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1.4 Classification of Signals

1) Continuoustime and discretetime signals

A Discrete-Time Signal

NASEEIAN y:rl e

ContinuousSignal Discrete Signal



1.4 Classification of Signals

1) Continuous -time and discrete -time signals
AA signal x(t) is said to be a continuougime signal if it is defined for all timet.

AFigure 1.11 represents an example of a continuotteme signal whose
amplitude or valuevaries continuously with time.

AContinuoustime signals arise naturally when a physicalvaveform such as an
acoustic wave or a light wave is converted into an electrical signal.

AConversion is effected by a transducer; examples include the microphone,
which converts variations in sound pressure into corresponding variations in
voltage orcurrent, and the photocell, which does the same for variations in

light intensity.



x(1)

Figure 1.11 (p. 17)Continuoustime signal.



1.4 Classification of Signals

Aln contrast, a discretetime signal is defined only at discrete instants of time.
AThus, theindependent variable has discrete values only

AA discrete-time signal is often derived from a continuougime signal by
sampling it at a uniformrate. LetT,denote the sampling period and n denote an
Integer that may assume positiveand negative values.

AThen sampling a continuousgtime signal x(t) at time t = nT,yields a sample with
the valuex(nT). For convenience of presentation, we write

x[n] =x(nTY),n=0,+1+2, (1.1)

AConsequently, a discretgime signal is represented by the sequence of numbers
., X[-2], X[-1 ], X[O], X[ 1 ], X[2],8 , which can take on a continuum of values.

ASuch a sequence afumbers is referred to as a time series, written as{n], n =
0,%1,+2,8 }, or simply x[n]. The latter notation is used throughout this book.



Figure 1.12 illustrates the relationshipbetween a continuoustime signal x(t) and a

discrete-time signal x[n] derived fromit as described by Eqg. (1.1).
Here, Ymbol t denotestime for a continuoustime signaland symboln denotestime

for a discrete-time signal

X(1)

, ????TTTTT? )

| ]

(b)

(a)

Figure 1.12 (p. 17)
a) Continuoustime signalx(t). b) Representation ofx(t) as a discretetime signalx[n].



‘ 011
2 ‘ 010 ‘ 010
1 ‘ 001 001

\

0 ‘ 000 000 000
‘ Time

-1 101 101

110
. 110 ‘ 110
-3 . A
111

Converting a continuoustime signalx(t) into a discretetime signalx|n]



2) Even and odd signals

AContinuous-time signal x(t) is said to be an even signal if

X(-t) =x(t) for all t (1-2)
AThe signal Xt) is said to be an odd signal if
X(-t) =-x(t) for all t =)

Aln other words, even signals are symmetric about the vertical axis, or time
origin, whereasodd signals are antisymmetric about the time origin.



Example 1.1 EVEN AND ODD SIGNALS: Consider the signal
s O E(l—?ﬁ Y O Y
wo) " \o
T | OEAOOEOA
Is the sighalw 0 an even or odd function of time t?

Solution: Replacing with zt yields

o O l gﬁe —)h Y O ' lv (ée—)h Y O Y 0o for
Tth € 0 QQI v QmMQ €0 QQ1I LQAQI Q
all t.

Which satisfied Eq. (1.3). Henaeo is an odd signal.
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EXAMPLE 1.2 ANOTHER ExaMPLE OF EVEN AND ODD SiGNALS Find the even and odd

components of the signal
x(t) = e ¥ cost.
Solution: Replacing ¢ with —¢ in the expression for x(¢) yields
x(—t) = e* cos(—t)
= ¢* cost.

Hence, applying Eqgs. (1.4) and (1.5) to the problem at hand, we get

1 |
wlt) =3 (xm + x(—n) xlt) = (:c{r) - x(-t))
x,(t) = %(e‘z‘ cost + e*cost) x,(t) = %(e""cost — e¥cost)
= cosh (2t) cost = —sinh (2¢) cost,

where cosh (2¢) and sinh (2¢) respectively denote the hyperbolic cosine and sine of time 2.

11



» Problem 1.1 Find the even and odd components of each of the following signals:
(a) x(¢) = cos(t) + sin(z) + sin(2) cos(2)
(b) x(2) =1+ ¢+ 3t + 523 + 9¢*
(c) x(t) =1 + tcos(t) + t?sin(t) + t’sin(¢) cos(?)
(d) x(¢) = (1 + ¢3) cos®(10¢)

Answers:
(a) Even: cos(2)
Odd: sin(z)(1 + cos(2))
(b) Even: 1 + 3t* + 9¢*
Odd: t+ s¢°
(c) Even: 1 + t3sin(¢) cos(?)
Odd: tcos(t) + t*sin(t)
(d) Even: cos’(102)
Odd: t’cos’(10¢)



Conjugate Symmetric Signals

A complexvalued signal x(t) is said to be conjugate symmetric if
o 00 w O (1.6)
where the asterisk denotes complex conjugation.
Leta(d) (0 Q@
where a(t) is the real part ofx(t), b(t) is the imaginary part, andQ + p.
Then the complex conjugate of x(t) Is _
WO O Qw

Substituting x(t) and @ (0) into Eq. (1.6) yields i

a0 Qwo o Qo
Equating the real part on the left with that on the right, and similarly for the
imaginary parts, we find thata 6) @O andw( 0) WO

It follows that a complexvalued signalw 0 is conjugate symmetric if its real part is
even and its imaginary part is odd(similar remark applies to a discretetime signal) **



Fundamental Frequency / Fundamental Period of
Continuous Time Signals

To identify the period T, the frequencyQ pf Yor the angular frequency
[’) C 1 "Qc ‘T'Y

of a given sinusoidal or complex exponential signal, it is always helpful to writ
it in any of the following forms

OKd9 OHJ* Mo OE] “Toy
The fundamental frequency of a signal is the Greatest Common Divisor (GCL
of all the frequency components contained in a signal

and equivalently,

the fundamental period is the Least Common Multiple (LCM) of all individual
periods of the components. B



Fundamental Period of Discrete Time Signals

For a discrete complex exponentiadlde| Q to be periodic with period N,
It has tosatisfy
Q ¢ ) Q nh aB  Q Q p

~
€

thatis,0 0 hastobe a multipleof¢c “+ 00 ¢*“ Q+ — Q0

Ask is an integer,u ¢ “has tobe a rational number (a ratio of two integers).
In order for the period0 Q¢ 0 to be the fundamental periodk has tobe
the smallest integer that makedN an integer.

