[n] = (%)nu[u].

Use Eq. (2.6) to determine the output of the system attimes n = —§, 7 = 5, and 7 = 10
when the input is x[n] = «[n].

Solution: Here, the impulse response and input are of infinite duration, so the procedure
followed in Example 2.1 would require summing a large number of time-shifted impulse
responses to determine y|#] for each n. By using Eq. (2.6), we form only one signal, w,[ k],
for each 7 of interest. Figure 2.3(a) depicts x[k] superimposed on the reflected and time-
shifted impulse response h[n — k). We see that

bin — k] = {(%)"'*= k<n

0, otherwise.
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Figure 2.3 (p. 1
e
Evaluation of Eq. 0-0-0-0-0-0 k

(2.6) In Ex 2.2. 2 0 2 4 6
a) The input signal

X[ K] above the h[n - k] w_s[k]
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to evaluatey[10]. 17



The intermediate signal w,[k] is now easily obtained by means of Eq. (2.5). Figures 2.3(b),
(c), and (d) depict w,[k] for n = —5, n = §, and n = 10, respectively. We have

-J[k] = 0,
and thus Eq. (2.6) gives y[—5] = 0. For n = §, we have
ws[k] = {(%)S-&; 0=k=35

0, otherwise

s1= 3 (2)

which represents the sum of the nonzero values of the intermediate signal w;[k] shown in
Fig. 2.3(c). We then factor ( ) from the sum and apply the formula for the sum of a finite
geometric series (see Appendix A.3) to obtain

SNERD)
( )1_ B _ 288,

’

so Eq. (2.6) gives
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Last, for n = 10, we see that

3)10-k
w[o[k] - {(4) ’ 0 = k .S 10’

0, otherwise
and Eq. (2.6) gives

o1 - §(2)
-(2)°56)

( )wll__ (4)“ 3.831.

Note that in this example w,[ k] has only two different mathematical representations.
For n < 0, we have w,[k] = 0, since there is no overlap between the nonzero portions of

x[(k) and b[n — k). When n = 0, the nonzero portions of x[k] and »#[n — k] overlap on
the interval 0 = k = 7, and we may write

w,[k] = {G)H’ feae
0, otherwise

Hence, we may determine the output for an arbitrary # by using the appropriate mathe-
matical representation for w,[k] in Eq. (2.6). W
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Procedure 2.1: Reflect and Shift Convolution Sum Evaluation

1.

o5

Graph both x[k] and b[7 — k] as a function of the independent variable k. To de-
termine b[n — k|, first reflect b[k] about & = 0 to obtain b[ —k]. Then shift by —n.

. Begin with 7 large and negative. That is, shift b[ —k] to the far left on the time axs.
. Write the mathematical representation for the intermediate signal w,[k].
. Increase the shift # (i.e., move b[n — k] toward the right) until the mathematical

representation for w,[ k] changes. The value of 7 at which the change occurs defines
the end of the current interval and the beginning of a new interval.

. Let n be in the new interval. Repeat steps 3 and 4 until all intervals of time shifts

and the corresponding mathematical representations for w,[ k] are identified. This
usually implies increasing 7 to a very large positive number.

. For each interval of time shifts, sum all the values of the corresponding w,[k] to

obtain y[#] on that interval.

20



EXAMPLE 2.3 MOVING-AVERAGE SYSTEM: REFLECT-AND-SHIFT CONVOLUTION SuM
EVALUATION The output y[n] of the four-point moving-average system introduced in
Section 1.10 is related to the input x[#n] according to the formula

y[n] = % :ox[n — k).

The impulse response b[n] of this system is obtained by letting x[n] = §[n], which yields

bln) = 5 (uln] — uln - 4]),

as depicted in Fig. 2.4(a). Determine the output of the system when the input is the rec-
tangular pulse defined as

x[n] = u[n] — u[n — 10]
and shown in Fig. 2.4(b).
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Solution: First, we graph x[ k] and b[n — k], treating n as a constant and k as the inde-
pendent variable, as depicted in Fig. 2.4(c). Next, we identify intervals of time shifts on
which the intermediate signal w,[k] = x[k]h[7 — k] does not change its mathematical
representation. We begin with » large and negative, in which case w,[ k] = 0, because there
is no overlap in the nonzero portions of x[k] and b[n — k]. By increasing n, we see that
w,| k] = 0, provided that # < 0. Hence, the first interval of shifts is # < 0.

