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3.3 Fourier Representations for Four Classes of Signals

AFourier series (FS) applies to continuousime periodic signals and
the discrete-time Fourier series (DTFS) applies to discretéime
periodic signals.

ANonperiodic signals have Fourier transform representations.

AFourier transform (FT) applies to a signal that is continuous in time
and nonperiodic.

ADiscretetime Fourier transform (DTFT) applies to a signal that is
discrete In time and nonperiodic.

ATable 3.1 illustrates the relationship between the temporal
properties of a signal and the appropriate Fourier representation.



Table 3.1 Relationship between time properties of a
sighal and the appropriate Fourier Representations

Time Periodic Nonperiodic
Property (t, n) (t, n)
Continuous Fourier Series Fourier Transform
(t) F(S) (FT)
| Discrete-Time Fourier  Discrete-Time
D'?Ciete Series Fourier Transform
n
(DTES) (DTFT)




3.3.1 Periodic Signals: Fourier Series Representations

AA periodic signal represented as a weighted superposition of complex
sinusoids

A EA AEOANOAT AU 1T £ AAAE OEI OOl EA | OC
fundamental frequency.

Alf x[n] is discrete-time signal with fundamental periodN, we may represent
X[n] by DTFS

w¢ B Q0 (3.4)

Awhere m = 2p/ N is the fundamental frequency ok[n]. The frequency of the
k-th sinusoid in the superposition iskn . Ifx(t) is continuous-time signal of
fundamental period T, representx(t) by the FS

wE B 000 (3.5)

AWherew,= 2p/ Tis the fundamental frequency of(t). Here, the frequency
of the kth sinusoid iskw, and each sinusoid has a common periotl

AA sinusoid whose frequency is integer multiple of fundamental is a harmonic



AThe complex sinusoid< are
N-periodic in the frequency indexk, as
shown by the relationship

Q Q Q
QP Q (0)
Note that'Q p } AEIAD 8

Imaginary axis

Unit circle

Real axis

AWe may rewrite (3.4) as
we& B 0QQ (3.6)
AFor the case of continuougime
complex sinusoids, we have

weé B 0 QQ (3.7)




AThe series representations are approximations ta[n] and x(t).

AFor the discretetime case, the mearsquare error (MSE) between
the signal and its series representation can be written as:

0 YO —B  |afe]  ofg]] (3.8)
AFor the continuoustime case:

0"YO - |00 ol Qo (3.9)



3.3.2 Nonperiodic Signhals: Fourier -Transform
Representations

A Fourier transform representations are weighted integral of complex |
OEl OOl EAO xEAOA OEA OAOEAAI A 1 £ E

A Discrete-time sinusoids are used to represent discretéime signals in DTFT,
while continuous-time sinusoids used to represent continuougime signals

in FT.
A Fourier Transform of continuoustime signals are given by:

6X0) C% H QR QU
AHere,® QU2pOADPOAOAT OO OxAECEOS6 1 O AT A
frequencyw in FT representation



AThe DTFT involves sinusoidal freqtrl)encies within a@interval, as shownby

GEF o &0 Q Qs
C
P
» Problem 3.1 Identify the appropriate Fourier representation for each of the follow-

ing signals:

(a) x[n] = (1/2)"u(n]

(b) x(t) = 1 — cos(2mt) + sin(37t)

(c) x(t) = e cos(2wt)u(t)

(d) x[n] = 2 - —o8[n — 20m] — 28[n — 2 — 20m]
Answers:

(a) DTFT

(b) FS

(c) FT

(d) DTFS , d



3.4 Discrete-Time Periodic Signhals: The Discrete -Time
Fourier Series

Table 3.1 Relationship between time properties of a signal and
the appropriate Fourier Representations

. Periodic Nonperiodic
Time Property (t, 1) (t, 1)
Continuous Fourier Series Fourier Transform
(t) F(S) (FT)
_ Discrete-Time Fourier Discrete-Time
Dl?c]rete Series Fourier Transform
n
(DTFS) (DTFT)




