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Chapter 3
Fourier Representations of Signals
and Linear Time -Invariant Systems

Objectives of this chapter
ÅIntroduction
ÅComplex Sinusoids and Frequency Response of LTI 

Systems
ÅFourier Representations for Four Classes of Signals
ÅDiscrete-Time Periodic Signals: The Discrete-Time Fourier 

Series
ÅContinuous-Time Periodic Signals: The Fourier Series
ÅDiscrete-Time Nonperiodic Signals: The Discrete-Time 

Fourier Transform
ÅContinuous-Time Nonperiodic Signals: The Fourier 

Transform
ÅProperties of Fourier Representations
ÅLinearity and Symmetry Properties
ÅConvolution Property
ÅDifferentiation and Integration Properties
ÅTime- and Frequency-Shift Properties
ÅFinding Inverse Fourier Transforms by Using Partial-

Fraction Expansions
ÅMultiplication Property
ÅScaling Properties
ÅParseval Relationships
ÅTime-Bandwidth Product
Å3.18 Duality
Å3.19 Exploring Concepts with MATLAB 312
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3.8 Properties of Fourier Representations

Å4 Fourier representations are summarized in Table 3.2 on the next page where: 

~ Borders summarize periodicity properties of four representations by denoting 

~ time-domain characteristics on top and left sides, 

~ frequency-domain characteristics on the bottom and right sides. 

ÅFor example, the FS is continuous and periodic in time as in ὼὸ ÃÏÓύὸbut 
discrete and nonperiodic in the frequency domain index k.
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Table 3.2 The Four Fourier Representations
Time 

Domain
Periodic 

(t, n)
Nonperiodic

(t, n)

Continuous
(t)

Fourier Series

ὼὸ ὢὯὩ

ὢὯ
ρ

Ὕ
ὼὸὩ Ὠὸ

Fourier Transform

ὼὸ
ρ

ς“
ὢὮύὩ Ὠύ

X Ὦύ ᷿ ὼὸὩ Ὠὸ

Nonperiodic
(k, w)

Discrete
[n]

Discrete-Time Fourier Series

ὼὲ ὢὯὩ

ὢὯ
ρ

ὔ
ὼὲὩ

Discrete-Time Fourier Transform

ὼὲ
ρ

ς“
p

p

ὢὩ Ὡ Ὠɱ

ὢὩ ὼὲὩ

Periodic
Ὧȟɱ

Discrete
(k)

Continuous
ύȟɱ

Frequency 
Domain 4



3.8 Properties of Fourier Representations

ÅContinuous- or discrete-time periodic signals have a series 
representation in which thesignal is represented as a weighted sum 
of complex sinusoids having the same period asthe signal. 

ÅSignals that are periodic in time have discrete frequency-domain 
representationsand nonperiodic time signals have continuous 
frequency-domain representations

ÅThis correspondence is indicated on the top and bottom of Table 3.2.
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Table 3.3 Periodicity Properties of Fourier Representations

Time-Domain
Property

Frequency-Domain
Property

Continuous
Discrete
Periodic

Nonperiodic

Nonperiodic
Periodic
Discrete

Continuous
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3.9 Linearity and Symmetry Properties

Å4 Fourier representations involve linear operations (satisfy 
linearity property):

ÅHere, uppercase symbols denote Fourier representation of the 
lowercase symbols
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◑◄ ╪●◄ ╫◐◄ ╕╣ ╩▒◌ ╪╧▒◌ ╫╨▒◌
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Figure 3.49  (p. 255)
Representation of the 
periodic signal z(t) as a 
weighted sum of periodic 
square waves: 
z(t) = (3/2) x(t) + 1/2y(t). 
(a) z(t). (b) x(t). (c) y(t).
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3.9.1 Symmetry Properties: Real and Imaginary Signals

ÅWe use FT to develop the symmetry 
properties. First, consider

ὢᶻὮύ ὼὸὩ Ὠὸ

ᶻ

᷿ ὼᶻὸὩ Ὠὸ (3.37)

ÅNow, suppose x(t) is real, then 

x(t) = x*( t)

