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2.1 Introduction
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2.10 Solving Differential and Difference Equations
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Equations
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2.13 State-Variable Descriptions of LTI Systems
2.14 Exploring Concepts with MATLAB 
2.15 Summary 
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2.2 The Convolution Sum

ÅIn discrete-time case, an arbitrary signal is expressed as a weighted 
superposition of shifted impulses 

ÅThen, the convolution sum is obtained by applying a signal represented in 
this manner to an LTI system

ÅA similar procedure is for continuous-time systems

ÅLet a signal x[n] be multiplied by impulse sequence d[n]; i.e.

x[n]d[n] = x[0] d[n]

ÅThis relationship may be generalized to product of x[n] and a time-shifted 
impulse sequence, to obtain

x[n]d[n-k] = x[k]d[n-k]

ÅWhere n represents the time index, x[n] the entire signal, x[k] a specific value 
of the signal x[n] at time k.
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ÅLets represent x[n] as weighted sum of time-shifted impulse

x[n]Ѐ ȣ Ϲ x[-2]d[n+2] + x[-1]d[n+1] + x[0] d[n] + 

x[1] d[n-1] + x[2] d[n-ςɎ Ϲ ȣ

ÅWhich can be re-written as

ὼὲ В ὼὯ‏ὲ Ὧ (2.1)

ÅWhich is graphically illustrated in Fig .2.1

ÅWhen x[n] is passed through a system denoted by H, output is

ώὲ Ὄὼὲ ὌВ ὼὯ‏ὲ Ὧ

ÅCan also be written as

ώὲ В ὌὼὯ‏ὲ Ὧ В ὼὯὌ‏ὲ Ὧ (2.2)

ÅDefining Ὄ ὲ Ὧ Ὤὲ Ὧ (2.3)

ώὲ В ὼὯὬὲ Ὧ

Å Which is the convolution process illustrated in Fig. 2.2.
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Figure 2.1  (p. 99)
Graphical example illustrating the 
representation of a signal x[n] as a 
weighted sum of time-shifted impulses.
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Figure 2.2a (p. 100)
Illustration of the convolution sum. (a) LTI system 
with impulse response h[n] and input x[n].
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Figure 2.2b  
(p. 101)
(b) The decomposition of 
the input x[n] into a 
weighted sum of time-
shifted impulses results 
in an output y[n] given by 
a weighted sum of time-
shifted impulse 
responses.
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2.3 Convolution Sum Evaluation Procedure

ÅWhen the input is of long duration, recall that the convolution sum is 
expressed as

ώὲ В ὼὯὬὲ Ὧ

ÅDefining ύ Ὧ ὼὯὬὲ Ὧ (2.5)

ÅHence, 

y[n]=В ύ Ὧ (2.6)
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Figure 2.3  (p. 
103)
Evaluation of Eq. 
(2.6) in Ex. 2.2.  
a) The input signal 
x[k] above the 
reflected and time-
shifted impulse 
response h[nɀk], 
depicted as a 
function of k. 
b) The product 
signal w5[k] used to 
evaluate y [ɀ5].  
c) The product 
signal w5[k] used to 
evaluate y[5].  
d) The product 
signal w10[k] used 
to evaluate y[10]. 17
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Figure 2.4  (p. 106)
Evaluation of the convolution sum for 
Example 2.3. 
(a) The system impulse response h[n]. 
(b) The input signal x[n]. 
(c) The input above the reflected and 
time-shifted impulse response h[nɀk], 
depicted as a function of k. 
(d) The product signal wn[k] for the 
interval of shifts 0 ¢n ¢3. 
(e) The product signal wn[k] for the 
interval of shifts 3 < n ¢9. 
(f) The product signal wn[k] for the 
interval of shifts 9 < n¢12. 
(g) The output y[n].
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Evaluation of the 
convolution sum for 
Example 2.4. 
a) The input signal x[k] 
depicted above the 
reflected and time-shifted 
impulse response h[nɀk]. 
b) The product signal 
wn[k] for ɀ4 ¢n.

31

Figure 2.5a&b  (p. 109)



Figure 2.5c  (p. 110)
c) The output y[n] 
assuming that p = 0.9 
and b = 0.8.
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Figure 2.6  (p. 111)
Cash flow into an investment.  Deposits of $1000 are made at the 
start of each of the first 10 years, while withdrawals of $1500 are 
made at the start of each of the second 10 years.
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Figure 2.7a-d  (p. 111)
Evaluation of the 
convolution sum for 
Example 2.5.  
a) The input signal x[k] 
depicted above the 
reflected and time-
shifted impulse 
response h(nɀk). 
b) The product signal 
wn[k] for 0 ¢n¢9.  
c) The product signal 
wn[k] for 10 ¢n¢16. 
d) The product signal 
wn[k] for 17 ¢n.
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Figure 2.7e  (p. 113)
e) The output y[n] 
representing the value of 
the investment immediately 
after the deposit or 
withdrawal at the start of 
year n.
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Figure 2.8  (p. 114) : Signals for Problem 2.2(f)
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2.4 The Convolution Integral
ÅThe output of a continuous-time LTI system may be determined from the 
ÉÎÐÕÔ ÁÎÄ ÔÈÅ ÓÙÓÔÅÍȭÓ ÉÍÐÕÌÓÅ ÒÅÓÐÏÎÓÅȢ 