3.4 Discrete -Time Periodic Signals: The Discrete -Time Fourier Series

AThe DTFS representation of a periodic signa[n] with fundamental period
N and fundamental frequencyW, = 2pN is given by

(3.10)

Where,
(3.11)

Aare the DTFS coefficients of the signaln], where x[n] and X[k] are a DTFS
pair and denote this relationship as

AThe DTFS coefficient¥[k] are termed afrequencydomain representatiorfor
X[ n], while the coefficientsx|n] are the time-domain representation ofX[f] )




ExamMPLE 3.2 DETERMINING DTFS COEFFICIENTS Find the frequency-domain repre-
sentation of the signal depicted in Fig. 3.5

Solution: The signal has period N = §, so {}, = 2#/5. Also, the signal has odd sym-
metry, so we sum over n = —2 tom = 2 in Eq. (3.11) to obtain

X[k] =< 2 x[n]e 7S

m-—2

= ;{x[—Z]e‘“‘” + x[—1]e**5 + x[0]e® + x[1]e™**/5 + x[2]e***/5}).

Using the values of x[n], we get
- l l k2w _l ~jh2w }
X[k] 5{l+2¢’2” 5¢€ /s

. (3.12)

= E{l + jsin(k2m/5)}.
x[nj
1 ]
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From this equation, we identify one period of the DTFS coefficients X[k],k = —2tok = 2,
in rectangular and polar coordinates as

X[-2] = % = ism(?/ 2) . 0.232¢70%
o)=L BT e
X[0] = 5 = 0.2¢°
X[1] = < + ,s'"(z;'/ 2) — 0276076
X[2] = % sm(?/ 2) _ 02326050,

13



Figure 3.6 depicts the magnitude and phase of X[ k] as functions of the frequency index k.
Now suppose we calculate X[k] using 7 = 0 to n = 4 for the limits on the sum in
Eq. (3.11), to obtain

X[k] = %{x[ﬂ]e’“ + x[1]e"5 + x[2]e ™5 + x[3]e™*"/5 + x[4]e™*" °}

| 1 _ 1
= — — —p Th2x/S — p—ijkB=/S
5 {1 ) t2° }

This expression appears to differ from Eq. (3.12), which was obtained using » = —2 to
n = 2. However, noting that

e ThSw/S - k2w Jk2w/S
— cii!l'f 5'

we see that both intervals, n = —2ton = 2 and n = 0 to n = 4, yield equivalent expres-
sions for the DTFS coefficients. =

14



Figure 3.5 (p. 203)
Time-domain signal for Example 3.2.

15



Figure 3.6 (p. 204)

Magnitude and phase of the DTFS coefficients for the signal in Fig
25
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» Problem 3.2 Determine the DTFS coefficients of the periodic signals depicted in
Figs. 3.7(a) and (b).

Answers:
Fig. 3.7(a):

x[n] < DTFS;m/3 X[k] = % " %cos(lurﬁ)
Fig. 3.7(b):
xl] D Ly AT =_1—§i(sin(k27r/15) + 2 sin(k4w/15))

17



Figure 3.7 (p. 205) N i :
Signalsx[n] for |
Problem 3.2. i
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ExaMpPLE 3.3 CoMPUTATION OF DTFS COEFFICIENTS BY INSPECIION Determine the
DTFS coefficients of x[n] = cos(mn/3 + ¢), using the method of inspection.