The fundamental angular frequency is then:
0 ¢ U TQ
The original signal can now be written as:
oe] Q (0) Q 7 8



» Problem 1.2 The signals x,(¢) and x,(#) shown in Figs. 1.13(a) and (b) constitute
the real and imaginary parts, respectively, of a complex-valued signal x(¢z). What form of
symmetry does x(z) have?

Answer: The signal x(2) is conjugate symmetric. !

3. Periodic signals and nonperiodic signals.
A periodic signal x(t) is a function of time that satisfies the condition

x(t) =x(t+T) for all z, (1.7)

where T is a positive constant. Clearly, if this condition is satisfied for T = T, say, then it
is also satisfied for T = 2T, 3T, 4715, . ... The smallest value of T that satisfies Eq. (1.7)
is called the fundamental period of x(t). Accordingly, the fundamental period T defines the
duration of one complete cycle of x(2). The reciprocal of the fundamental period T is called
the fundamental frequency of the periodic signal x(t); it describes how frequently the pe-
riodic signal x(z) repeats itself. We thus formally write

1
f= = (1.8)

The frequency f is measured in hertz (Hz), or cycles per second. The angular frequency, mea-
sured in radians per second, is defined by

w=2nwf = — (1.9)

16



since there are 27 radians in one complete cycle. To simplify terminology, @ is often referred
to simply as the frequency.

Any signal x(¢) for which no value of T satisfies the condition of Eq. (1.7) 1s called
an aperiodic, or nonperiodic, signal.

Figures 1.14(a) and (b) present examples of periodic and nonperiodic signals, respectively.
The periodic signal represents a square wave of amplitude A = 1 and period T = 0.2, and
the nonperiodic signal represents a single rectangular pulse of amplitude A and duration T;.

J‘51(_1’) x5(1)
A

A Figure 1.13 (p. 20)
(a) One example of continuoudime signal.

r |, (D) Another example of a continuousime signal.
-T2 0 T2 T1/2| O T,/2
-A

(a) )
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» Problem 1.3 Figure 1.15 shows a triangular wave. What is the fundamental fre-
quency of this wave? Express the fundamental frequency in units of Hz and rad/s.

Answer: 5 Hz, or 10w rad/s. 4

The classification of signals into periodic and nonperiodic signals presented thus far
applies to continuous-time signals. We next consider the case of discrete-time signals. A
discrete-time signal x[n] is said to be periodic if

x[n]) = x[n + N] forintegern, (1.10)

where N is a positive integer. The smallest integer N for which Eq. (1.10) is satisfied is
called the fundamental period of the discrete-time signal x[7]. The fundamental angular fre-
quency or, simply, fundamental frequency of x[#] is defined by
27
Q=-5, (1.11)
which is measured in radians.

The differences between the defining equations (1.7) and (1.10) should be carefully
noted. Equation (1.7) applies to a periodic continuous-time signal whose fundamental pe-
riod T has any positive value. Equation (1.10) applies to a periodic discrete-time signal
whose fundamental period N can assume only a positive integer value.

18



x(r) x(r)

0
0 0.2 0.4 0.6 0.8 1.0 =L

Time t

(a) (b)

Figure 1.14 (p. 21)
(a) Square wave with amplitudeA= 1 and periodT = 0.2s.
(b) Rectangular pulse of amplitudeA and duration T,.
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x(r)

0

(0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 I

Time t. seconds

Figure 1.15 (p. 21)
Triangular wave alternative betweenz1 and +1 for Problem 1.3.
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Two examples of discreteime signals are shown in Figs. 1.16 and 1.17; the
signal ofFig. 1.16 is periodic, whereas that of Fig. 1.17 is nonperiodic.

Q0 0

00

x|n]

l oooo

0

oooo0-+ -1

Figure 1.16 (p. 22)
Discrete-time square wave

alternative betweenz1 and +1.

000

Q0 Q

n

x[n]

|

O O O n

-4 -3 2 -1 0 1

o -0
W O
= O

Figure 1.17 (p. 22)
Aperiodic discrete-time signal
consisting of three nonzero samples.
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» Problem 1.4 Determine the fundamental frequency of the discrete-time square wave
shown in Fig. 1.16.

Answer: /4 radians. <

» Problem 1.5 For each of the following signals, determine whether it is periodic, and
if it is, find the fundamental period:

Answers:
(a) x(t) = cos®(2mt) (a) Periodic, with a fundamental period of 0.5 s
(b) x(t) = sin’(2t) (b) Periodic, with a fundamental period of (1/7) s
(c) x(t) = e 2 cos( 27rt) (c) Nonperiodic
(d) x[n] = (—-1)" (d) Periodic, with a fundamental period of 2 samples
(¢) x[n] = (-=1)" (e) Periodic, with a fundamental period of 2 samples
(f) x[n] = cos(2n) (f) Nonperiodic
(8) x[n] = cos(2mn) (g) Periodic, with a fundamental period of 1 sample




4. Deterministic signals and random signals

AA deterministic signal is a signal about which there is no uncertainty with
respect to its value at any time. Deterministic signals may be modeled as
completely specified functions of time

AEXx. Square wave in Fig. 1.13 and rectangular pulse in Fig. 1.14 @egerministic
x(r) x(r)

| A

.. 0
-]

0 0.2 0.4 0.6 0.8 1.0 =1 =™
Time t
Figure 1.14 (p. 21) @ (b)
(a) Square wave with amplitudeA= 1 and periodT = 0.2s.
(b) Rectangular pulse of amplitudeA and duration T,. 23



4. Deterministic signals and random signals

AThere is always uncertainty before ~ “°7
random signals occurs.

AElectrical noise generated in a radio
or television receiver amplifier is an
example of a random signal.