ÅWe first express a continuous-time signal as weighted superposition of time-
shifted impulses:

ὼὸ ᷿ ὼ†‏ὸ †Ὠ† (2.9)

ÅWhere superposition is the sum

ÅLet the operator H denote the system to which the input x(t) is applied. The 
system output in response to a general input expressed as the weighted 
superposition in Eq. (2.9):

ώὸ Ὄὼὸ Ὄ᷿ ὼ†‏ὸ †Ὠ† ᷿ ὼ†Ὄ‏ὸ †Ὠ† (2.10)

ÅNext, impulse response h(t) = H{d(t)} is defined as the output of the system in 
response to a unit impulse input.

Ὄ‏ὸ †Ὠ Ὤὸ † (2.11)
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Figure 2.9  (p. 115)
(a) Impulse response of an LTI system H. (b) The output of an LTI system to a time-shifted 
and amplitude-scaled impulse is a time-shifted and amplitude-scaled impulse response.

Å That is, time invariance implies that a time-shifted impulse input generates 
a time-shifted impulse response output, as shown in Fig. 2.9.
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Åwe see that the output of an LTI system in response to an input of the 
form of Eq. (2.9) maybe expressed as

ώὸ ᷿ ὼ†Ὤὸ †Ὠ† (2.12)

ÅThe output y(t) is given as a weighted superposition of impulse 
responses time shifted by t. Equation (2.12) is termed the convolution 
integral and is also denoted by the symbol *;that is,

ὼὸ Ὤzὸ ᷿ ὼ†Ὤὸ †Ὠ†
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2.5 Convolution Integral Evaluation 
Procedure

ÅThe convolution integral of Eq. (2.12) is expressed as

ώὸ ᷿ ὼ†Ὤὸ †Ὠ† (2.12)

Defining integrand as intermediate signalwt(t) = x(t)h(t -t), (2.12) is written
as

ώὸ ᷿ ύ †Ὠ† (2.14)
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Figure 2.10  (p. 117)
Input signal and LTI system impulse response for Example 2.6.
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Figure 2.11  (p. 118)
Evaluation of the 
convolution integral for 
Example 2.6.  
(a) The input x(t) 
depicted above the 
reflected and time-shifted 
impulse response.  
(b) The product signal 
wt(t) for 1 ¢t < 3.  
(c) The product signal 
wt(t) for 3 ¢t < 5.  
(d) The system output 
y(t).

Click for ÖÉÄÅÏȣ
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Figure 2.11 (d) The system output y(t).
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Figure 2.12  (p. 119)
RC circuit system with the voltage source x(t) as input and 
the voltage measured across the capacitor y(t), as output.
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Figure 2.13  (p. 120)
Evaluation of the convolution 
integral for Example 2.7.  
(a) The input x(t) 
superimposed 
over the reflected and time-
shifted 
impulse response h(tɀt), 
depicted as a function of t.  
(b) The product signal 
wt(t) for 0¢t < 2.  
(c) The product signal wt(t) 
for t²2.  
(d) The system output y(t).

Click for video 52

https://www.youtube.com/watch?v=Ma0YONjMZLI


Figure 2.14  (p. 121)
Evaluation of the convolution 
integral for Example 2.8. 
a) The input x(t) superimposed 
on the reflected and time-shifted 
impulse response h(tɀt), 
depicted as a function of t. 
b) The product signal wt(t) for 0 
¢t < 2. 
c) The product signal wt(t) for 2 ¢
t < 3. 
d) The product signal wt(t) for 3 
¢t < 5. 
e) The product signal wt(t) for t²
5.  The system output y(t).

53



Figure 2.15  (p 123)
Signals for Problem 2.5. 
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Totorial on Convolution
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Figure 2.16  (p. 124)
Radar range measurement. (a) Transmitted RF pulse. (b) The received echo is an attenuated and 
delayed version of the transmitted pulse. 
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Figure 2.17a  (p. 125)
(a) Impulse response of the matched filter for processing the received signal.
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Figure 2.17b  (p. 126)
a) Impulse response of the matched 
filter for processing the received signal.
b) The received signal r(t) 
superimposed on the reflected and 
time-shifted matched filter impulse 
response hm(tɀt), depicted as 
functions of t. 
c) Matched filter output x(t).
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