Solution: The period of x[n] is N = 6. We expand the cosine by using Euler’s formula
and move any phase shifts in front of the complex sinusoids. The result is

t(!n*d» 'i(’!"*¢)
x[n] - La___)"'__._e_....?_. (3.13)

2
= 1e"“e-’%" + 1e"e'§"
2 pi

19



Now we compare Eq. (3.13) with the DTFS of Eq. (3.10) with Q, = 27/6 = w/3, writ-
ten by summing fromk = ~2tok = 3:

i) = 3 X[kl

k=-2
= X[-2]e ™3 4+ X[—1]e™3 + X[0] + X[1]e”™? + X[2]e?™? + X[3]e™™.
(3.14)

Equating terms in Eq. (3.13) with those in Eq. (3.14) having equal frequencies, k/3, gives

D'rps;% e7%/2, k= —1
» X[k]) =4 ef®/2, k=1
0, otherwiseon—-2 < k < 3

x[n] <

The magnitude spectrum, |X[ k]|, and phase spectrum, arg{ X[k]}, are depicted in Fig. 3.8. =

20



Figure 3.8 (p.
206)
Magnitude and
phase of DTFS
coefficients for
Example 3.3.
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» Problem 3.3 Use the method of inspection to determine the DTFS coefficients for the
following signals:

(a) x[n] = 1 + sin(#m/12 + 37/8)

(b) x[n] = cos(nm/30) + 2sin(nm/90)

Answers:
~EPS ), R = ~]
DTFS;2w/24 _ 1, k=0
(a) x[”] S 4 X[k] ei&t/8/(2i)’ E=1
0, otherwiseon —11 = k < 12
-1/j, k= -1
DTES; 2/180 _ ) Vi k=1
(b) x[”] . < X[k] - 1/2’ k= 43

0, otherwiseon—89 =k < 90 4

22



EXAMPLE 3.4 DTFS REPRESENTATION OF AN IMPULSE TRAIN Find the DTFS coeffi-
cients of the N-periodic impulse train

x[n] = .:i.a[" — IN],

as shown in Fig. 3.9.

Solution: Since there is only one nonzero value in x[#] per period, it is convenient
to evaluate Eq. (3.11) over the interval # = O ton = N — 1 to obtain

23



Figure 3.9 (p. 207)
A discretetime impulse train with period N.

x|n}
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ExAMPLE 3.5 THE INVERSE DTFS Use Eq. (3.10) to determine the time-domain signal
x[n] from the DTFS coefficients depicted in Fig. 3.10.

Solution: The DTFS coefficients have period 9, so ), = 2#/9. It is convenient to evaluate
Eq. (3.10) over the interval £ = —4 to k = 4 to obtain
4
x{n] = 3 X[kl
k=t
— p2[3 =i6Tn[9 . D im[3 i[9 _ 1 4 DgimI3gimn[S | ,=i2u/3 4ibTin.9

= 2cos(6mwn/9 — 2m/3) + 4cos(4mn/9 — w/3) — 1.
Find the time-domain signal x[#] assuming N = 10.

Answer:

1 — (1/2)1°
= = T /2y 0

25



Figure 3.10 (p. 208)
Magnitude and phase
of DTFS coefficients
for Example 3.5.

Q
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Figure 3.11 (p. 209)
Square wave for Example 3.6.
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Figure 3.12 (p. 211) 0
The DTFS coefficients for the 9
sguare wave shown in Fig. |
3.11, assuming a periodN =
50: (@)M=4. (bh)M=12.




» Problem 3.5 Use the method of inspection to find the time-domain signal corre-
sponding to the DTFS coefficients

X[k] = cos(k4m/11) + 2jsin(k6m/11).

Answer:
1/2, n= 2
1, =3
L0 Rl S
0, otherwiseon—S5=n=<35 E
» Problem 3.6 Find the DTFS coefficients of the signals depicted in Figs. 3.13(a) and (b).
(a) : oS ) (%g‘i*ﬂ/.i)?
X[k] = 1—2"5‘3’*2 - %e-ikr/s

sm(kw/ 10) |

28
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Figure 3.13 (p. 211):
Signalsx[n] for Problem 3.6.



EXAMPLE 3.7 BUILDING A SQUARE WAVE FROM DTFS CoOEFFICIENTS The contribu-
tion of each term to the square wave may be illustrated by defining the partial-sum ap-
proximation to x[7] in Eq. (3.17) as

%j[n] = éB[k] cos(kQ,n), (3.18)

k=0

where | = N/2. This approximation contains the first 2] + 1 terms centered on k = 0
in Eq. (3.10). Assume a square wave has period N = 50 and M = 12. Evaluate one pe-
riod of the Jth term in Eq. (3.18) and the 2] + 1 term approximation x;[n] for
J=1,3,5,23, and 25§.