Substitute x(t) for x*( t) to obtain

ὢᶻὮύ ὼὸὩ Ὠὸ
11
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ÅThis implies that, if ὢὮύis real, 
╧ᶻ▒◌ ╧ ▒◌

ÅThus, ὢὮύis complex, taking real and imaginary parts of this 
expression gives 
ὙὩὢὮύ ὙὩὢ Ὦύ ÁÎÄὍάὢὮύ Ὅάὢ Ὦύ

ÅIn words, 

Åif x(t) is real , then 

Åreal part of transform is an even function of frequency, 

Åimaginary part of transform is an odd function of frequency

Åi.e. magnitude spectrum is an even function while phase 
spectrum is an odd function

ÅThis is summarized in Table 3.4 
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Table 3.4 Symmetry Properties for Fourier Representation
of Real- and Imaginary -Valued Time Signals

Representation
Real-Valued
Time Signals

Imaginary- Valued
Time Signals

FT ὢᶻὮύ ὢ Ὦύ ὢᶻὮύ ὢ Ὦύ

FS ὢᶻὯ ὢ Ὧ ὢᶻὯ ὢ Ὧ

DTFT ὢᶻὩ ὢὩ ὢᶻὩ ὢὩ

DTFS ὢᶻὯ ὢ Ὧ ὢᶻὯ ὢ Ὧ
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ÅConjugate symmetry property for the DTFS may be written as X*[k] = X[N - k], 

Åbecause the DTFS coefficients are N periodic, and thus X[-k] = X[N - k].

ÅLet the real valued input signal be ὼὸ ὃὧέίύὸ ‰ and the real-valued 
impulse response be denoted by h(t). 

ÅThen the frequency response H(jw) is the FT of h(t) and is thus conjugate 
ÓÙÍÍÅÔÒÉÃȢ 5ÓÉÎÇ %ÕÌÅÒȭÓ ÆÏÒÍÕÌÁ ÔÏ ÅØÐÁÎÄ Øɉ ÔɊ ÇÉÖÅÓ

ὼὸ
ὃ

ς
Ὡ

ὃ

ς
Ὡ

ÅApplying (3.2) and linearity

ώὸ ὌὮύ
ὃ

ς
Ὡ Ὄ Ὦύ

ὃ

ς
Ὡ
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Figure 3.50  (p. 257) : A sinusoidal input to an LTI system results in a sinusoidal 
output of the same frequency, with the amplitude and phase modified by the 
ÓÙÓÔÅÍȭÓ ÆÒÅÑÕÅÎÃÙ ÒÅÓÐÏÎÓÅ

ÅExploiting the symmetry condition and simplifying:

ώὸ ὌὮύὃὧέίύὸ ‰ ÁÒÇὌὮύ)

ÅThis is Showin in Fig. 3.50 below
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Åif x[n] = A cos(Wn -f) is the input to a discrete-time LTI system with a 
real-valued impulse response h[n], then y[n] is the output signal:

ώὲ ὌὩ ὃὧέίɱὲ ‰ ÁÒÇὌὩ )

Åsuppose that x(t) is purely imaginary, so that x*( t) = -x(t). 

ÅSubstituting x*(t) = -x(t) into Eq. (3.37) results in

ὢᶻὮύ ὼὸὩ Ὠὸ

ÅThat is

ὢᶻὮύ ὢ Ὦύ (3.39)

ÅThe real part is then Re{X[jw]} = - Re{X[-jw]} (odd symmetry) and 
Im{X[jw]} = Im{X[-jw]} (even symmetry) as shown in Table 3.4.
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Figure 3.48  (p. 252) : Spectrum of the raised-cosine pulse in dB, normalized by T0. 18



Figure 3.49  (p. 255)
Representation of the 
periodic signal z(t) as a 
weighted sum of periodic 
square waves: 
z(t) = (3/2) x(t) + 1/2y(t). 
(a) z(t). (b) x(t). (c) y(t).
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3.9.2 Symmetry Properties: Even and Odd Signals
ÅSuppose that x(t) is real-valued and has even symmetry. Then x*( t) = x(t) 

and

Åx(-t) = x(t), from which we deduce that x*(t) = x(-t). Substituting x*(t) = x(-t) 
into Eq. (3.37), we may write

ὢᶻὮύ ὼ ὸὩ Ὠὸ ὼ†Ὡ Ὠ† ὢὮύ

ÅHence, x(t) is real.