V Its amplitude fluctuates between -« : | : ] ] S
positive and negative values in a LI SO G e
completely random fashion.

N

o

o
|

Noise voltage (uv)
N
(]
o o
1 |
1

S

f
/$ L~ D Interference

S o
AAnother example ofarandom signal
IS the signal received in radio comm.
AThis signal consists of M
V an information-bearing SRS \f — w w ”‘ ﬂ
component, — =2 M T e
V an interference Component UAV Remote Controller  Receiver S ——— Frequency Domain

V and electrical n_0|se ge.nerated at RF SignaBased UAV Detection and Mode Classification
front end of radio receiver. https://www.mdpi.com/1099 -4300/23/12/1678 24



https://www.mdpi.com/1099-4300/23/12/1678

Electroencephalogram (EEG)

PD
signal examples of human brain. £ s 2 20 A
gamma 0! o == 3 FA
2 .50 8 Oriit / St
=4 ’ P20kttt s
. 100¢ _ 20 pEad
- < B N
beta = o =~ 0 ¢ 2
> O f 2 & \
&0 | & 20 i ] ' g
-100& M - 4 . S0 | & : . . e
~ 100} 20} & i
-~ oa) A4\
= ! - PN
alpha = 0i = 0 \
) | - WX
5 | £ .20 N\
-100} 2 NE
. 100[ 20} iA
= 8 oIS
theta = 0} = 0 e
. . B l - 20 o P
https://soterixmedical.co o ol - .
m/research/ mobile-eeg ) ’ - A o
9 100} a 20 \'\

- delta = o = VI A
https://www.researchgate.net/publication/3 < - -20 -
09291466_Complexity_of resting = -1007 : : : % , 4V 1 | i .
state_ EEG_activity_in_the_patients_with_early 0 y) 4 6 8 10 '60(5’ 20 40 60
-stage_Parkinson%?27s_disease/figures?ld= time (s) frequency (Hz)
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https://www.researchgate.net/publication/309291466_Complexity_of_resting-state_EEG_activity_in_the_patients_with_early-stage_Parkinson%27s_disease/figures?lo=1
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https://www.researchgate.net/publication/309291466_Complexity_of_resting-state_EEG_activity_in_the_patients_with_early-stage_Parkinson%27s_disease/figures?lo=1

Yetother examplesof random signals are theEEG& ECG signalgvaveforms of a rat.

0.75 mV

Left EEG
075 mV

075 mvy
Right EEG

0.75 mV
1.25 mV

ECG

0.5mVv

Smart '
- AC\Q Swt.m:h' .
—_— Iy — T?-‘:” “ | ll
{ | w wl \
‘:l : & s \
- = %'sl, )
- - o -__4:
SR — M~
\..z-
€ Blo-potential
Pod
1 [ [ [ |
01:21:42 01:2143 01:21:44 01:21:45 01:21.46

Elapsed Time (W mm:ss)

https://europepmc.org/article/med/29443088
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Yet another example of a random signal is the EEG signal waveforms in Fig.

(a)

(b)

(¢) II 110%

’ e 9 B
Os [tme — oS

Figure 1.9 (repeated for convenience)
The traces shown in (a), (b), and (c) are three examples of EEG signals

recorded from the hippocampus of a rat. Neurobiological studies suggest tha
the hippocampus plays a key role in certain aspects of learning and memory;



5. Energy signals and Power Signals

Aln electrical systems, a signal may represent a voltage or a current.
AConsider a voltage v(t) developed across a resistor R, producing a curréft)
AThe instantaneous power dissipated in this resistor is defined by

no — YQ) (I D2 e )

Aln signal analysis, power is defined across adhm resistor, so, we may
express the instantaneous power of the signal as

no () (1.14)
Awe define the total energy of the continuougime signal x(t) as

T2
E= hm/ x%(t) dt
T"‘: -1/2 (1.15)
= / x*(t) dt



5. Energy signals and Power Sgnals

Aand time-averaged power of a periodic signak(t) of fundamental period T is
given by

0 1 Ed, ®(@©Qo -, ®(©Qo (1.17)

ASguare root of average powerPis called the roof meansquare (rms) value of
the periodic signal x(t).

Aln the case of a discretdime signalx[n], integrals in Egs (1.15) and (1.16)
are replaced by corresponding sums.

29



5. Energy signals and Power Sgnals

AThus, the total energy of x[n]s defined by
O B w & (1.18)
AANd its average power is defined by
O | E+B W € (1.19)

AFrom Eg. (1.19), the average power in a periodic signal x[m}ith
fundamental period N is given by

0 -B o ¢ (1.20)

30



5. Energy signals and Power Signals

AA signal is referred to as an energy signal if and only if the total energy of th
signal satisfies the condition

O<El ™

AThe signal is referred to as a power signal if and only if the average power o
the signal satisfies the condition

O0<Pl M

AThe energy and power classifications of signals are mutually exclusive. In
particular an energy signal has zero timeaveraged power, whereas a power
signal has infinite energy.

APeriodic signals and random signals are power signals, whereas
deterministic and nonperiodic signals are energy signals

31



5. Energy signals ,

and Power Signals b
Problem 1.6: — — 0

0 0.2 04 0.6 0.8 1.0 te=T, =1

(a) What is the total energy of the Time
rectangular pulse shown in Fig. (®)

?
1.14(p)’ Figure 1.14 (p. 21)
(b) What is the average power of (a) Square wave with amplitude A = 1 and period T = 0.2s.
the square wave shown in Fig. (b) Rectangular pulse of amplitude A and duration T,.
1.14(a)? x(1)

Answers; (2)A’T, (b) 1. '\/\/\/\/\/\/
see 0 "
-1

Problem 1.7 0 01 02 03 04 05 06 07 08 09 1

Detel‘mlne the average power Of Time 1, seconds
the triangular wave shown in Fig.
1.15.