When 7 = 0, the right edge of b[7 — k] slides past the left edge of x[k], and a tran-
sition occurs in the mathematical representation for w,[k]. For n = 0,

wifk] = {1/4, k=0

0, otherwise

Forn =1,

_J1/4, k=0,1
wrlk] = { 0, otherwise’

ns, 2/E by Simon Haykin and Barry Van Veen 22



Figure 2.4 (p. 106)
Evaluation of the convolution sum for
Example 2.3.

(@)
(b) -

ne system impu

ne input signalx|

se respons@[n].
nj.

(c) The input above the reflected and
time-shifted impulse responseh[n 7 K],

depicted as a function ok.

(d) The product signalw,[K]

Interval of shifts0¢ n ¢ 3.

(e) The product signalw [k

for the

for the

Interval of s
(f) The proo
Interval of s

nifts 3<n ¢ 9.
uct signalw,[K] for the

Nifts 9 <n ¢ 12.

(g) The outputy|[n].

hin] x[n]

'4???? 0-0-0
0 2 4 6 0 2
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In general, for » = 0, we may write the mathematical representation for w,[k] as

_J1/4, O0=sk=mn
w,,[k]—{ 0, otherwise °

This mathematical representation is depicted in Fig. 2.4(d) and is applicable until n > 3.
When n > 3, the left edge of h[n — k] slides past the left edge of x[k], so the representa-
tion of w,[k] changes. Hence, the second interval of shifts is 0 < n < 3.

For n > 3, the mathemartical representation of w,[k] is given by

_J1/4, n—=3=<k=n
w"[k]_{ 0, otherwise ’

as depicted in Fig. 2.4(e). This representation holds until # = 9, since at that value of n, the
right edge of h[n — k] slides past the right edge of x[k]. Thus, our third interval of shifts
$s3<n=<29.
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Next, for n > 9, the mathemarical representation of w,[ k] is given by

_J1/4, n—3 =k =9
walk] = { 0, otherwise >

as depicted in Fig. 2.4(f). This representation holds until # — 3 = 9, or » = 12, since, for
n > 12, the left edge of b[n — k] lies to the right of x[ k], and the mathematical represen-
tation for w,[k] again changes. Hence, the fourth interval of shiftsis 9 < n = 12.

For all values of # > 12, we see that w,[k] = 0. Thus, the last interval of time shifts
in this problem is n > 12.

The output of the system on each interval » is obtained by summing the values of
the corresponding w,[k] according to Eq. (2.6). Evaluation of the sums is simplified by
noting that

N
Ecrc(N—M-i-l).
k=M

Beginning with # < 0, we have y[n] = 0. Next, for0 = n = 3,

yin] = 3 1/4

e i |
4
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On the third interval, 3 < n = 9, Eq. (2.6) gives

yln] = 2;1/4

k=n—

=%(n-(u-3)+1)

= 1.
For 9 < n = 12, Eq. (2.6) yields
9
yin] = 2, 1/4
k=n—3
—lo-m-3)+1)
4
_ 13 —n
R

Last, for n > 12, we see that y[n] = 0. Figure 2.4(g) depicts the output y[»] obtained by
combining the results on each interval. .



» Problem 2.2 Evaluate the following discrete-time convolution sums:

(a) y[n] = u[n]*uln - 3]

(b) y{n] = (1/2)"u{n — 2] » u[]

(c) y[n] = o {u[n — 2] — u[n — 13]} * 2{u[n + 2] — u[n — 12]}

(d) y[n] = (—u[n] + 2u[n = 3] — u[n = 6]) * (u[n + 1] = u[n — 10])
(e) y[n] = u[n — 2] * b(n], where

v, n<0,ly>1
] {n", n=0,q <1

(f) y[n] = x[n] * b[n], where x(n] and b[n] are shown in Fig. 2.8.