Solution: Figure 3.14 depicts the Jth term in the sum, B{J] cos(J{2,7), and one period of
ij[n] for the specified values of J. Only odd values for | are considered, because the even-
indexed coefficients B[ k] are zero when N = 25 and M = 12. Note that the approximation
improves as J increases, with x[n] represented exactly when | = N/2 = 25. In general,
the coefficients B[ k] associated with values of k near zero represent the low-frequency or
slowly varying features in the signal, while the coefficients associated with values of k near
N X . ’ . 2
+ 5 represent the high-frequency or rapidly varying features in the signal. B

30



Figure 3.14a (p. 213)
Individual terms in the DTFS expansion of a square wave (left panel) and the

corresponding parttal-sum approximations [n] (right panel). TheJd=0 term is
oln] = %2 and is not shown. (ap= 1. (b)J= 3. (c)J= 5. (d)J= 23. (e)J= 25.
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Figure 3.14b (p. 213)
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Example 3.8: Numerical Analysis of the ECG

AEvaluate the DTFS representations d@he two electrocardiogram (ECG) waveforms
depicted in Figs. 3.15(a) and (b).

AFigure 3.15(a)depicts a normal ECG, while Fig. 3.15(b) depicts the ECG of a heart
experiencing ventriculartachycardia.

AThe discretetime signals are drawn as continuous functions, due to the difficultgf
depicting all 2000 values in each case.

AVentricular tachycardiaasa serious cardiachythm disturbance is characterized by a
rapid, regular heart rate of approximately 150 beats per minute.

AThe signals appear nearly periodic, with only slight variations in themplitude and
length of each period.

AThe DTFS of one period of each ECG may be computacherically.

AThe period of the normal ECG il = 305, while the period of the ECGhowing
ventricular tachycardia isN = 421.

AOne period of each waveform is availabl&valuate the DTFS coefficients of eaemd
plot their magnitude spectrum. 33



Solution 3.8

AMagnitude spectrum of first 60 DTFS coefficients is depicted in Figs. 3.15(c) and (c
AThe normal ECG is dominated by a sharp spike or impulsive feature.

ARecall that the DTFS coefficients of an impulse train have constant magnitude, as
shown in Example 3.4.

AThe DTFS coefficients of the normal ECG are approximately constant, exhibiting a
gradual decrease in amplitude as the frequency increases.

AThey also have a small magnitude, since there is relatively little power in the
iImpulsive signal.

Aln contrast, the ventricular tachycardia ECG contains smoother features in addition
to sharp spikes, and thus the DTFS coefficients have a greater dynamic range, witl
the low-frequency coefficients containing a large proportion of the total power;

AAlso, because the ventricular tachycardia ECG has greater power than the normal
ECG, the DTFS coefficients have a larger amplitude.

34



Figure 3.15 (p. 214)

Electrocardiograms for two different heartbeats
and the first 60 coefficients of their magnitude

spectra.
(a) Normal heartbeat.
(b) Ventricular tachycardia.

(c) Magnitude spectrum for the

normal heartbeat.
(d) Magnitude spectrum for
ventricular tachycardia.
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3.5 Continuous -Time Periodic Fourier Series

Table 3.1 Relationship between time properties of a
signal and the appropriate Fourier Representations

Time Property P(etr,icr)szlic NorEEe':)iodic
Continuous Fourier Series Fourier Transform
(1) F(S) (FT)
iscrete Discrete-Time Discrete-Time

[n]

Fourier Series
(DTES)

Fourier Transform
(DTFT) =«




3.5 Continuous -Time Periodic Fourier Series

AContinuoustime periodic signals are represented by the Fourier series (FS)

AWe may write the FS of a signad(t) with fundamental period T and
fundamental frequencyw,=2p/ T as

(3.19)

(3.20)

Where:

are the FS coefficients of the signal x(z). We say that x(¢) and X[k] are an FS pair and
denote this relationship as

FS; w,

x(t) « > X[k].