_ Figure 1.15 (p. 21)
Answer: 1/3 Triangular wave alternative between —1 and +1 for Problem 1.3,



5. Energy signals and Power Sgnals

Answers:

Problem 1.8 t, 0=t=1

Determine the total (= {2 ;’ . i;cr::cz (a) Energy signal, energy = 3

energy of the discrete n, 0sSn<S5 (b) Energy signal, energy = 85

time signal shown in  ®) x[»] = {100‘ e Z;“';:c“’ (c) Power signal, power = 13

Flg' 1.17. (c) x(2) = 5cos(1’rt) + sin(57t), —00 < ¢t < 00 (d) Energy sngnal, EnCIgy = 25

Answer: 34 B o Scos(an), —1ses1 (¢) Energy signal, energy = 12.5
o SRS : 0, otherwise (f) Zero signal

(F;ra(iege(;rr]izlégeach of the © = tscosgr : ;tgcsf:'sis . (:) —— s.ignal’ i =19

following signals as an 0 x{n] = [sin(mn), —4 =< ns4 (); Pomer mgual, power = 3

energy signal or a power L teawie

signal, and find the (@) ] ) (TR 4

energy or time-averaged . O ofiewi

power of the signal: () x{n] = {C“g”'”)' " :“‘:mc

33



1.5 Basic Operations on Signals

ATwo classes of operations on signals are
Aoperations performed on dependent variables and
Aoperations performed on independent variables

Amplitude scaling

Let X(t) denote a continuoustime signal. Then the signal y(t) resulting from
amplitude scaling applied to x(t) is defined by

y(t) =cx(t) (1.21)
Awhere c is the scaling factor.
ADevice that performs amplitude scaling are electronic amplifier and resistor.
Aln a mannersimilar to Eq. (1.21), for discretetime signals, we write

WeE] wa

34



1.5 Basic Operations on Signals

Addition

ALet x,(t) and x,(t) denote a pair of continuoustime signals. Then the signa(t)
obtained by the addition ofx,(t) and x,(t) is defined by

y(t) =X (t)+ Xx(t) (1.22)
AExample device that adds signals is an audio mixécombines musicand voice
AFor discrete-time signals, wehave

yIn] =x,[n]+ x;[n]
Multiplication
AThe multiplication of a pair of continuoustime signalsx,(t) and x,(t)

y(t) =X (t)Xx(1) (1.23)
AExample of y(t) is an AM radio signal
AFor discrete-time signals, we writey[n] = x,[n]X,[n]

35



1.5 Basic Operations on Signals

10 Differentiation .
— A Letx(t) denote a continuoustime signal. Then the
- derivative of x(t) with respect to time is defined by
w(1) I W0 —wo (1.24)

Example: An inductor performs differentiation.

O

Leti(t) denote the current flowingthrough an inductor of

Figure 1.18 (p. 26)  jnductancel, as shown in Fig. 1.18. Then the voltagét)
Inductor with current

i(t), inducing voltage ~ d€velopedacross the inductor is defined by
v(t) across its V() —" (1.25)

terminals.

36



1.5 Basic Operations on Signals
1(1)

N Integration
t A Let x(t) denote a continuoustime signal. Then the
V(1) —L Integral of x(t) with respect to timet is defined by

Wwo . wTa (1.26)
A A Gapacitor performs integration.

Capacitor with ALeti(t) denote the current flowing through a capacitor of
voltage v(t) across capacitance C, as shown in Fig. 1.19. Thide voltage
its terminals, v(t) developed across the capacitor is defined by

Inducing current .« s v~
10) vo - AQ (1.27)

O

Figure 1.19 (p. 27)

37



1.5.2 Operations Performed on the Independent Variable
Time scaling

ALet x(t) denote a continuoustime signal. Then the signay(t) obtained by
scaling the independent variable, time t, by a factor a is defined by
y(t) =x(at)
ACompressed(a > 1), expanded(0 < a < ) version of x(t) shown in Fig. 1.20
Aln the discrete-time case, we writey[n] = x[kn], k>0,

l
x(1) y(1) = x(21) _\‘(l)-—-.\'(;l)

-2 0 2

1D | v
0 |

(a) (b) (¢)

Figure 1.20 (p. 27) : Time-scaling operation; (a) continuoustime signalx(t), (b) version of
X(t) compressed by a factor of 2, and (c) version &ft) expanded by a factor of 2.

38



1.5.2 Operations Performed on the Independent Variable

A y[n] = x[kn] is defined only for integer values of k. If k > 1, then some values
of the discretetime signaly[n] are lost, as illustrated in Fig. 1.21 fork = 2
A The samplesx[n] for n =+ 1,3, . . . are lost because puttifng= 2 in x[kn]

causes these samples to be skipped.

R

(a) (b)

Figure 1.21 (p. 28)
Effect of time scaling on a discretéime signal: (a) discretetime signalx[n] and (b) version

of X[n] compressed by a factor of 2, with some values of the origindin] lost as a result of
the compression.
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» Problem 1.10 Let

Determine y(n] = x[2n].

Answer: y[n] =0 foralln.

x[n] = {

n
0

for n odd
otherwise’

40



1.5.2 Operations Performed on the Independent Variable

Reflection
ALet x(t) denote a continuoustime signal. Lety(t) denote the signal obtainedoy

replacing timet with -t; that is,

y(t) =x(-t)
AThe signaly(t) represents a reflected version ok(t) aboutt = 0.
AFor even signals,where x(t) = x(t) for all t; signal issame as its reflected version

AFor odd signals,where x(-t) =-x(t) for all t; signal isnegative of itsreflection

x(1) y(t) = x(~t)

Figure 1.22 (p. 28) (a) (b)
Operation of reflection: (a) continuoustime signalx(t) and (b) reflected version ofx(t) about the origin.



EXAMPLE 1.3 REFLECTION Consider the triangular pulse x(z) shown in Fig. 1.22(a).
Find the reflected version of x(z) about the amplitude axis (i.e., the origin).

Solution: Replacing the independent variable ¢ in x(¢) with —¢, we get y(¢) = x(—t), as
shown in the figure.
x(1) y(1) = x(~1)

s 0 7. L 0 T,
(a) (b)

FIGURE 1.22 Operation of reflection: (a) continuous-time signal x(¢) and (b) reflected version of

x(t) about the origin.