ÅSimilarly, we may show that if x(t) is real and odd, then X*(jw) = -X(jw) and 
X(jw) is imaginary.
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3.10 Convolution Properly
ÅConvolution of signals in time domain transforms to multiplication in 

frequency domain. 

3. 10.1 Convolution of Nonperiodic Signals
ÅConsider convolution of two nonperiodic continuous-time signals x(t) and 

h(t)

ώὸ Ὤὸ ὼzὸ ὼ†ὼὸ †Ὠ† ὌὮύὢὮύὩ Ὠύ

Åand we identify H(jw)X(jw) as the FT of y(t). Hence

ώὸ Ὤὸ ὼzὸ ὣὮύ ὢὮύὌὮύ (3.40)

ÅAnd for DTFT, we have

ώὲ ὼὲ Ὤzὲ ὣὩ ὢὩ ὌὩ (3.40)21
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Convolution of rectangular functions in time domain transform into 
multiplication of sinc functions in frequency domain

Triangle_Spectrum.m
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Table 3.2 The Four Fourier Representations
Time 

Domain
Periodic 

(t, n)
Nonperiodic

(t, n)

Continuous
(t)

Fourier Series

ὼὸ ὢὯὩ

ὢὯ
ρ

Ὕ
ὼὸὩ Ὠὸ

Fourier Transform

ὼὸ
ρ

ς“
ὢὮύὩ Ὠύ

X Ὦύ ᷿ ὼὸὩ Ὠὸ

Nonperiodic
(k, w)

Discrete
[n]

Discrete-Time Fourier Series

ὼὲ ὢὯὩ

ὢὯ
ρ

ὔ
ὼὲὩ

Discrete-Time Fourier Transform

ὼὲ
ρ

ς“
p

p

ὢὩ Ὡ Ὠɱ

ὢὩ ὼὲὩ

Periodic
Ὧȟɱ

Discrete
(k)

Continuous
ύȟɱ

Frequency 
Domain
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Convolution of sinc functions in time domain transform into 
multiplication of rectangles in frequency domain 
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Example: Find inverse Fourier Transform of Ὂ

Solution: 

ὼὸ Ὂ Ὂ

Ὂ Ὂz ςὶὩὧὸz ςὶὩὧὸ

ψὸὶὭὥὲὫ
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Convolution of rectangular functions in time domain transform into 
multiplication of sinc functions in frequency domain
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Figure 3.52  (p. 261)
Signals for Example 3.32. 
(a) Rectangular pulse z(t). 
(b) Convolution of z(t) with itself gives x(t).
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Figure 3.51  (p. 259)
Frequency-domain representations for Problem 3.17. 
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3.10.2 Filtering
ÅȰ&ÉÌÔÅÒÉÎÇȱ ÉÍÐÌÉÅÓ ÔÈÁÔ ÓÏÍÅ ÆÒÅÑÕÅÎÃÙ ÃÏÍÐÏÎÅÎÔÓ ÏÆ ÔÈÅ ÉÎÐÕÔ ÁÒÅ 

eliminated while others are passed by the system unchanged. 
ÅA low-pass filter attenuates high-freq components of the input and 

passes the lower frequency components. 
ÅIn contrast, a highpassfilter attenuates low frequencies and passes 

the high frequencies. 
ÅA band-pass filter passes signals within a certain frequency band 

and attenuates signals outside that band.

ÅFigures 3.53(a)-(c) illustrate ideal low-pass, high-pass, and band-pass 
filters, respectively, corresponding to both continuous and discrete-
time systems. 