AFrom FS coefficients{k], we may determinex(t) by using (3.19) and from
X(t), we may determineX k] by using (3.20).

AFS coefficients are known as a frequendgomain Representation ok(t)
AFS representation is used to analyze the effect of systems on periodic signe
AThe infinite series in (3.19) is define as

WO ® Q0

AUnder what conditions doesw 0 actually converge tox(t)?
Awe can state several results. First, ¥(t) is square integrabler that is, if

p \ \ ] \
— o |CD Ho
P oo

38



AThe MSE betweero 6 and x(t) is
P .. AN i s
~ [0 o] Qo T

Ax(t) has a finite number of maxima and minima in one period.

APointwise convergence ofy(0) to a(0) is guaranteed at all
values oft except those corresponding to discontinuities if the
Dirichlet conditions are satisfied:

Ac(0) is bounded.

Ac(0) has a finite number of maxima and minima in one
period.

Ac(0) has a finite number of discontinuities in one period.

39



EXAMPLE 3.9 DIRECT CALCULATION OF FS COEFFICIENTS Determine the FS coeffi-
cients for the signal x(¢) depicted in Fig. 3.16.

Solution: The period of x(t)is T = 2, so @, = 27/2 = w. On the interval 0 = ¢t < 2,
one period of x(t) is expressed as x(t) = e, so Eq. (3.20) yields

N7 N
X[k] - 5 l e—Zte—ikﬂ dt = 5 /o e-(lﬂkﬂ)f dt

We evaluate the integral to obtain
~1 |2 | . 1-¢*
= ~(2+jkw)t == — p 42wy = - .

since ¢ 72" = 1. Figure 3.17 depicts the magnitude spectrum |X[k]| and the phase spcclrum
arg{ X[k]}. 40




Figure 3.16 (p. 216) : Time-domain signal for Example
3.9.

x(t)

€—2r
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AAs with the DTFS, the magnitude of[k] Is known as the magnitude
spectrum ofx(t), and phase ofX[k] is known as the phase spectrum of(t)

0.25
0.2
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EXAMPLE 3.10 FS COEFFICIENTS FOR AN IMPULSE TRAIN Determine the FS coefficients
for the signal defined by

x(t) = Y, 8(t — 4l).
|==00
Solution: The fundamental period is T = 4, and each period of this signal contains an
impulse. The signal x(z) has even symmetry, so it is easier to evaluate Eq. (3.20) by inte-
grating over a period that is symmetric about the origin, =2 < ¢ =< 2, to obtain
B 1
X[k] 4[ 8(t)e dt = g

2

In this case, the magnitude spectrum is constant and the phase spectrum is zero. Note that
we cannot evaluate the infinite sum in Eq. (3.19) in this case and that x(z) does not satis-
fy the Dirichlet conditions. However, the FS expansion of an impulse train is useful in spite
of convergence difficulties. Kl

43



EXAMPLE 3.11 CALCULATION OF FS COEFFICIENTS BY INSPECTION Determine the FS
representation of the signal

x(t) = 3cos(mt/2 + w/4),
using the method of inspection.

Solution: The fundamental period of x(z) is T = 4. Hence, @, = 27/4 = w/2, and
Eq. (3.19) is written as

x(t) = D, X[k]e*™"2 (3.21)

ke ==00

Using Euler’s formula to expand the cosine yields
ei(r:ﬂﬂr/‘t) + e-f{ wt/2+mw/4)

2
R S R
=Ee"e’“ +'i'e""er". 44

x(z) =3



Equating each term in this expression to the terms in Eq. (3.21) gives the FS coefficients:

%e”"‘, k =—1
X(k)=§ 3 o =1 - (3.22)
2 b
0, otherwise

The magnitude and phase spectra are depicted in Fig. 3.18. Note that all of the power in
this signal is concentrated at two frequencies: @ = w/2 and w = —m/2. a