Note that for this example, we have

x(t) =0 fort< -Tandt > T,.
Correspondingly, we find that
y(t) =0 fort> Tjandt < —-T;.




» Problem 1.11 The discrete-time signal

1, n=1
x(n]=¢-1, n=-1

0, n=0and|n > 1

Find the composite signal
y(n] = x[n] + x[—n).
Answer: y[n] = O for all integer values of n.
» Problem 1.12 Repeat Problem 1.11 for
: n==landn =1
x[n] = {0, n=0and[n| > 1"

A fu] = 2. n=—1landn =1
F T lo, n=0and|n>1"

43



1.5.2 Operations Performed on the Independent Variable

Time shifting
ALet x(t) be a continuoustime signal. Its time-shifted versionis defined by
y(t) =x(t - t,)
Awheret is the time shift. Ift, > 0, the waveform ofy(t) is obtained by shiftingx(t)
right, relative to the time axis. Ift, < 0,x(t) is shifted to the left

Aln the case of a discretdime signalx[n], time-shifted versionis
yln] =x[n-m]
Awhere the shiftm must be a positive or negative integer.
x(1) y(t)=x(t-2)

| Figure 1.23 (p. 29)

Time-shifting operation: (a) continuous-time
signal in the form of a rectangular pulse of
EE— — — " amplitude 1.0 and duration 1.0, symmetric abou
g 2 2 the origin; and (b) time-shifted version ofx(t) by
2 time shifts.

(a) ) a4

2 | L



ExampLE 1.4 TiME SHiIFnING Figure 1.23&3) shows a rectangular pulse x(#) of unit
amplitude and unit duration. Find y() = x(z — 2).

Solution: In this example, the time shift %, equals 2 time units. Hence, by shifting x(z)
to the right by 2 time units, we get the rectangular pulse y(z) shown in the figure. The
pulse y(#) has exactly the same shape as the original pulse x(t); it is merely shifted along

the time axs. -

P Prohlem 1.13 The discrere-time signal

1, n=12
x[n}=4{ -1, n=-1,—2
0, #n=0and|n > 2
Find the time-shifted signal y[nz] = x[n + 3].
1, n=—1,—2
Answer: y[n) =4 —1, n=—4,—5 .

0, n=—3.n<—S,andn > —1



1.5.3 Precedence Rule for Time Shifting and Time Scaling

ALet y(t) denote a continuoustime signal derived from another
continuous-time signalx(t) through a combination of time shifting and
time scaling;

y(t) =x(at - b) (1.28)
AThis relation between y(t) and x(t) satisfies the conditionsand
y(0) = X(-b) )
and
o(-) e (1.30)

Awhich provide useful checks on y(t) in terms of corresponding values of

X(t)
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EXAMPLE 1.5 PRECEDENCE RULE FOR CONTINUOUS-TIME SIGNAL Consider the rec-
tangular pulse x(z) of unit amplitude and a duration of 2 time units, depicted in

Fig. 1.24(a). Find y(2) = x(2¢ + 3).

Solution: In this example, we have a = 2 and b = —3. Hence, shifting the given pulse
x(t) to the left by 3 time units relative to the amplitude axis gives the intermediate pulse
v(t) shown in Fig. 1.24(b). Finally, scaling the independent variable ¢ in v(¢) by a = 2, we
get the solution y(2) shown in Fig. 1.24(c).

Note that the solution presented in Fig. 1.24(c) satisfies both of the conditions defined
in Egs. (1.29) and (1.30).

Suppose next that we purposely do not follow the precedence rule; that is, we first
apply time scaling and then time shifting. For the given signal x(¢) shown in Fig. 1.25(a),
the application of time scaling by factor of 2 produces the intermediate signal v(t) = x(2t),
which is shown in Fig. 1.25(b). Then shifting v(2) to the left by 3 time units yields the sig-
nal shown in Fig. 1.25(c), which is defined by

y(t) = v(t + 3) = x(2(t + 3)) # x(2t + 3)
Hence, the signal y(¢) fails to satisfy Eq. (1.30). P



Figure 1.24 (p. 31)
The proper order in which the operations of time scaling and time shifting should be

applied in the case of the continuousime signal of Example 1.5.

(a) Rectangular pulsex(t) of amplitude 1.0 and duration 2.0, symmetric about origin
(b) Intermediate pulsev(t), representing a timeshifted version ofx(t).

(c) Desired signaly(t), resulting from the compression ofv(t) by a factor of 2.

x(t) v(t) = x(t + 3) y(t) = v(2t)

B B 1

—4 -3 2 ] 3 -2 -1 0
(a) (b) (c)
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Figure 1.25 (p. 31)
The incorrect way of applying the precedence rule.

(a) Signalx(t).
(b) Time-scaled signal(t) =x(2t).
(c) Signaly(t) obtained by shiftingv(t) =x(2t) by 3 time units, which yieldsy(t)
=X(2(t + 3)).
x(1) x(2t) y(1)
1

-1 0 1 [0 3-2-10

(a) (b) (¢)
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Problem 1.14

A triangular pulse signal x(t) is
depicted in Fig.1.26. Sketch each of
the following signals derived from
X(t):

(a) x(3t) (d) x(2(t + 2))

(b) x(3t+2)  (e) x(2(t-2))

(c) x(-2t - 1) (f) x(3t) +x(3t + 2)

x(t)

| t
—1 0 1
Figure 1.26 (p. 32)
Triangular pulse for Problem 1.14.

Answers:

Wcd Q) wgort

---4»'

A
vvvvvv

ER T _5 -2_3 0
3 3 2 2 .
- Q
W
600 ¢ W(c(d0 ) wgort
/\l |
— s " A [
-1 2 10 0 3 2 3
3 0 . 2 2
&) Q
W ¢op Wod woo ¢




Example 1.6: Precedence Rule for Discretdime Signal
A discrete-time signalis defined by
1, n=12

x[(n]=<~-1, n=-1,-2 .
0, n=0and|n|>2

Find y[n]=x[2n + 3]

Solution:

The signalx[n] is displayed in Fig. 1.27(a). Time shifting[n] to the left by 3
yields the intermediate signalv[n] shown in Fig. 1.27(b). Finally, scaling in
v[n] by 2, weobtain the solutiony[n] shown in Fig. 1.27(c).