(b)

(c)

B 0, n<3
yln] = =1 a3

_ 0, n<2
1= 12 - 2y, n=2

0, n<0
1 — -]—-n
2a"*? . _(al_l , 0=n=<10
1 S -11
y[n] = 2a'? 1 (a)_l , 11l=n=13
-

n—24
121~ (@)

2¢ —, l4=n=23

l1—a

0, n <24
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(d)

(e)

0, n<-—1
-(n+2), -1sn=1
n—4, 2=n=s4
y[n) = 0, S=n=<9
n—9, 10=n=11
1S5—n, 12=n=<14
0, n > 14

—_— n<2

29



(f)

y[n] =

0,
—10 + (n + S)(n + 4)/2,
S5(n + 2),
10 — n(n — 1)/2,

n< —-8n>4
-8 =n=-5
-4=n=<0"
1=n=<4

30



Figure 2.5a&b (p. 109)

Evaluation of the
convolution sum for
Example 2.4.

a) The input signalx[k]
depicted above the
reflected and time-shifted
Impulse responseh[n 7 k].
b) The product signal
w,[K] for z4 ¢ n.

n
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Figure 2.5¢c (p. 110)
c) The outputy[n]

assuming thatp = 0.9
andb=0.8.
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-5

0




Figure 2.6 (p. 111)
Cash flow into an investment. Deposits of $1000 are made at the

start of each of the first 10 years, while withdrawals of $1500 are
made at the start of each of the second 10 years.

x[n]

TN N

o—0—0

2 4 6 8




Figure 2.7a-d (p. 111) ER

Evaluation of the | Tm, R

convolution sum for > 4 6 IHHH
Example 2.5. 1500

a) The input signalx[k]
depicted above the hin = )
reflected and time-

shifted impulse
responseh(n z k).

b) The product signal B
w [k]forO¢n¢O. an
¢) The product signal [ °°””ITETTT
w,[K] for 10 ¢ n ¢ 16. I

d) The product signal g

w [K] for 17 ¢ n.

10

8 “liooo

i

TT

1000(1.08)" *

10()()( 1.08)"

Tf?m 12 14 16

|

(d)

i

—1500(1.08)" "



Figure 2.7e (p. 113) 12,000
e) The outputy|[n]
representing the value of

. ) . 10,000
the investment immediately

after the deposit or
withdrawal at the start of 5000

year n. ]
/1]
0]




Figure 2.8 (p. 114): Signals for Problem 2.2(f)




2.4 The Convolution Integral
AThe output of a continuoustime LTI system may be determined from the
EIT DBOO AT A OEA OUOOAI 60O EI DOl OA OAC
AWe first express a continuousgime signal as weighted superposition of time
shifted impulses:

SO ORCEE ki (2.9)
AWhere superposition is the sum

ALet the operator H denote the system to which the input(t) is applied. The
system output in response to a general input expressed as the weighted
superposition in Eq. (2.9):

Wwo OVwo O, ity Hat . «ahH)0O] (0 HAt (2.10)

ANext, impulse responsén(t) = H{d(t)} is defined as the output of the system ir
response to a unit impulse input.

Y (0o HhQY Qo f (2.11)
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A That is, time invariance implies that a timeshifted impulse input generates
a time-shifted impulse response output, as shown in Fig. 2.9.

x(t) h(t —t)

x(t)
—> h(t) —>
LTI /\/‘\—t
t
Figure 2.9 (p. 115)

(a) Impulse response of an LTI systerl. (b) The output of an LTI system to a timshifted
and amplitude-scaled impulse is a timeshifted and amplitude-scaled impulse response.




Awe see that the output of an LTI system in response to an input of the
form of Eg. (2.9) maybe expressed as

o) . aba Hot (2.12)

AThe outputy(t) is given as a weighted superposition of impulse
responses time shifted byr. Equation (2.12) is termed the convolution
Integral and is also denoted by the symbol that is,

W)z o . b Hat
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<.0 Lonvolution integral Evaluation

Procedure
AThe convolutionintegral of Eqg. (2.12) is expressed as

o) . aba Hot (2.12)

Defining integrand as intermediate signalw,(t) = x(t)h(t -t), (2.12) iswritten
as

SONERO ) (2.14)
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EXAMPLE 2.6 REFLECT-AND-SHIFT CONVOLUTION EVALUATION Evaluate the convolu-
tion integral for a system with mnput x(¢) and impulse response »(t), respectively, given by

x(2) =u(t— 1) — u(t — 3)
and
h(2) = u(t) — u(t - 2),

as depicted in Fig. 2.10.