ÅCharacterization of discrete-time filter is based on its behavior in the 
frequency range -“< W< “because its frequency response is 2“-
periodic. 32



Figure 3.53 : Frequency response of ideal continuous- (left panel) and discrete-time (right panel) filters. 
a) Low-pass characteristic, b) High-pass characteristic,  c) Band-pass characteristic. 33



3.10.2 Filtering
ÅIn signal processing, a filter is a device or process that removes some unwanted 

components or features from a signal. e.g. Low Pass Filter removes high frequencies

34
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3.10.2 Filtering
ÅImpossible to build a practical system that has the discontinuous frequency 

response characteristics of the ideal systems depicted in Fig. 3.53. 

ÅRealistic filters always have a gradual transition from passband to stopband. 

ÅThe range of frequencies over which this occurs is known as the transition band. 

ÅRealistic filters do not have zero gain over entire stopband, but very small gain 

ÅFilters with sharp transitions from passband to stopband are difficult to 
implement. 

ÅMagnitude response of a filter is commonly described in units of decibels dB, 
defined asςπὰέὫὌὮύor ςπὰέὫ|ὌὩ )| .
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Decibel Concept

ÅTo convert a ratio into DeciBell(dB) we do: ρπÌÏÇ ὖȾ Ä"

ÅTo convert the loss (L) into DeciBell(dB) we do: ρπÌÏÇὰ ὒÄ"

ÅSignal power levels are usually expressed with respect to 1 mW power as dBm 

ρπÌÏÇ
ὖ

ράὡ
ρπÌÏÇ

ὖ

ρπ
ρπÌÏÇρπὖÄ"Í

ÅMore on logarithms

ρπÌÏÇὦ ὧ ᵼ ÌÏÇὦ
ὧ

ρπ
ᵼ ὦ ὥȾ

ςπÌÏÇς ςπÌÏÇςȾ ρπÌÏÇς ρππȢσ σÄ"

ÅA factor of 2 larger or twice means ρπÌÏÇς σὨὄᵼ 3 dB higher.

ÅA factor of 2 smaller or half means ρπÌÏÇ ρπÌÏÇς σὨὄᵼ 3 dB 

smaller
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3dB Bandwidth

ÅThe 3 dB bandwidth is the frequency at which the signal amplitude 
reduces by 3 dB i.e. becomes half of its maximum value. 

ÅThe bandwidth of a filter is usually defined as the 3 dB bandwidth.
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3dB Bandwidth
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ÅThe edge of the passband is usually defined by frequencies for which the 
response is -3 dB, corresponding to a magnitude response of . 

ÅSince the energy spectrum of the filter output is given by 

ὣὮύ ὌὮύ ὢὮύ

Åthe -3 dB point corresponds to frequencies at which filter passes only half of 
the input power and these frequencies are called the cut-off frequencies

ÅThe frequency response of the continous-time filter is

(3.42)

ÅAnd the frequency response of the discrete-time filter is

(3.43)
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Figure 3.54  (p. 264) : RCcircuit with input x(t) and outputs yc(t) and yR(t).
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Figure 3.55a&c  (p. 265)
RCcircuit magnitude responses as a function of 
normalized frequency wRC.
a) Frequency response of the system 
corresponding to yC(t), linear scale. 
b) Frequency response of the system 
corresponding to yR(t), linear scale. 
c) Frequency response of the system 
corresponding to yC(t), dB scale. 
d) Frequency response of the system 
corresponding to yR(t), dB scale, shown on the 
range from 0 dB to ɀ25 dB.
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Figure 3.55b&d  (p. 265)
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ÅThe convolution property implies that the frequency response 
of a system may be expressed as the ratio of the FT or DTFT of 
the output to that of the input. Specifically, we may write, for a 
continuous-time system

ὌὮύ (3.42)

and for the discrete-time system

Ὄ(Ὡ ) (3.43)
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ÅNote that Eqs. (3.42) and (3.43) also imply that we can recover 
the input of the system from the output as

ὢὮύ Ὄ ὮύὣὮύ

ÅAnd for the discrete-time case

ὢὩ Ὄ Ὡ ὣὩ

ÅAn inverse system is also known as an equalizer , and the 
process of recovering the input from the output is known as 
equalization .
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3.10.3 Convolution of Periodic Signals
ÅThe convolution of periodic signals does not occur naturally since any system with 

a periodic impulseresponse is unstable. 