Note that as a result of the compression performed in going fronin] to y[n] =
v[2n], the nonzero samples o¥[n] at n=-5 and n =1 (i.e., thosecontainedin

the original signal atn =-2 andn = 2) are lost.
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» Problem 1.15 Consider a discrete-time signal

)L -2=n=<2
*71=%0, 1| >2

Find y[n] = x[3n — 2].

1, n=01

Answer: y(n] = {0 otherwise



Figure 1.27 (p. 33)
The proper order of applying the operations of time scaling and time shifting for the case of a discrdtme

signal. (a) Discretetime signalx[n], antisymmetric about the origin. (b) Intermediate signal(n) obtained by
shifting x[n] to the left by 3 samples. (c) Discretéime signaly[n] resulting from the compression ofv[n] by a
factor of 2, as a result of which two samples of the originaln], located atn =z2, +2, are lost.

vin] = x[n + 3]

x[n]
1+ 1+
-5 4 -3 2 -l -5 4 t‘
e 0 O—O0—©O— N o OO O O Qb ]
lo 1 2 3 4 5 -3 =2 =10 1 2 3 4 5
-1+ -1+
(a) (b)

—
i

- y[n] = v[2n)

(C) i




1 .6 Elementary Signals

AThesesignals are exponential and sinusoidal signals, the step function, the

Impulse function and the ramp function, all of which serve as building blocks
for the construction of morecomplex signals.

AThey are also importantin their own right, in that they may be used tanodel
many physical signals that occur in nature.

1.6. Exponential Signals
AA real exponential signais written as

X(t)=Be* (1.31)
AThe amplitude B and a are real parameters.

Decaying exponentialfor which a < Q Growing exponentiglfor which a >0
AAsillustrated in Fig. 1.28.
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Figure 1.28 (p. 34) (a) Decaying exponential form of continuougime signal.
(b) Growing exponential form of continuoustime signal.Part (a) of the figure
was generated using a =6 and B = 5. Part (b) of figure was generated using a
5,B=1.Ifa=0, signai(t) reduces to a dc signabf amplitude B.

S 150
4.5

4
3.5

3

x(1) 2.5 'Q x(1) !Q

B

L
l
0.5

0 g () i
0O 0.1 02 03 04 05 06 0.7 08 09 1 0O 0.1 02 03 04 05 06 0.7 08 09 1
Time t Timet

(a) (b) 55

100
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From the figure, the operation of the capacitor fot | igt
described by

—0(0 v O (1.32)
where v(t) Is voltage measured across capacitor at time

In discrete time,a real exponential signals

X[n] = Brm (1.34)
The exponential nature of this signal is
r=¢e2
for somea
Fig. 1.30 showsdecaying and growing forms of discrete _
time exponential signal corresponding to O<r <1 and r>1, Figure 1.29 (p. 35)
0SSy capacitor, with the
Whenr < 0, the discretetime exponential signalx[n] 0Ss represented by shunt

assumes alternating signs for them" is positive for n even resistanceR.
and negative for n odd.
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AThe exponential signals shown in Figs. 1.28 and 1.30 are all real valued.
AThe mathematical forms of complexexponential signalsareQ andQ

Figure 1.30 (p. 35)
(a) Decaying exponential form of discretdime signal. (b) Growing exponential

form of discrete-time signal.

6 4.5
4 o]
5'1".'
3.5 7
'l o
. 3
® 0 ¢ ¢ (o)
Q )5 Q
x|n| ) o _ 2.. .
. x[n]

o 2 Q
= ) o
2 0 1.5 o

[I, HN”TI?Z?EM ”’Z??TTTTHHHH

-10 -8 -6 -4 =2 0 2 10) 10 -8 -6 -4 =2 10 2 4 6 8 10
Time n Time n

(a) (b) 57



1.6.2 Sinusoidal Signals

Period 7'=1/f sec
Y *4 >

Asin(2pft + )  Acog2pft +f) _ =
-

”

\~-—’

Al (C') ‘ "Qc‘}) OEq “ "QoFrequency’Q pf'YHz, “Y ¢ “sec
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sin(wi)

[ Y f=1 - P
T Ty |

cos(wt)

Fa Ly L] = %]
T T hl

sin(wi)+tcos(wt)

Fa Ly L] = (%]
T ), T

2 full cyples of sin(wi)

L)
L]
| | = |

—

2 3 4
wiI
2 full cyples of cos(wr)

L)
L]
| | = |

2 3 4
wi

2 full cyples of sin(wt) and cos(w?)

—

V4

AT (c’) : "QG) OEJ “ "O
Al(6" as)

OEqQ “ "Qo
Frequency™Q pX YHz

Y ¢ “sec
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1.6.2 Sinusoidal Signals
AThe continuoustime version of a sinusoidal signamay be written as
X(t) = Acos(wt + 7), (1.35)

Awhere Ais the amplitude,w is the frequency in radians per second, and
f Is the phase anglen radiansasshownin Figure 1.31

AThe period ofthe sinusoidis'Y — and the signalx(t) = x(t+T)

Figure 1.31 (p. 36) ' \/\/W\MNW

(a) Sinusoidal signalAcos(d G ) with o1 02 03 o4 05 06 07 05 09 1

Time 1

amplitude A= 4,phasely =-p/6 radians _

(b) Sinusoidal signalAsin (5 & B) with "
amplitude A= 4,phaselz = +p/6 radians WN\/\/\/\N

N
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 |

Time ¢
60
(b)




1.6.2 Sinusoidal Signals

AIn Figure 1.32, the voltage across the _capacitor at timé= 0 is equal toV,, . The

yd ~ N L N

operation of thecircuitfortl m EO AAOAOEAAA A Nk
VWO wWAIWOh o mh (1.36)
Av(t) is voltage across capacitor at time, Cis capacitance and. is the inductance
ASolving(1.36) we get

V(t) =V, cos(wyt), t1 T (1.37)
where U = ] (1.38)
i(t) = C —v(1)