Solution: To evaluate the convolution integral, we first graph h(z — 7) beneath the graph
of x(7), as shown in Fig. 2.11(a). Next, we identify the intervals of time shifts for which
the mathematical representation of w,(7) does not change, beginning with # large and neg-
ative. Provided that ¢ < 1, we have w,(7) = 0, since there are no values 7 for which both
x(7) and h(t — 7) are nonzero. Hence, the first interval of time shifts is ¢ < 1.

41



Figure 2.10 (p. 117)
Input signal and LTI system impulse response for Example 2.6.

x(1) h(t)
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Note that at t = 1 the right edge of h(t — 7) coincides with the left edge of x().
Therefore, as we increase the time shift # beyond 1, we have

-]

1, 1<7r<t¢
0, otherwise

This representation for w,(7) is depicted in Fig, 2.11(b). It does not change until ¢ > 3, at

which point both edges of h(z = 1) pass through the edges of x(7). The second interval of
time shifts zis thus 1 < ¢ < 3.
As we increase the time shift ¢ beyond 3, we have

(r) = 1, t-2<71<3
AT 0, otherwise ’

as depicted in Fig. 2.11(c). This mathematical representation for w,(7) does not change
until £ = §; thus, the third interval of time shifts is 3 < ¢ < §,. 43



Figure 2.11 (p. 118) *(0)
Evaluation of the ,
convolution integral for

Example 2.6. U A A

(a) The input x(t) wi(®)
depicted above the [ ha-Y :
reflected and time-shifted

Impulse response. — : ‘ :

(b) The product signal (a)

w,(t) for1 ¢t < 3.

(c) The product signal 0
w,(t) for 3¢t <5. w,(t) ;

(d) The system output
y(t). | |
| t |

Click for OEAAT 8 0 1 -2 3 0 1



https://www.youtube.com/watch?v=C1N55M1VD2o

At t = 5, the left edge of h(z — 7) passes through the right edge of x(r), and w,()
becomes zero. As we continue to increase ¢ beyond 5, w,(7) remains zero, since there are
no values 7 for which both x(7) and h(t — 7) are nonzero. Hence, the final interval of

shifts is ¢ = 3.
We now determine the output y(£) for each of these four intervals of time shifts by
integrating w,(7) over 7 (i.e., finding the area under w,(7)):
» Fort < 1andt > §, we have y(¢) = 0, since w,(7) 1s zero.

» For the second interval, 1 =< ¢ < 3, the area under w,(7) shown in Fig. 2.11(b) 1s
y(t) =t— 1.

» For 3 =t < §, the area under w,(7) shown in Fig. 2.11(c) 1s y(2) = 3 = (¢ = 2).
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Combining the solutions for each interval of time shifts gives the output

0, A |
(1) = t—1, 1=1<3
Y 5—t 3st<5’
0, t =)
as shown in Fig. 2.11(d). y(®)

(d)
Figure 2.11(d) The system outpwy(t).
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ExavwpLE 2.7 RC Circurr Ourputr  Consider the RC circuit depicted in Fig. 2.12, and
assume that the circuit’s time constant is RC = 1s. Example 1.21 shows that the impulse
response of this circuit is

n(t) = e"u(t).

Use convolution to determine the voltage across the capacitor, y(t), resulting from an input
voltage x(2) = u(t) — u(t — 2).

Solution: The circuit is hinear and time invariant, so the output is the convolution of the
input and the impulse response. That is, y(t) = x(2) * b(¢). Our intuition from circuit
analysis indicates that the capacitor should charge toward the supply voltage in an expo-
nential fashion beginning at time ¢ = 0, when the voltage source is turned on. and then, at
time ¢ = 2, when the voltage source is turned off, start to discharge exponentially.