45



Figure 3.18 (p. 219)
Magnitude and phase spectra for Example 3.11.

il X[k arg{ X[k])
3/2
I [ p/4 -
-©0—0—0—0—0—0—4—~0—~4—-0-0—-0—-0—-0—0- k —O0—0—0—0—O0—1—0—1—0—0—0—0—0—0~ K
) 0O 2 = U 9

o) —p/4
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» Problem 3.7 Determine the FS representation of
x(t) = 2sin(27t — 3) + sin(67t).

Answer: iz, k=-3

. e, k=-1
x(t) ———— X[k] = —je ™, k=1

-i/2, k=3
0, otherwise o

» Problem 3.8 Find the FS coefficients of the full-wave rectified cosine depicted in
Fig. 3.19.

Answer: g1 - Sn(m(1 = 2k)/2) _ sin(m(1 + 2k)/2) P
X{k) = (1 — 2k) m(1 + 2k)
The time-domain signal represented by a set of FS coefficients is obtained by evalu-
ating Eq. (3.19), as illustrated in the next example. a7




Figure 3.19 (p. 219)
Full-wave rectified cosine for Problem 3.8.

x(t)

cCOos “0O
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ExampPLE 3.12 INvERSE FS Find the time-domain signal x(t) corresponding to the FS
coefficients

X[k] = (1/2)Kei*/20,
Assume that|the fundamental period is T = 2.
Solution: Substituting the values given for X[k] and w, = 2#/T = = into Eq. (3.19) yields

x(t) = ; (1 /2)’!eih/20er'kﬂ 7 2 (1 /2)—beibrr,'20eibm
=0 k=—1
- 2 (1 /2)& eikfr/ZO eikﬂ + ;: (1 /2 )le-,'lr/zo e-ih.-:.
k=0 =1
The second geometric series is evaluated by summing from / = 0 to / = o¢ and subtract-

ing the / = 0 term. The result of summing both infinite geometric series is

1 1
O = T e * T (1z)e o

1s

Putting the fractions over a common denominator results in

3
5 — 4cos(mt + m/20)

x(t) =




» Problem 3.9 Determine the time-domain signal represented by the following FS
coefficients:

(a)
X(k] = —jb[k — 2] + jolk + 2] + 28]k — 3] + 28[k + 3], w, =7
(b) X[k] given in Fig. 3.20 with 0, = 7w/2
Answers:
(a)
x(t) = 2sin(2nt) + 4 cos(3nt)

(b)
sin(97(t — 1)/4)

() = ~Gn(a(t = 1)/4) s




Figure 3.20 (p. 220)
FS coefficients for Problem
3.9.
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EXAMPLE 3.13 FS FORA SQUARE WAVE Determine the FS representation of the square
wave depicted in Fig. 3.21.

Solution: The period is T, so w, = 27/T. Because the signal x(#) has even symmetry, it
is simpler to evaluate Eq. (3.20) by integrating over the range —7/2 = t = T/2. We obtain

1 TIZ 1 To _1 . To
= — —fhw,t e ket - —jkw,t ”
X[k] T Jr x(t)e dt T [ T,e dt Tilzw,,e L k#0
2 ejku,'r, — e—jkuoTo
- (ST ko
2 sin(kw, T;)

ne # 0.

Tkw, ° k%0

For k = 0, we have

Ts
X[0] = “IT‘/, dt = 2;:’.