+

Figure 1.32 (p. 37)
Parallel LCclircuit, assuming that the w() <L 4
iInductor L and capacitorCare both ideal
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1.6.2 Sinusoidal Signals

AThe discretetime version of a sinusoidal signais
X[n] = AcosiM + 1) (1.39)

AThis discrete-time signalis periodicwith a period N samplesf it satisfies Eq. (1.10) for all
iInteger n and some integem given by

X[n+N] = Acos(M + WN +/)
Aprovided that WN = 2pm radians where m and n are integers, asshown in Fig.1.33

| Lo

Figure 1.33 (p. 38) [ 1]

Discrete-time sinusoidal signal giver ~ °°

by (1.39) for A=1, 7 = 0, andN = 12 I I [ ‘7
x[n] O = 1 l o o l l o

Time n 62



ExaMpPLE 1.7 DISCRETE-TIME SINUSOIDAL SIGNALS A pair of sinusoidal
signals with a common angular frequency is defined by

xy{n] = sin[57n]
and
x;[n] = V3 cos[S5mn)].
(a) Both x,[7] and x,[ 7] are periodic. Find their common fundamental perniod.
(b) Express the composite sinusoidal signal
y[n] = x,[n] + xa[n])
in the form y[n] = A cos(dn + ¢), and evaluate the amplitude A and phase .
Solution:
(a) The angular frequency of both x,[7] and x,[n] is
) = Swrradians/cycle.
Solving Eq. (1.40) for the period N, we get
2mrm 2 2m
S "

N = —— B — =

Q So
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For x,[n] and x;[n] to be periodic, N must be an integer. This can be so only for
m=5,10,15,..., whichresultsin N = 2, 4,6,....

(b) Recall the trigonometric identity
Acos(dn + ¢) = Acos({ln)cos(¢) — Asin(2n) sin(¢).

Letting () = S5, we see that the right-hand side of this identity is of the same form
as x,[n] + x,[n]. We may therefore write

Asin(¢) = -1 and Acos(¢) = V3.
Hence, sin(¢) _ amplitude of x,[n] _ —1

tan(¢) = cos(¢) amplitude of x;[n] V3’

from which we find that ¢ = —a/3 radians. Substituting this value into the equation
Asin(¢) = —1
and solving for the amplitude A, we get

) w
A= —l/sm( 3 2.

Accordingly, we may express y[n] as yin] = 2cos(51m - % i
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» Problem 1.16 Determine the fundamental period of the sinusoidal signal

x(n] = lOcos(%n + %)

Answer: N = 31 samples Since N should be an integer, nearest multiple of 31/2 is 31.

» Problem 1.17 Consider the following sinusoidal signals:

(a) x[n] = 5sin[2n]

(b) x[n] = 5 cos[0.27n]

(c) x[n] = 5 cos[6mn]

(d) x[n] = 5sin[6mn/35]
Determine whether each x(n) is periodic, and if it is, find its fundamental period.
Answers: (a) Nonperiodic. (b) Periodic, fundamental period = 10. (¢) Periodic, funda-
mental period = 1. (d) Periodic, fundamental period = 35. B

» Problem 1.18 Find the smallest angular frequencies for which discrete-time sinu-

soidal signals with the following fundamental periods would be periodic: (a) N = 8,
(b) N = 32,(c) N = 64,and (d) N = 128.

Answers: (a) Q) = n/4.(b) = w/16. (c) Q = w/32. (d) Q = n/éA4. -4



1 .6.3 Relation Between Sinusoidal and Complex Exponential Signals

AThe complex exponentiaQ may be Imaginary
expanded as Axis

Q Al WEL (141 ’

Alf the signal is0Q 'Q then the Eurelrs
expansion will give us

0Q Q 0 w{Uio % Qi (D %9

The real part being

YPQ Q) 6 0fuio %
And the imaginary part

Va0 Q Q Oi Q& 0 %o




1 .6.3 Relation Between Sinusoidal and Complex Exponential Signals

Aln the discretetime case, we may Imaginary axis

write Unit circle
Acos(\Wh + ) = ReBe/™} (1.46)

and
Asin(\Wh + 7) = Im{Be/""} (1.47)

n=0 Real axis

Figure 1.34 (p. 41)

Complex plane, showing eight points el
uniformly distributed on the unit circle
where W=p/4 andn=0,1, .., 7
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1.6.4 Exponentially Damped Sinusoidal Signals

AMultiplication of sinusoidal signal by realvalued decaying exponential signal
results in a new signalcalled exponentially damped sinusoidal signal

X(t) =Aeasin(wt+7) a>0 (1.48)

A 60

50
40

30

Figure 1.35 (p. 41) 2
Exponentially damped sinusoidal sign«o

()

Aedtsin(d O

-10
with A= 60 andj = 6 N

-30
—-40

|

V

\ A

0O 01 02 03 04 05 06 07 08 09 I

Timet 68



1.6.4 Exponentially Damped Sinusoidal Signals

AANn exponentially damped sinusoidal signais shown in Fig.1.36where a
capacitor of capacitanceC, an inductor of inductance., and a resistor of
resistanceR

AThe voltage dev

>

v(t) = Vog /¥ cos(wpt), t=0

where \/
“=\ILC 4c21<2

ADiscrete-time version of exponentially damped sinusoidal signal of (1.48) by
X[n]=Br'sin( Wh +£), (1.52)

(1.50)
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Figure 1.36 (p. 42) : Parallel LRCcircuit, with inductor
L, capacitorC, and resistorRall assumed to be ideal.
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» Problem 1.20 Consider the complex-valued exponential signal
x(t) = Ae®M™, a> 0.
Evaluate the real and imaginary components of x(¢) for the following cases:
(a) areal,a = a4
(b) aimaginary, a = jw,
(c) acomplex, @ = a; + jw,
Answers:
(a) Re{x(¢)} = Ae™*cos(wt); Im{x(2)} = Ae™*sin(wt)
(b) Re{x(t)} = Acos(wyt + wt); Im{x(¢)} = Asin(w,t + wt)
(c) Re{x(z)} = Ae™*cos(w t + wt); Im{x(2)} = Ae™*sin(w,¢ + wt)
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» Problem 1.21 Consider the pair of exponentially damped sinusoidal signals

x1(t) = Ae”cos(wt), t=0
and
x,(t) = A¢“sin(wt), t=0.