ÅDefine periodic convolution of 2 continuous-time signals x(t) and z(t), with period 
T, as

ώὸ ὼὸṫᾀὸ ὼ†ᾀὸ †Ὠ†

Åwhere the symbol ṫ denotes that integration is performed over a single period

ÅDiscrete-time convolution of two N-periodic sequences x[n] and z[n] defined as

ώὲ ὼὲṫᾀὲ ὼὯᾀὲ Ὧ

ÅThis is the periodic convolution of ὼὲand ᾀὲ. The signal y[n] is N periodic. 
DTFS representation for z[n] results in the property

ώὲ ὼὲṫᾀὲ
ȟp

ὣὯ ὔὢὯὤὯ (3.46)
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Figure 3.56  (p. 268) : Square wave for Example 3.36.54



3.11 Dfferentiation and Integration Properties
ÅDifferentiation and integration apply to continuous functions. 

ÅWe derive integration and differentiation properties for several of these cases.
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TABLE 3.6 Commonly Used Differentiation and Integration Properties .

Ὠ

Ὠὸ
ὼὸ ὮύὢὮύ Ὦὸὼὸ

Ὠ

Ὠύ
ὢὮύ

Ὠ

Ὠὸ
ὼὸ

Ƞ
ὮὯύὢὯ

Ὦὲὼὲ
Ὠ

Ὠɱ
ὢὩ

ὼ†Ὠ†
ρ

Ὦύ
ὢὮύ “ὢὮπ‏ύ



3.11.1 Differentiation in Time
ÅConsider the effect of differentiating a nonperiodic signal x(t), where x(t) 

and its FT, X(jw), are related by

ÅDifferentiating both sides of this equation with respect to t yields

Åfrom which it follows that

Ådifferentiating a signal in the time domain corresponds to multiplying its FT 
by jw in the frequency domain
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ÅNote that in case (c), when Q is large, there is a sharp peak in the
frequency response at wn = 10,000 rad/s, which indicates a resonant 
condition. 

ÅThe accelerometerapplication favors Q = 1, so that all accelerations in 
the frequency range of interest,w < wn are characterized by approx.
equal gain. 

ÅIf Q < 1, then the system bandwidthdecreases, so the accelerometer 
response to input components near wn is reduced. 

ÅIf Q >> 1, then the device acts as a very narrowband bandpass filter and 
the accelerometerresponse is dominated by a sinusoid of frequency wn

ÅA resonant condition occurs when the damping factor D representing 
frictional forces is small, since Q varies inversely with D, 

ÅNote that the potential energy associated with the spring is maximal 
when the mass is atmaximum displacement and zero when the mass 
passes through the equilibrium position 59



ÅConversely, kinetic energy is maximal when mass passes through 
equilibrium

Åposition, since that is when the velocity reaches a maximum, and is zero 
when the mass is at maximum displacement. 

ÅMechanical energy in system is constant, so, at resonance, kinetic energy is 
being exchanged with potential energy as the mass oscillates in a sinusoidal 
fashion. 

ÅThe frequency of motion for which the maximum kinetic energy is

Åequal to the maximum potential energy determines the resonant frequency 
wn. 

ÅAnalogous resonant behavior occurs in a series RLC circuit, although here 
the resistor is the loss mechanism, so resonance occurs when the resistance 
is small. 

ÅThe capacitor and inductor are energy storage devices and an oscillatory 
current-voltage behavior results from energy exchange between capacitor 
and inductor.
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Figure 3.58  (p. 
273)
Magnitude of 
frequency response 
in dB for MEMS 
accelerometer for 
wn = 10,000 rad/s, 
Q= 2/5, 
Q= 1, and 
Q= 200.
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Figure 3.57  (p. 270)
The signal z(t) defined 
in Eq. (3.45) when J= 
10.
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Figure 3.59  (p. 274) : Signals for Example 3.39. 
(a) Triangular wave y(t). 
(b) The derivative of y(t) is the square wave z(t). 65
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