By means of I’Hopital’s rule, it is straightforward to show that
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Figure 3.21 (p. 221)
Square wave for Example 3.13.
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By means of I’'Hopital’s rule, it is straightforward to show that
2sin(kw,T) 2T,

o The, T
and thus we write
2 sin(kw,T,)
Xik) = Thw,

with the understanding that X[0] is obtained as a limit. In this problem, X[k] is real val-
ued. Using @, = 27/ T gives X[k] as a function of the ratio T/ T:

X[k = 2 Sin(::wn. (3.23)

Figures 3.22(a)~c) depict X[k],-50 < k =< 50, for T.JT =1/4,T,/T = 1/16, and
T,/T = 1/64, respectively. Note that as T,/T decreases, the energy within each period of the
square-wave signal in Fig. 3.21 is concentrated over a narrower time interval, while the energy
in the FS representations shown in Fig. 3.22 is distributed over a broader frequency interval. For
example, the first zero crossing in X[k] occurs at k = 2 for T,/)T = 1/4,k = 8 for
T.)T = 1/16,and k = 32 for T,/ T = 1/64. We shall explore the inverse relationship between
the time- and frequency-domain extents of signals more fully in the sections that follow. = =
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AFunction sin(pu)/( pu) occurs often in Fourier analysis and given the
name

~

| Q@ Jw (3.24)
| |

0.8

Figure 3.23 (p. 223) 0.6
Sinc function

sinc(u) = sin(pu)/ (pu) 0.4

sinc (u)

0.2

-0.2

-0.4

-0 8 -6 -4 2 0 2 4 6 _8 10



AMaximum of the function is unity atu = 0, zero crossings occur at integers
multiples of u.

APortion of this function between zero crossings a1 = +1 is known as
mainlobe

AThe smaller ripples outside the mainlobe are termedidelobes

AFS coefficients in are expressed as
- 'Y, -

w[ Q) ~ —= | @7 !
» Problem 3.10 Find the FS representation of e sa th wave depicted in Fig. 3.24.
(Hint: Use integration by parts.)

Answer: Integrate ¢ from —3 to 1 in Eq. (3.20) to obtain

FS,—:,‘- ’ k =0
x(t) ——> X[k] =

4
-—2 . 1 k 2 ‘t 2 .
. ehwo 4 —et@/2 | 4 —— (e — ¢**J/2) otherwise
3k*wy <
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Figure 3.24 (p. 223) Periodic signal for Problem
3.10.

x(1)
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Trigonometric Fourier Series

AThe form of the FS described bigs. (3.19) and (3.20) is termed the
exponential FS. The trigonometric FS is often useful for reaélued signals
and Is expressed as

©) 6[m B B[QAI(G 8 B[QOE® o (3.25)

Awhere the coefficients may be obtained fromu(0), using

5T - (O)QO
6 - WOAI(D 9QO (3.26)
5 0 ,,5Y (OOED 0Q6

Awhere B[0] = X[0] represents the time-averaged value of the signal.
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Trigonometric Fourier Series

A5 OET C %Ol AO6O A& Ol Ol A O AGPAT A "QEMR wé
have

6[Q oQ & q
and (3.27)
o[Q @7 o D
Please solve Problem 3.86.
AThe trigonometric FS coefficients of the square wave studied in Example 3.13 are

obtained by substituting Eq. (3.23)[ Q T into Eq. (3.27), yielding
oM <cYFY
 n GOEQCYIY. .
o[ 5 h Q m (3.28)
and

o[Q T
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Trigonometric Fourier Series

AThe sine coefficient® "Q are zero becausev 0 is an even function. Thus, the
sguare wavemay be expressed as a sum of harmonically related cosines:

w(0) S[QAT( 0

AThis expression offers insight into the manner in which each FS component
contributes to the representation of the signal, as is illustrated in the next
example.
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Problem 3.86

3.86 The form of the FS representation presented in this
chapter, namely

x(r) = 2 X[ke!e*

is termed the expone:nnal FS. In this problem, we ex-
plore several alternative, yet equivalent, ways of ex-
pressing the FS representation for real-valued

periodic signals.
(a) Trigonometric form.

(1) Show that the FS for a real-valued signal
x(t) can be written as

x(t) = B[0] + i‘,ﬂ[k] cos(kw,t)
+ A[k] sin(kw,?),

where B[k] and A[k] are real-valued coef-

ficients.
(1) Express X[k] in terms of B[ k] and A[k].