Assume that A, a, and w are all real numbers; the exponential damping factor «a is negative

and the frequency of oscillation w is positive; the amplitude A can be positive or negative.
(a) Derive the complex-valued signal x(¢) whose real partis x,(¢) and imaginary partis x,(z).
(b) The formula

a(t) = V(1) + x3(1)
defines the envelope of the complex signal x(¢). Determine a(t) for the x(¢) defined
in part (a).

(c) How does the envelope a(t) vary with time #?
Answers:

(a) x(t) = Ae®, t=0,wheres = a + jw

(b) a(t) = |Ale®, t=0

(c) Att =0, a(0) = |A|, and then a(¢) decreases exponentially as time ¢ increases; as ¢
approaches infinity, a(t) approaches zero L
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1.6.5 Step Function

AThe discretetime version of the unit-step functionin Fig. 1.37is defined by

O[] 1‘1 z E (1.53)
x[n)

oo L

-4 3 -2 -1 0 1 2 3 4
FIGURE 1.37 Discrete-time version of step function of unit amplitude.
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1.6.5 Step Function

AThe continous-time version of the unit-step functionin Fig. 1.38is defined by

6o P 9 T (1.54)
Tt O T
u(t)
l
[
0

Figure 1.38 (p. 44)
Continuoustime version of the unit-step function of unit amplitude.
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Example 1.8 Rectangular Pulse

AConsider the rectangular pulse x(t) shown irFig.1.39(a) This pulse has an
amplitude A and duration of 1 second. Express K(as aweighted sum of two
step functions.

ASolution: The rectangular pulse x(t) may be written in mathematical terms a:
o O T |0 ™
GO noy @

AThe rectangular pulse x(t) is represented as thdifference of two time-shifted
step functions, x(t) and x,(t), as inFig.1.39(b) and (c). x(t) canthen be
expressedas

(1.55)

o) 890 -) d4o - (1.56)
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Figure 1.39 (p. 44)
(a) Rectangular pulsex(t) of amplitude Aand duration of 1 s, symmetric about

the origin. (b) Representation ofx(t) as the difference of two step functions of
amplitude A, with one step function shifted to the left by %2 and the other
shifted to the right by ¥2; the two shifted signals are denoted by, (t) and x,(t),
respectively. Note thatx(t) =x,(t) Z X,(t).

x(1) X, (1)

A

A

-] -0.5 0 0.3 | ~] -0.5 0 0.5 |
(a) (b)

.\2(”

—1 -0.5 0 0.5 l
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ExaMPLE 1.9 RC Circurr Consider the simple RC circuit shown in Fig. 1.40(a). The ca-
pacitor C is assumed to be initially uncharged. At t = 0, the switch connecting the dc volt-
age source Vto the RC circuit is closed. Find the voltage v(z) across the capacitor forz = 0.

Solution: The switching operation is represented by a step function Vyu(t), as shown in
the equivalente circuit of Fig. 1.40(b). The capacitor cannot charge suddenly, so, with it
being initially uncharged, we have

v(0) = 0.
For t = 00, the capacitor becomes fully charged; hence,
v(W) = VQ.

Recognizing that the voltage across the capacitor increases exponentally with a time con-
stant RC, we may thus express v(t) as

v(t) = Vo(1 = e/ FN)u(t). (1.57) =
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Figure 1.40 (p. 45)
(a) Series RC circuit with a switch that is closed at timte= 0, thereby

energizing the voltage source. (b) Equivalent circuit, using a step function to
replace the action of the switch.

Close

switch

att =0 R R

ANNN— AAYAY, "
dc
voltage
" g Vault —— 1)

source C T ou(1) CT
Vo

(a) (b)
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» Problem 1.22 A discrete-time signal

] = 1, O=n=9
X 0, otherwise °

Using u[ 7], describe x[7] as the superposition of two step functions.
Answer: x[n] = u[n] — u[n — 10].
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1.6.6 Impulse Function

AThe discretetime version of the unit impulse is defined by
‘ phe m
Tl e o
AAs shown in Fig.1.41.The continous version
170 1m Qeo 1 (1.59)

and 1[€]
1 (0Q0 p (1.60) .09

The impulse€] (0) is alsoreferred to as

the Dirac delta function O—b—b—0

ASeevisualization in Fig.1.42 -4 3 2 -1 0

(1.58)

O O O O— N

[l 2 3 4

Figure 1.41 (p. 46) : Discrete-time

form of impulse.
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Figure 1.42 (p. 46)

(a) Evolution of a rectangular pulse of unit area into an impulse of unit strengt
(I.e., unit impulse).

(b) Graphical symbol for unit impulse.

(c) Representation of an impulse of strengtla that results from allowing the

AOOAOEIT 3 1T &£ A OhlkQpploagiodrd.0 DOl OA
WO ‘ w« s
1 0O @ O
Area = |
P Strength a 4
CPp Area = | A Strength = |
Area = | g g
% Area =
/ el oo
t f —_ I—I
PP 0 p P 0 0 0 0
GP TP (a) TP QP (b) cop (c) cop &



1 (0) and u(t) arerelated to eachother by

10 —00o (1.62)
and o0 , 1MMat (1.63)
Also] ( 0) 1 (0). Thetime shifting property of] (0) function

. wol (0 0)Qo wo (1.65)

And also
Figure 1.44 (p. 48) T -1 (W m (1.66)
Steps involved in proving time i
scaling property of unit impulse. | | I
(a) Rectangular pulsex,(t)of ~  * ‘N”\ R B al
Al Bl EOOAA pTs AT A_ADNOAQEILI T 3h U N p—
symmetric about the origin. P s N A
(b) Pulsex,(t) compressed by
factor a. — L — | I — L
(c) Amp. scaling of compressed . ¥ | ‘/’ | _*_ ‘/’

pulse, restoring it to unit area.
(a) (b) (¢) 82
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