To verify our intuition using the convolution integral, we first graph x(7) and (¢t — 7)
as functions of the independent variable 7. We see from Fig. 2.13(a) that

x(‘r)={1, S

0, otherwise



Figure 2.12 (p. 119)
RCecircuit system with the voltage sourcex(t) as input and
the voltage measured across the capacitgf(t), as output.

R

x(1) 10 C y()
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and
e, r<t

bt = o) =t ulem ) = { 0, otherwise

Now we identify the intervals of time shifts ¢ for which the mathematical represen-
tation of w,(7) does not change. Begin with # large and negative. Provided that ¢ < 0, we
have w,(7) = 0, since there are no values 7 for which x(7) and 4(¢t — 7) are both nonze-
ro. Hence, the first interval of shiftsis ¢ < 0.

Note thatat t = ( the right edge of h(¢ — 7) intersects the left edge of x(7). For t > 0,

() e 0<r<t
w(r) = .
: 0, otherwise

This representation for w,(7) is depicted in Fig. 2.13(b). It does not change its mathemat-
ical representation until ¢ > 2, at which point the right edge of h(t — 7) passes through the
right edge of x(7). The second interval of shifts ¢ is thus 0 = ¢ < 2.

49



Fort = 2, we have a third representation of w,(7), which is written as

e 0<7<2
wyr) =

0, otherwise

Figure 2.13(c) depicts w,(7) for this third interval of time shifts, ¢ = 2.

We now determine the output y(t) for each of the three intervals of time shifts by in-
tegrating w,(7) from 7 = —00 to 7 = 00. Starting with the first interval, ¢t < 0, we have
w,(1) = 0, and thus, y(¢) = 0. For the second interval, 0 = t < 2,

y(t) = / e "y
0
= (el

=1-¢"

50



For the third interval, t = 2, we have

2
y(t) = / e =7 dr
0
= ¢”'(e'lf)
= (¢ = 1)e™.
Combining the solutions for the three intervals of time shifts gives the output
0, t <0

y(t) = 1-¢', 0=st<2,
(e =1)e”, t=2

as depicted in Fig. 2.13(d). This result agrees with our intuition from circuit analysis.
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Figure 2.13 (p. 120)

Evaluation of the convolution ; t

integral for Example 2.7. 0 1 2 wi®)

(@) The inputx(t) h(t - 1)

superimposed -8 '

over the reflected and time M—t 1
shifted i r 0 t

Impulse responseh(t zt), (a) )

depicted as a function of.
(b) The product signal
w,(t) for 0¢ t < 2.

(c) The product signalw,(t)
fort2 2.

(d) The system outputy(t).

(d)
Click for video 5



https://www.youtube.com/watch?v=Ma0YONjMZLI

Figure 2.14 (p. 121) 0

Evaluation of the convolution T

integral for Example 2.8. /‘ t

a) The inputx(t) superimposed s i .l

on the reflected and timeshifted .., il 1

impulse responseh(t z t), 1. /‘ | /‘
depicted as a function of. e o 1 sl A R T
b) The product signalw,(t)for0 = @ ® @

(2 wiD) ¥

c) The product signalw,(t) for2¢ *| " 2}
t< 3. .'-%ﬂ t . A N
d) The product signalw,(t) for 3 of 1 3 ]\Is < 4\5_;;
¢t<5. A B i

e) The product signa,(t) for t 2 @ © ®
5. The system outpu/(t).
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Figure 2.15 (p 123)

Signals for Problem 2.5.

x(r)
1
1
=1 0 l
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Figure 2.16 (p. 124)

Radar range measurement. (a) Transmitted RF pulse. (b) The received echo is an attenuated and
delayed version of the transmitted pulse.
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Figure 2.17a (p. 125)

(a) Impulse response of the matched filter for processing the received signal.
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Figure 2.17b (p. 126)
a) Impulse response of the matched

filter for processing the received signal.

b) The received signal(t)
superimposed on the reflected and
time-shifted matched filter impulse
responseh_(t zt), depicted as
functions oft.

c) Matched filter output x(t).
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