(1i1) Use the orthogonality of harmonically re-
lated sines and cosines (See Problem 3.85)
to show that

1 (7
B[0] == | x(t)dt,
T Jo

2 [T
B(k] = T.A' x(t) cos kw,t dt,
and

5 [T
Alk] = ?./; x(t) sin kw,t dt.

(iv) Show that A[k] = 0 if x(t) is even and
B[k] = 0 if x(t) is odd.

(b) Polar form.

(i) Show that the FS for a real-valued signal
x(t) can be written as

x(t) = C[0] + gc‘[k]ms(km,,r + 6[k]),

where C[k] is the (positive) magnitude and
[ k] is the phase of the kth harmonic.

(i) Express C[k) and 6[k] as a function of
X[k).

(iii) Express C[k] and 6[k] as a funcnonofﬂ[k]
and A[k] from (a).



EXAMPLE 3.14 SQUARE-WAVE PARTIAL-SUM APPROXIMATION Let the partial-sum
approximation to the FS in Eq. (3.29), be given by

xi(t) = éB[k] cos(kw,t).

This approximation involves the exponential FS coefficients with indices —] = k =< J. Con-
sider a square wave with T = 1 and T,/T = 1/4. Depict one period of the Jth term in this
sum, and find x/(¢) for | = 1, 3,7,29, and 99.

Solution: In this case, we have

1/2, k=0
Blk] = { (2/(km))(-1)*"V2, kodd,

0, k even N



Aso the evenindexed coefficients are zero. The individual terms and
partial-sum approximationsare depicted in Fig. 3.25. The behavior of the
partial-sum

Aapproximation in the vicinity of the squarewave discontinuities at t =
+T,==x1/4 Is of particular interest. We note that each partiaisum
approximation passes throughthe average value (1/2) of the
discontinuity.

AOn each side of the discontinuity, the approximation exhibits ripple. As J
iIncreasesthe maximum height of the ripples does not appear to change

Aln fact, it canbe shown that, for any finiteJ the maximum ripple is
approximately 9% of the discontinuity.

AThis ripple near discontinuities in partial-sum FS approximations is
termed the Gibbs phenomenon

AThe square wave satisfies th®irichlet conditions, so weknow that the
FS approximation ultimately converges to the square wave for all values
of t, except at the discontinuities. 65




Figure 3.25a (p.
225)

Individual terms
(top) in the FS
expansion of a
sguare wave and the
corresponding
partial-sum
approximations |(t)
(bottom). The
sguare wave has
period T=1 and
TJT=%. ThelJ=0
termis ,(t) =% and
IS not shown. (a)J=
1.
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Figure 3.25e (p. 226)
(e) J=99.
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The next example exploits linearity and the FS representation of the square wave in
order to determine the output of an LTI system.

EXAMPLE 3.15 RC Cmrcurr: CALCULATING THE OUTPUT BY MEANS OF FS  Let us find
the FS representation for the output y(¢) of the RC circuit depicted in Fig. 3.2 in response to the
square-wave input depicted in Fig. 3.21, assuming that T,/T = 1/4,T = 1s,and RC = 0.1s.

Solution: If the input to an LTI system is expressed as a weighted sum of sinusoids, then
the output is also a weighted sum of sinusoids. As shown in Section 3.2, the kth weight in
the output sum is given by the product of the kth weight in the input sum and the system
frequency response evaluated at the kth sinusoid’s frequency. Hence, if

00

x(t) = 2 X[k]e™, o

k =—o0c



then the output is

¥(t) = 2, H(jkw,)X[k]e™~,

k=-00
where H(jw) is the frequency response of the system. Thus,
y(t) <=2 Y[k] = H(jkw,)X[k].

In Example 3.1, the frequency response of the RC circuit was determined to be

The FS coefficients of the square wave were given in Eq. (3.23). Substituting for H(jkw,)
with RC = 0.1s and w, = 2, and using T,/T = 1/4, gives
B 10 sin{km/2)
E = 2wk + 10 km P




71



